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ABSTRACT. We study the odd chromatic number of subdivision vertex neigh-
bourhood corona of star graph with star, path and complete graphs and cycle
graph with cycle, complete and path graphs through comprehensive theoretical
investigation supported by algorithmic testing.
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1. INTRODUCTION

The notion of odd vertex coloring [1-3, 8, 9] was initially introduced by Mirko
Petrusevski and Riste Skrekovski [2] in 2021. A proper vertex coloring is termed
odd if, for every non-isolated vertex p, there exists at least one color that appears
odd times in its open neighborhood N (p). The odd chromatic number of a graph T,
symbolized as xoq(T'), represents the least number of colors needed to produce an
odd coloring for T. In their work, Petrusevski and Skrekovski [2] demonstrated that
every simple planar graph allows an odd coloring using no more than nine colors,
and they conjectured that five colors might always be sufficient.

The natural inequality x(T') < x0q(T) holds for all graphs, and becomes an equal-
ity precisely when the graph T is odd, meaning all its vertex degrees are odd. How-
ever, this inequality can also be strict in certain cases. Determining the value of
Xod(T) for a given graph T is known to be NP-hard [9]. Some upper bounds have
been established: for a connected graph with maximum degree A = 3, it holds
that x,q(T) < 4, and more generally, for connected graphs with A > 3, we have
Xod(T) < A + 1. Moreover, for any connected graph 7" with maximum degree A, it
has been shown that x,q(T) < 2A [8].

The study of odd colorings has recently gained significant attention, prompting
numerous researchers to explore related results and bounds. For example, Rémy
Belmonte et al. [5] established that if a graph T has even order and maximum
degree A, then y,q(T) < 2A — 1. Likewise, Tianjiao Dai et al. [6] proved that for
any A, the inequality x,q(T) < L%J + 2 holds.

2. PRELIMINARIES

To begin with, the subdivision graph S(T') of a graph T arises by inserting
a new vertex into every edge of 7. In 2013, Liu and Lu introduced the concept of
subdivision vertex neighbourhood corona (SVNC) of two graphs T1 and T3, denoted
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by Th7 I T5. This graph is constructed by taking the subdivision graph S(73) and
|V (T1)| pairwise vertex-disjoint copies of T, and then connecting the neighbors of
the ith vertex in V(T1) to every vertex in the ith copy of T», for each 1 < i <
|V (T1)|[4, 7]. For any two graphs Ty and Ty, |V[T1 O T3]| = |V (Th)| + |E(TY)| +
V(T)||V(T3)| and |E[Ty B T3]| = 2|E(T)| + |V (T)|| E(Ty)| + 2/ BTV (Ty)][7).

We establish precise estimates for the odd chromatic number of subdivision ver-
tex neighbourhood corona of star graph K, with star, path and complete graphs
and cycle graph Cj; with cycle, complete, and path graphs through comprehensive
theoretical investigation supported by algorithmic testing. Additionally, we present
a computational strategy for generating optimal odd colorings, guaranteeing that
every odd cycle in the graph is assigned no fewer than three distinct colors, as
mandated by the principles of odd coloring.

3. SVNC OF STAR GRAPHS

Lemma 3.1. For any q,r > 1, the lower bound of odd chromatic number of SVNC
of star graph with path graph is

Xod(K1,4 I Pr) > 3+ ((¢ +1) mod 2)

Proof. Let ay be the central vertex and ag,as, ...a(41) be the leaf vertices of K 4.
Also, let s1, 52, ...54 be the subdivided vertices that subdivide the central vertex with
each of its leaf vertices and {c;1, ¢;o, ..., cij :1<i<qg+1,1<5< r} be the vertices
of ¢ + 1 copies of P,. By the definition of SVNC, every vertex of the ith copy of
path graph P, is adjoined to every neighbour of the ith vertex of star graph K 4.
On that note, the maximum degree A will be obtained at the subdivided vertices,
A[K; 4T Py] = 2r 4 2, where each of the subdivided vertices forms a clique with the
vertices of its associated ith copy of P, which already gives a basic lower bound as
3 colors such that

WK1y B Py) = {sis iy cigj+0) fOTi:l.,lﬁjﬁrfl.
’ {s,-_l,c,-j,ci(]-+1)}; for2<i<g+1,1<j<r—-1
We know that, for any graph T', x0q(T") > w(T'). On that note, we have xoq(K1,40
P,) > w(K1,40 P.) = 3. Here, the lower bound accounts for :

e 3 colors needed for the maximum clique.

e The additional term ((g + 1) mod 2) adjusts the bound based on the parity
of ¢, ensuring that an extra color is needed when ¢ is even to maintain odd
chromatic constraint.

