Proceedings of the Jangjeon Mathematical Society www.jangjeon.or.kr
29 (2026), No. 4, pp. 719 - 731 http://dx.doi.org/10.17777/pjms2026.29.4.008

ON HAMILTONIAN CONNECTEDNESS AND RANDOM HAMILTON
LACEABILITY OF TOTAL TRANSFORMATION GRAPHS z*#7
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ABSTRACT. A connected graph Z = (V, E) is called Hamiltonian if Z contains a spanning
cycle and if a graph Z contains a spanning path between every pair of its vertices is called
Hamilton-connected. A bipartite graph is called Hamilton-laceable if there exist Hamiltonian
path between vertices of different partite sets and a graph Z is random Hamiltonian laceable
if there exists a u — v Hamiltonian path between every pair u,v € V(Z) of vertices at an odd
distance. In this paper, we have prove that the transformation graphs ZT++ z=== z++—
Z*T~~ and 2"~ are Hamiltonian connected and Z~** is random Hamiltonian laceable for
some standard class of graphs.
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1. INTRODUCTION

Let Z be simple and connected graph. A cycle in a graph Z is called Hamiltonian if it passes
through every vertex of Z exactly once. Likewise, a Hamiltonian path is a path that visits
all the vertices without repetition. However, not all graphs include Hamiltonian cycles. For
example, trees are acyclic and therefore cannot contain any Hamiltonian cycles, although they
may still possess Hamiltonian paths.

A graph Z is classified as Hamiltonian if it has at least one Hamiltonian cycle. By nature,
both cycle graphs and complete graphs &, (also known as cliques) are Hamiltonian. A graph
is said to be traceable if it includes at least one Hamiltonian path. While every Hamiltonian
graph is necessarily traceable, the reverse is not always true. A classic instance of a traceable
but non-Hamiltonian graph is the Petersen graph.

In a graph Z if every pair of distinct vertices are connected by a spanning path, it is referred
to as Hamilton-connected [16, 3.

Bipartite graphs cannot exhibit Hamilton-connectivity, as a Hamiltonian path cannot exist
between two vertices in the same partite set. In such cases, if Hamiltonian paths do exist
between vertices of opposite partite sets, the graph is termed Hamilton-laceable.

There is a significant amount of research dedicated to the study of Hamiltonicity and Hamilton-
connectivity in graphs (see, for example, [17, 13, 27]). If for any two vertices v, w € V(Z) from
different bipartition classes of a bipartite graph Z there exists a Hamilton-path whose endver-
tices are v and w then Z is called Hamilton-laceable, see [1, 4, 5, 6, 7, 8, 10, 18, 20].

Vertex(edge) connectivity of a simple graph G is the minimum number of vertices(edges) in
G such that whose removal increases the components of G [9].

Definition 1. Let Z = (V,E) be a connected graph. A subgraph X = (V,Ex) is an EPS-
subgraph(Extended Persistent Structures Subgraph) of Z if:
(1) X is a spanning subgraph (V(X) =V (Z)) and connected.
(2) The edge set Ex can be partitioned into two edge-disjoint subsets:
o An Euler subgraph H (not necessarily connected), where every vertex has even
degree.
o A forest P whose components are paths (i.e., each tree in P is a path graph).

Definition 2. The vertex set of a line graph L(Z) of a graph Z = (V,E) is E such that
ei,ej € E(L(Z2)) if and only if e; and e; share a common vertex v in Z.
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Definition 3. The total graph T(Z) of a graph Z = (V, E) has V(T(Z)) = VUE and any arbi-
trary vertices u,v € V(T(Z)) are adjacent if and only if either they are adjacent vertices(edges)
oru and v are incident in Z.

The generalization of total graph put forwarded by Wu and Meng [22].

Definition 4. Let Z = (V, E) be a graph and o, 3,7 be three variables taking values + or —.
The total transformation graph is denoted by 2% where V(Z2#7) = VUE and for p, 0 € VUE,
p~ U in 27 if and only if

(1) pBeV(2),p~UinZifa=+and p= U ifa = —.
(2) p,BEEZ),p~VmZif =+ andp» U if p=—.
B) peV(Z2) andB e E(Z), p~UinZify=+andp» U if y=—.

Gt G =g

Gt G5

Figure 1. A graph Z and its total transformation graphs.
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2. AUXILIARY RESULTS
Theorem 1. [21] Let Z be a graph with kK =7 and A =1 and § = s. Then
r<il<s.

Theorem 2. [14] Every 4-connected line graph is Hamiltonian if and only if it is Hamilton-
connected.

Theorem 3. [9] A graph H is a line graph of some graph if and only if it does not contains
the following forbidden subgraphs.

Gy:

e A
R
018

Figure 2. The nine forbidden subgraphs for a line graph.

Theorem 4. [2] The graph Z¥*7 is Hamiltonian if and only if Z = (n,m) contains an EPS
-subgraph where (n > 2).

Theorem 5. [15] The graph Z~~~ is Hamiltonian if and only if Z is not isomorphic to any
graphs in

{ﬁLr‘T > 1} U {ﬁl,s + ﬁ1|8 > 1} U {ﬁl,t + 6‘t > 2} U {ﬁg,ﬁg + R1, R + 2.@1,.@4}

Theorem 6. [25] Let Z = (n,m)- graph where n > 6. If m > «(Z) + 1 then Z¥+~ is
Hamiltonian, where a(Z) is the independence number of Z.

Theorem 7. [26] The graph Z*~~ is Hamiltonian if and only if §(Z) > 1 and Z ¢ {81 ,_1, 282, R3}.