This concludes the lower bound as

Xod(Kl,q ] Pr) >3+ ((q + 1) mod 2)

Theorem 3.2. Let q,r > 1 be two positive integers. Then,
Xod(K1,4EP) =3+ ((¢+ 1) mod 2)

Proof. We define the vertex set as VK1, P.] = {a1, a2, ..., ag+1} U {s1, s2, ...,
sqtU{cit, cia, . cij 1 1 < i < g+1,1 < j <r}. Here, |V[KOP]| = (¢+1)(r+1)+q
and |E[K; (B P]| = 3¢(r+1)+(r—1). In such case, the adjacency matrix of K ;[P



A study on odd chromatic number of SVNC of graphs

will be of the order [(¢ +1)(r +1) 4+ ¢] x [(¢+ 1)(r + 1) + ¢]. Now we present the
adjacency matrix of K , [ P, with respect to vertex si.

al a9 as e Gg+1 S1 59 e Sq
1 1 0o ... 0 0 0 ce. 0
s
"o ez oo e a1 iz oo Clgray
1 1 ... 1 0 0 - 0

We then generate the neighbour sets for each vertex as follows:

N(a:) {51,52,...,8¢}; fori=1
a;) =
{si—1}; for2<i<gqg+1

N(si) ={a1,air1,c1j,¢641);: 1 <i< g, 1 <j<r}

{ei(i+1)> 5158255 8¢} forj=1
fori=1 {C(] 1) Ci(j+1)> 81,52,...,Sq}; for2<j<r-—1
B {€ii=1), 51,82, -+, 8¢ )3 for j=r
(cij) = o
{cigr1), si-1h for j =1
for i > 14 {cij—1), Ci(j41), si—1}; for2<j<r—1
{C(] 1)) Si— 1} for j =7

By lemma 3.1, we have established the lower bound. To determine the upper bound,
we apply a specific coloring pattern, implemented using a C+-+ program, which sat-
isfies the constraints of odd coloring. This gives us:

Xod(K1,4 D P) <34 ((g+1) mod 2)
Since both bounds coincide, we conclude that:
Xod(Kl,q J Pr) =3+ ((q + 1) mod 2)

The following C++ algorithm illustrates the coloring strategy used to verify the
upper bound and presents a computational example demonstrating its effectiveness.

Algorithm: Odd Chromatic Number of SVNC of K , with P,

Require: Integers ¢ > 1,r > 1
Ensure: Color sets sg, ag+1, ¢;; and odd chromatic number
1: Prompt user: Enter ¢ (size of K1 4)
2: Read ¢
3: Prompt user: Enter r (size of P;)
4: Read r
5. Compute and display: Odd Chromatic Number < 3 + ((¢ + 1) mod 2)
6: Initialize arrays: s[0...q— 1], a[0...¢], ¢[0...¢][0...7 — 1]
7. fori=0togq—1do
8: s[i]« (gmod2=0Ai=q—1)73:2
9: end for
10: for i =0 to q do
11: ali] <~ (1=0)?71:((¢gmod2=0Ai=¢q)?2:3)
12: end for
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13: for i =0 to q do
14: for j =0tor—1do

15: if ¢ mod 2 =1 then

16: cli][j] < (jmod2=0)71:3

17: else

18: ci]fl] <~ (E=0)? ((jmod2=0)71:4):((i=gq)? ((j mod
2=0)71:2):((jmod2=0)71:3))

19: end if

20: end for

21: end for

22: Print arrays sq, aq4+1, and c¢;;

\ J

Input: Enter the size of star graph K, : 10
Input: Enter the size of path graph P, : 5
Output: Xod(Kl,lO [T P5) =4

i [ s[i] [ aldl | c[a[1] | fil[2] | <fl[3] | clal4] | lil[5]
1 2 1 1 4 1 4 1
2 2 3 1 3 1 3 1
3 2 3 1 3 1 3 1
4 2 3 1 3 1 3 1
5 2 3 1 3 1 3 1
6 2 3 1 3 1 3 1
7 2 3 1 3 1 3 1
8 2 3 1 3 1 3 1
9 2 3 1 3 1 3 1
10| 3 3 1 3 1 3 1
11| — 2 1 2 1 2 1

O

Lemma 3.3. For any q,r > 1, the lower bound of odd chromatic number of SVNC
of star graph with star graph is

Xod(K1qE K1) >4 — (g mod 2)

Proof. Let a1 be the central vertex and ao, as, --Q(q41) be the leaf vertices of Kj 4.
Also, let s1, 52, ...54 be the subdivided vertices that subdivide the central vertex with
each of its leaf vertices and {cj1,¢i2,...,¢55 1 1 <4 < g+ 1,1 < j <r+1} be the
vertices of ¢ + 1 copies of Kj,. By the definition of SVNC, every vertex of the ith
copy of star graph K, is adjoined to every neighbour of the ith vertex of star graph
Ki14. On that note, the maximum degree A will be obtained at the subdivided
vertex (i.e) A[Ky, 0 Ky ,] = 2r + 4, where each of the subdivided vertices forms a
clique with the vertices of its associated ith copy of K7, which already gives a basic
lower bound as 3 colors such that
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w(K1g 0Ky ,) = i i b for = 1,’ L= .
{si-1,cin, ¢4} for2<i<qg+1,1<j<r
We know that, for any graph T', x0q(T) > w(T'). On that note, we have xoq(K7,40
Ki,) > w(Kj 40K ,) = 3. Here, the lower bound accounts for :

e 3 colors needed for the maximum clique.
e The subtraction term (g mod 2) adjusts the bound based on the parity of g,
requiring 4 colors when ¢ is even and 3 colors when ¢ is odd.

This concludes the lower bound as

Xod(K1,4g L Ki,) >4 — (¢ mod 2).

Theorem 3.4. Let q,r > 1 be two positive integers. Then,
Xod(K14E Ky ,) =4— (g mod 2)

Proof. We define the vertex set as VK1 0K ,] = {a1, a2, ..., ag41 }U{s1, 82, ..., 54 }U
{ci1,ciz, .scij 11 <1< g+1,1 < j <r+1}. Here, |[V[K (0K ;]| = (g+1)(r+2)+¢
and |E[K14 0 Ky ,]| = 2¢(r +2) + (¢ + 1)r. In such case, the adjacency matrix of
K 4O K1, will be of the order [(¢ 4+ 1)(r +2) + ¢] x [(¢+ 1)(r + 2) + ¢]. Now we
present the adjacency matrix of Ky 4 K, with respect to vertex si.

al as as Ce Ag+1 S1 S92 e Sq
s 1 1 0o ... 0 0 0 . 0
! €11 €12 ... Cr C2r41 C2r42 - C(g41)(r+1)
1 1 ... 1 0 0 . 0

We then generate the neighbour sets for each vertex as follows:

N(ag) = {s1,52,...,8¢}; fori=1
' {si—1}s for2<i<g+1

N(si) = {a1,ai1,c15,¢341); 1 1 <i < g, 1 <j<r+1}

for i — 1 {ei,cizy s Cigranys 1582, -+, 8¢} \ {eig}; forj=1
N( ) {Cil,sl,SQ,...,Sq}; for2<j<r+1
) =
N for i > 1 {ci1,ci2, ..., Cir, Sic1} \{cij}; forj=1

{cit,8i-1}; for2<j<r+1

By lemma 3.3, we have established the lower bound. To determine the upper bound,
we apply a specific coloring pattern, implemented using a C++ program, which sat-
isfies the constraints of odd coloring. This gives us:

Xod(Kl,q o Kl,r) <4 - (q mod 2)
Since both bounds coincide, we conclude that:
Xod(K1,g K1 ,) =4 — (¢ mod 2)

The following C++ algorithm illustrates the coloring strategy used to verify the
upper bound and presents a computational example demonstrating its effectiveness.
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Algorithm: Odd Chromatic Number of SVNC of K, with K,

Require: Integers g >1,r>1
Ensure: Color sets sg, ag+1, ¢;; and odd chromatic number

1: Prompt user: Enter ¢ (size of K 4)

2: Read ¢

3: Prompt user: Enter r (size of K )

4: Read r

5. Compute and display: Odd Chromatic Number <+ 4 — (g mod 2)
6: Initialize arrays: s[0...¢—1], a[0...¢], c[0...4][0...7]
7. fori=0toqg—1do

8: s[i] <~ (gmod2=0Ai=q—1)73:2

9: end for

10: for i =0 to q do

11: afi] < (1=0)?71:((gmod2=0Ai=¢q)?2:3)
12: end for

13: for i =0 to q do

14: for j =0 tor do

15: cli]f] < (G =0)71:((gmod2=0)7?4:3)
16: end for

17: end for

18: Print arrays sq, agy1, and c;;

Input: Enter the size of star graph K, : 9
Input: Enter the size of star graph Ki, : 6
Output: Xod(Kl,Q ] K]_’ﬁ) =3
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Lemma 3.5. For any q > 1 and r > 2, the lower bound of odd chromatic number
of SVNC of star graph with complete graph is

Xod(K1,4BO K;) >4+ ((¢+1) mod 2) + (r —3)

Proof. Let a1 be the central vertex and ao, as, Q(g41) be the leaf vertices of K7 4.
Also, let s1, 52, ...54 be the subdivided vertices that subdivide the central vertex with



A study on odd chromatic number of SVNC of graphs

each of its leaf vertices and {¢;1, ¢i2, ..., ¢;5 : 1 <1 < g+1,1 < j <r} be the vertices
of g + 1 copies of K,. By the definition of SVNC, every vertex of the ith copy of
complete graph K, is adjoined to every neighbour of the ith vertex of star graph
Ki,4. On that note, the maximum degree A will be obtained at the subdivided
vertex (i.e) A[K 4 K,] = 2r 4+ 2, where each of the subdivided vertices forms a
clique with the vertices of its associated ith copy of K, which already gives a basic
lower bound as r + 1 colors such that

WK1, OK,) = {{Si’c”}; forz=ll<j=r
{si1,cijt; for2<i<qg+1,1<j<r
We know that, for any graph T', x0q(T") > w(T"). On that note, we have xoq(K1,40
K,) > w(K 40 K,) =r+ 1. Here, the lower bound depends on both:
e The parity of ¢, which affects the structure of the subdivided star.
e The size of the complete graph K, which influences the number of intercon-
nected vertices within cliques.
To address this, we include two correction terms:
e (g+1) mod 2: adds 1 when ¢ is even requiring an additional color.
e r — 3 : accounts for the fact that for » > 3, the base clique size r + 1
increases, thus increasing the minimum number of colors needed for a proper
odd coloring of the resulting complete subgraphs.

This concludes the lower bound as

Xod (K140 K;) >4+ ((g+1) mod 2) + (r —3)

Theorem 3.6. Let ¢ > 1 and r > 2 be two positive integers. Then,
Xod(K1,g B K;) =4+ ((¢+1) mod 2) + (r — 3)

Proof. We define the vertex set as VK 0 K,] = {a1, a2, ...,ag+1} U {s1, s2, ...,
sqtU{cit, gy ooy ij 1 1 <0 < g+1,1 < j <r}. Here, V(K1 (0K, ]| = (g+1)(r+1)+¢
and |E[K O K, ]| = (1/2)(4¢(r + 1)+ (¢ + 1)r(r — 1)). In such case, the adjacency
matrix of K, K, will be of the order [(¢ + 1)(r + 1) + ¢] X [(¢+ 1)(r + 1) + q]
Now we present the adjacency matrix of K, K, with respect to vertex s;.

al a9 as e Ag+1 S1 59 e Sq
1 1 0 ... 0 0 0 ce 0
c11 €2 ... Cr C2r41 C2r42 -+ C(g41)r
1 1 ... 1 0 0 e 0

We then generate the neighbour sets for each vertex as follows:
N(a) = {s1,82,...,8¢}; fori= 1

{si—1}; for2<i<g+1
N(si) ={a1, a1, c15,¢341);: 1 <i<q,1 <j<r}

N(C) _ {Cﬂ, Ci2y. . 3Cipy81,82,..., Sq} \ {Cij}; fOI“ =1
Y {cit,cizs oy cimy sici} \ {eis ) for2<i<g+1

By lemma 3.5, we have established the lower bound. To determine the upper bound,
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we apply a specific coloring pattern, implemented using a C++ program, which sat-
isfies the constraints of odd coloring. This gives us:
Yoa(K1q B K,) < 4+ ((q+1) mod 2) + (r — 3)
Since both bounds coincide, we conclude that:
Xod(K1,4 O K;) =44 ((¢ + 1) mod 2) 4 (r — 3)

The following C++ algorithm illustrates the coloring strategy used to verify the
upper bound and presents a computational example demonstrating its effectiveness.

Algorithm: Odd Chromatic Number of SVNC of K, with K,

Require: Integers ¢ > 1, r > 2
Ensure: Color sets sg, ag+1, ¢;; and odd chromatic number

1: Prompt user: Enter ¢ (size of K )

2: Read ¢

3: Prompt user: Enter r (size of K.)

4: Read r

5. Compute and display: Odd Chromatic Number <+ 4 + ((¢ + 1) mod 2) +
(r—3)

6: Initialize arrays: s[0...q¢ —1], a[0...q], ¢[0...¢][0...7 — 1]

7. fori=0toqg—1do

8: s[i] <~ (gmod2=0Ai=q—1)73:2

9: end for

10: for i =0 to q do

11: afi] < (1=0)?71:((gmod2=0Ai=¢q)?2:3)

12: end for

13: for j =0tor —1do

14: patternfj] < (7 =0) 721 :((j =1) ?((¢gmod2 = 0) ? 4 : 3) :
pattern[j — 1] + 1)

15: end for

16: for i =0 to g do

17: for j=0tor—1do

18: cli][j] « pattern[j]
19: end for
20: end for

21: Print arrays sq, aq41, and c¢;;

Example

Input: Enter the size of star graph K, : 14
Input: Enter the size of complete graph K, : 5
Output: Xod(Kl,M =1 K5) = 7
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4. SVNC OF CYCLE GRAPHS

Lemma 4.1. For any q,r > 2, the lower bound of odd chromatic number of SVNC
of cycle graph with complete graph is
Xod(Cq O K;) > 142

Proof. Let a1, as, ...aq be the vertices of Cy and s1, s2, ...54 be the subdivided vertices
of Cy. Let {ci1,¢ia, ..., ¢i5 : 1 < i < ¢q,1 < j <r} be the vertices of g copies of K. By
the definition of SVNC, every vertex of the ith copy of complete graph K, is adjoined
to every neighbour of the ith vertex of cycle graph C,;. On that note, the maximum
degree A will be obtained at the subdivided vertex (i.e) A[Cy 0 K,| = 2r + 2, where

each of the subdivided vertices forms a clique with the vertices of its associated ith
copy of K, which already gives a basic lower bound as r + 1 colors such that

M(CqE‘Kr) — {Si7cij}7{8ivc(i+1)j}; for ]- <i SQ*l,l S] <r
{si,cizhs {50, c15} fori=q,1<j<r
We know that, for any graph T', x,q(T") > w(T'). On that note, we have x0q4(Cy 1
k) > w(Cq B K,) =+ 1. Here, the lower bound accounts for:

e 7 + 1 colors needed for the maximum clique.
e An additional color to satisfy the odd chromatic constraint due to the exis-
tence of base C; and induced odd cycles in the SVNC structure.

This concludes the lower bound as

Xod(Cq O K;) > 142

Theorem 4.2. Let q,r > 2 be two positive integers. Then,
Xod(Cq O K;) =142
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Proof. We define the vertex set as V[Cy O K, ] = {a1, a2, ...,aq} U {51, 52, ..., 54}

U {cﬂ,cig, cey Cij o 1 < ) < q, 1 < j < 7’}. Here, |V[Cq L] Kr” = q(r + 2) and
|EP[C,OK,]| = (1/2)(4g+gr(r+3)) . In such case, the adjacency matrix of Cq L K,
will be of the order [¢(r + 2)] X [¢(r + 2)]. Now we present the adjacency matrix of
Cq [ K, with respect to vertex sq.

aip az as R Qq S1 S9 .. Sq
1 1 0 ... 0 0 o ... 0
¢t €2 ... C2p C2r41 C2r42 ... Cqr
1 1 ... 1 0 0 ... 0

We then generate the neighbour sets for each vertex as follows:

N(a;) = {{S“ Sqt; fori=1

{si—1,8:}; for2<i<gq

N(s:) {ai,aiv1,cij ¢yt for1<i<g—-1,1<j<r
si) =
' {alaaqacl_ﬁcqj}; foriZQalngT

N(C) _ {Cil,CiQ,...,Cl’r,Sl,Sq}\{Cz‘j}; fori: 1
Y {ci1,ci2, .., Cir, Si—1, i} \ {cij}; for2<i<gq

By lemma 4.1, we have established the lower bound. To determine the upper bound,
we apply a specific coloring pattern, implemented using a C++ program, which sat-
isfies the constraints of odd coloring. This gives us:

Xod(Cq O K;) <142
Since both bounds coincide, we conclude that:
Xod(Cq D K,) =1 +2

The following C++ algorithm illustrates the coloring strategy used to verify the
upper bound and presents a computational example demonstrating its effectiveness.

Algorithm: Color Assignment for SVNC of C, with K,

Require: Integers ¢ >3, r >3
Ensure: Color sets s, aq, ¢;; and odd chromatic number

1: Prompt user: Enter ¢ (size of C;)

2: Read ¢

3: Prompt user: Enter r (size of K,.)

4: Read r

5: Compute and display: Odd Chromatic Number < r + 2

6: Initialize arrays: s[0...¢—1], a[0...q—1],¢[0...¢—=1][0...7 — 1]
7: for i+ 0tog—1do

8: sli] <~ (gmod2=1Ai=¢g—1)?4 : (imod2=0)72 : 3
9: end for

10: for i < 0to g— 1 do

11:  afi] < (imod2=0)71: 4

12: end for

-
&

c[0][0] « 1, ¢[0][1] + (gmod 2=0) 74 :3
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14: for j < 2tor —1do
15 c[0][j] < (gmod2=1A5=2)?5:¢[0][j —1] +1

16: end for

17: for i < 1tog—1do

18: cli][0] < 1, c[i][1] + 4

19: for j < 2tor—1do
20: cli]ly] < cfi]lj — 1]+ 1
21: end for

22: end for

23: if ¢ odd then

24: for j < 1to 3 do

25: da—1ll«G=172:((=2)75:cla—1li—1]+1)
26: end for

27: end if

28: Print arrays sq, aq, and ¢;;

Input: Enter the size of cycle graph C, : 13
Input: Enter the size of complete graph K, : 6
Output: x,q(Ci3 [ Kg) =8

i | sli] | ali] | 0] | clil[2] [ e[(3] | <[4l | <Eb] | <he]
1 2 1 1 3 5 6 7 8
2 3 4 1 4 5 6 7 8
3 2 1 1 4 5 6 7 8
4 3 4 1 4 5 6 7 8
) 2 1 1 4 5 6 7 8
6 3 4 1 4 5 6 7 8
7 2 1 1 4 5 6 7 8
8 3 4 1 4 5 6 7 8
9 2 1 1 4 5 6 7 8
10| 3 4 1 4 5 6 7 8
11| 4 1 1 2 5 6 7 8
12| 3 4 1 4 5 6 7 8
13| 4 1 1 2 5 6 7 8

O

Lemma 4.3. For any q,r > 2, the lower bound of odd chromatic number of SVNC
of cycle graph with cycle graph is

4 if r = 0(mod 2)
o bcy) >
Xoa(Cq B Gr) {5 ; if r = 1(mod 2)

Proof. Let a1, as, ...aq be the vertices of C; and s, s2, ...54 be the subdivided vertices
of Cy. Let {c¢i1, iz, ...;ci5 1 1 <1< g, 1 < j <r} be the vertices of g copies of C,.. By
the definition of SVNC, every vertex of the ith copy of cycle graph C) is adjoined
to every neighbour of the ith vertex of cycle graph C,;. On that note, the maximum
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degree A will be obtained at the subdivided vertex (i.e) A[C, D C,] = 2r + 2, where
each of the subdivided vertices forms a clique with the vertices of its associated ith
copy of C, which already gives a basic lower bound as 4 colors such that

{si, Cij, Cz‘(j+1)}7 {4, Cli+1)5s C(i+1)(j+1)}7
{si.cir,cit}, {si, cirrym cipin }; for 1 <i<gq-—1,
w(C,BC) = 1<j<r-1
{si, Cij, Ci(j+1)}a {si, C1j, Cl(j+1)}7
{si,cirycn}y {siscirenn}; fori=gq,1<j<r—1
We know that, for any graph T', x.q(T") > w(T'). On that note, we have x0q(Cy [
Cr) > w(Cy B C,) = 4. Here, the lower bound accounts for:

e If r is even, each C) is an even cycle, so 4 colors are enough.

e If r is odd, each C; is an odd cycle. These, combined with the base cycle
Cy and subdivisions, create more odd cycles such that an additional color is
necessary, raising the minimum to 5 colors.

This concludes the lower bound as

4 if r = 0(mod 2)

oa(C, B Cy) =
Xod(Cq r)—{5 : if r = 1(mod 2)

Theorem 4.4. Let q,r > 2 be two positive integers. Then,

4 if r = 0(mod 2)
Xoa( Gy B Gr) = {5 ; if r = 1(mod 2)
Proof. We define the vertex set as V[Cy, 1 C,] = {a1, a2, ...,aq} U {s1, 52, ..., 5¢}
U{ei,cin, .oy 0 1 < i < ¢ 1 <j <r} Here, [VICoECGC] = ¢q(r+2) and
|E[Cq B Cy]| = ¢(3r + 2). In such case, the adjacency matrix of Cy [ C, will be of
the order [¢(r + 2)] x [¢(r + 2)]. Now we present the adjacency matrix of Cy & C;
with respect to vertex s;.

a; ag as Ce Qg S1 S92 ..o Sq

s 1 1 0 ... 0 0 0o ... 0
1 Ci C2 ... Cor Copy1 C2r42 ... Cgr
1 1 ... 1 0 0 ... 0

We then generate the neighbour sets for each vertex as follows:
N(ai) — {Si7 3q}§ for 1 = 1
{si_1,8i}; for2<i<gq

N(s:) {ai, aiva,cij ey for 1<i<qg—-1,1<j<r
S; =
! {a1, aq, c15, cqj; fori=¢,1<j<r
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{€i(i+1)» Cirs 515 8¢} forj=1
for i =19 {cij—1): Ci(j+1), 51, 8¢5 for2<j<r—1
N(ey) = {cl(J 1),011781,8(1} for j : r
{ei(j+1)s Cirs Si-1, 8i}; forj=1
for i > 1 9 {cj(j—1); Ci(j+1)» Si-1,8i}; for 2<j <r—1
{ei-1), iy si-1, 8i k5 forj=r

By lemma 4.3, we have established the lower bound. To determine the upper bound,
we apply a specific coloring pattern, implemented using a C+-+ program, which sat-

isfies the constraints of odd coloring. This gives us:
4 if r = 0(mod 2)

wa(Co 0 < ’
XoalCqB1Cy) < {5 ; if r = 1(mod 2)

Since both bounds coincide, we conclude that:

4 if r = 0(mod 2)

wd(Cq B C,y) =
Xoa(Cq ) {5 ; if r = 1(mod 2)

The following C++ algorithm illustrates the coloring strategy used to verify the
upper bound and presents a computational example demonstrating its effectiveness.

Algorithm: Color Assignment for SVNC of C, with C,

Require: Integers ¢ > 3,r >3

Ensure: Color sets sq, ag, ¢;; and odd chromatic number

Prompt user: Enter ¢ (size of Cy)

Read ¢

Prompt user: Enter r (size of C,)

Read r

Compute and display: Odd Chromatic Number < (r mod 2=0)74:5

Initialize arrays: s[0...q— 1], a[0...q—1], ¢[0...q—1][0...r — 1]

fort < 0tog—1do

sli] <~ (gmod2=1ANi=qg—1)?74:(imod2=0)72:3
end for
for i < 0tog—1do
afi] + (gmod2=1Ai=¢g—1)? (rmod4=0Vrmod4=1)72 :

1) : (((mod2=0)71: 4)

12: end for

13: for i <~ 0 to ¢ — 1 do

14: for j <~ 0tor—1do

15: cli]ljl ~ (rmod2=1Aj=r—-1)75:
(qmod2=0)?((jmod2=0)71:4) :
(t=0)?7((jmod2=0)71: 3) :
(t=¢g—-1)?((jmod2=0)71:2): ((jmod2=0)?71 : 4)

16: end for

17: end for

18: Print arrays sq, a4, and c;;

=
= o
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Input: Enter the size of cycle graph Cy : 15

Input: Enter the size of cycle graph C,. : 5

Output: Xod(cl5 =1 05) =5
i | s[e] | afd] | c[e][1] | c[é][2] | c[¢][3] | c[e][4] | c[4][5]
1] 2 1 1 3 1 3 5
2| 3 4 1 4 1 4 5
31 2 1 1 4 1 4 5
41 3 4 1 4 1 4 5
51 2 1 1 4 1 4 5
6 | 3 4 1 4 1 4 5
7T 2 1 1 4 1 4 5
8 | 3 4 1 4 1 4 5
9 | 2 1 1 4 1 4 5
10| 3 4 1 4 1 4 5
1] 2 1 1 4 1 4 5
12| 3 4 1 4 1 4 5
13| 2 1 1 4 1 4 5
14| 3 4 1 4 1 4 5
15| 4 2 1 2 1 2 5

d
Lemma 4.5. For any q > 2 and r > 1, the lower bound of odd chromatic number
of SVNC of cycle graph with path graph is

Xod(Cq I ) = 4

Proof. Let a1, as, ...aq be the vertices of Cy and s1, s9, ...54 be the subdivided vertices
of Cy. Let {ci1, ¢, ..., ci5 : 1 <1< ¢q,1 < j <r} be the vertices of ¢ copies of P.. By
the definition of SVNC, every vertex of the ith copy of path graph P, is adjoined to
every neighbour of the ith vertex of cycle graph C;. On that note, the maximum
degree A will be obtained at the subdivided vertex (i.e) A[Cy  P,] = 2r + 2, where
each of the subdivided vertices forms a clique with the vertices of its associated ith
copy of P, which already gives a basic lower bound as 3 colors such that

{sis cijy cigjr) b {80 cliryjs carnygy s for 1 <i<g—1,
w(C,BC,) = 1<j<r-—1
{si, cijy cigjry o {sis ey ey b fori=gq,1<j<r—1
We know that, for any graph T', x,q(T") > w(T'). On that note, we have x0q(Cy 1
P,) > w(Cy 1 P,) = 4. Here, the lower bound accounts for:

e The triangle cliques already occupy 3 colors, and due to the subdivision
and overlap of neighbors, proper coloring cannot reuse all 3 colors without
conflict.

e To satisfy both the clique constraints and the odd chromatic condition, an
additional color is needed.

This gives the lower bound as
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Xod(cq ] Pr) > 4

Theorem 4.6. Let ¢ > 2 and r > 1 be two positive integers. Then,

Xod(Cq B PT) =4
Proof. We define the vertex set as V[Cy O P,] = {a1,a2,...,aq} U {s1, 52, ..., 84} U
{cit,cizy 05 1 1 <0 < q,1 < j <} Here, [V[CUP ]| = q(r+2) and |[E[C,HR]| =
g(3r + 1). In such case, the adjacency matrix of Cy [0 P, will be of the order

[g(r+2)] x [¢q(r+2)]. Now we present the adjacency matrix of Cy [ P, with respect
to vertex si.

a; ay as ... Qq S1 S2 ... 8¢

s 1 1 0o ... 0 0 0 ... 0
! Ct €2 ... Cor C2rql1 C2p42 ... Cgp
1 1 ... 1 0 0 ... 0

We then generate the neighbour sets for each vertex as follows:
N((Zl) —_ {Si7 Sq}; for 1 = 1
{si—1,8:}; for2<i<gq

N(si) = {{aham’c"j’c(iuy; forl<i<g-11<j<r

{a1, aq, c1j, cq5 fori=¢,1<j<r
{Ci(j+1),81,sq}; forj=1
for i =14 {cij-1), Ci(j+1), 51, 8¢} for2<j<r—1
N(cij) = {Ci(jf1)781,sq}; for j=r
Y {Ci(j+1)7 Si—1,8i}; forj=1
for i > 19 {c;(j—1); Ci(j+1), Si—1,8i}; for 2<j<r—1
{eigi—1)s 8i-1, 8i}; for j=r

By lemma 4.5, we have established the lower bound. To determine the upper bound,
we apply a specific coloring pattern, implemented using a C++ program, which sat-
isfies the constraints of odd coloring. This gives us:

Xod(Cq ] Pr) < 4
Since both bounds coincide, we conclude that:
Xod(Cq B P) =4

The following C++ algorithm illustrates the coloring strategy used to verify the
upper bound and presents a computational example demonstrating its effectiveness.

Algorithm: Color Assignment for SVNC of C, with P,

Require: Integers ¢ > 3, r > 2

Ensure: Color sets sq, aq, ¢;; and odd chromatic number
1: Prompt user: Enter ¢ (size of Cy)
2: Read ¢
3: Prompt user: Enter r (size of P,)
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Read r

Compute and display: Odd Chromatic Number + 4

Initialize arrays: s[0...q —1], a[0...q—1], ¢[0...¢ —1][0...7 — 1]

for i< 0tog—1do
sli]«- (gmod2=1Ai=¢g—1)74:(imod2=0)72:3

end for

10: for i <+ 0tog— 1 do

11: afi] «< (gqmod2=1ANi=¢—1)? ((rmod4=0Vrmod4=1)72 :
1) : ((mod2=0)71 : 4)

12: end for

13: for i < 0 tog— 1 do

14: for j <~ 0tor—1do

15: cli]li] < (gmod2 =1A¢i=10)? (jmod2 =0) 71 : 3):
(qmod2=1Ai=q—1)? ((jmod2=0)?1:2):((jmod2=0)?1 :
1)

16: end for

17: end for

18: Print arrays sq, a4, and c;;

Input: Enter the size of cycle graph C, : 11
Input: Enter the size of path graph P, : 5
Output: Xod(Cu =] P5) =4

i | s[e] | ald] | c[][1] | c[][2] | c[d][3] | c[é][4] | c[¢][5]
1 2 1 1 3 1 3 1
2 3 4 1 4 1 4 1
3 2 1 1 4 1 4 1
41 3 4 1 4 1 4 1
5 2 1 1 4 1 4 1
6 | 3 4 1 4 1 4 1
7T 2 1 1 4 1 4 1
8| 3 4 1 4 1 4 1
9 2 1 1 4 1 4 1
10| 3 4 1 4 1 4 1
11| 4 2 1 2 1 2 1
O
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