721
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Theorem 8. [24] The graph Z~ 7~ is hamiltonian if and only Z contains at least 4-vertices
and

Z2Z{Rin-1,Rip1+6Rin2+ R} U {2R + Ry, 81 + B3}
3. HAMILTONIAN CONNECTEDNESS OF TOTAL TRANSFORMATION GRAPHS

Let H1 = {Zi|i = 1,2,...,9} be the set containing forbidden subgraphs of line graph (see
Figure 2) and let Hy = {Z} such that Z € H;.

Theorem 9. Let Z 2 Hy be a graph of order n > 4 with §(Z) > 2 and contains an EPS-
subgraph then Z*++ is hamiltonian connected.

Proof. Let ZT++ be a total transformation graph of a graph Z. We divide the proof into the
following claims.
Claim 1: Z+*+ = H such that L™ (H) = Z.
By the hypothesis of the theorem Z 2% H;. Since Z is an induced subgraph of ZT++,
Therefore, Z¥T+ does not contain any forbidden subgraphs of line graph. So by Theo-
rem 3, ZT+ is a line graph.
Claim 2: x(Z7TF) =4 for n > 4.
By the hypothesis of the theorem n > 4 and §(Z) > 2. Note that ZT+ has (m + n)
vertices and for u € V(ZTHT)NV(Z), dz+++(u) = 2dz(u) and for u € V(ZTTH)NE(Z),
dz+++(u) = dz(u) + dz(v). Hence, §(Z+T1) > 4 and by Theorem 1, x(ZTT1) > 4.
In order to show that x(Z7+) < 4 let v; be minimum degree vertex in Z such that
dz(v;) = 2. Then dz+++(v;) = 4. Let N(v;) = {v;, v, e;,€;} be the vertices at its
neighborhood. Note that V(Z++T)\ N(v;) is disconnected having v; as an isolated
connected component. This implies that £(Z+TT) < 4. Hence ZT7T is 4-connected.
Claim 3: ZT77 is Hamiltonian.
By hypothesis of the theorem n > 4 and Z contains an EPS-subgraph. Therefore, by
Theorem 4, Z+++ is Hamiltonian.

Hence Z7+ is a Hamiltonian, k(Z7+T) = 4. By Theorem 2, Z+7 is Hamilton-connected. [

Theorem 10. Let Z 2 {Ha,Hs} withn >4 and m —n+ 1 > 4 then Z~~~ is hamiltonian
connected, where

Hz = {Riplr 2 1 U{R1s + Rils > 1} U {R1; +elt > 2} U {83, B3 + K1, Rz + 281, Au}

Proof. Let Z7~~ be a total transformation graph of a graph Z. We divide the proof into the
following claims.
Claim 1: 2~~~ = H such that L~}(H) = Z.
By the hypothesis of the theorem Z 2 Hs. Since Z is an induced subgraph of Z=~~.
Therefore, Z~~~ does not contain any forbidden subgraphs of line graph. So by Theo-
rem 3, Z~ " is a line graph.
Claim 2: k(277 7) =4.
By the hypothesis of the theorem n > 4. Note that Z~~~ has (m + n) vertices and for
weV(EZ )NV(Z),dz——(u)=m+n—1—2dz(u) and for u € V(Z="7)N E(Z),
dz——(u) = m+n—1—(dz(u) + dz(v)).

Case 1: Let v = A(Z) then v = §(Z~~7). Suppose dz(v) <n—1. Thendz———(v) >

m—-n+1>4ied(Z2-77) >4

Case 2: Let v = §(Z) then v = A(Z77). Suppose dz(v) < 1. Then dz---(v) >

m+n—3>4ieA(Z7"7)>4.

Hence, (Z777) > 4 and by Theorem 1, x(Z7"7) > 4. In order to show that
K(Z777) < 4 let v; be maximum degree vertex in Z such that dz(v;) = n — 1. Then
dz-—-(v;)) =m—n+1=4. Let N(v;) = {vj, vk, €;,e;} be the vertices at its neighbor-
hood. Note that V(Z777) \ N(v;) is disconnected having v; as an isolated connected
component. This implies that k(Z7~7) < 4. Hence Z~~~ is 4-connected.

Claim 3: Z7 7~ is Hamiltonian.
By hypothesis of the theorem Z 2 {#H3} Therefore, by Theorem 5, Z~~~ is Hamiltonian.
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Hence Z~~~ is a Hamiltonian, k(Z~ ") = 4. By Theorem 2, Z~~~ is Hamilton-connected. O

Theorem 11. Let Z 2 Hy be a graph with of order n > 6 and size m with m > «(Z) +1 then
ZTT= is Hamiltonian connected.

Proof. Let Zt+~ be a total transformation graph of a graph Z. We divide the proof into the
following claims.
Claim 1: Z+*+~ = H such that L~Y(H) = Z.
By the hypothesis of the theorem Z % H;. Since Z is an induced subgraph of Z++~.
Therefore, Z7T~ does not contain any forbidden subgraphs of line graph. So by Theo-
rem 3, ZT1 is a line graph.
Claim 2: x(Z717) =4 for n > 4.
By the hypothesis of the theorem n > 6. Note that Z*T~ has (m + n) vertices and
foru € V(ZT)NV(Z), dz++—(u) = m and for u € V(ZTT)N E(2), dz++-(u) =
dz(u)+dz(v)+n—4. Therefore, Hence, §(Z7+) > 4 and by Theorem 1, 5(ZT77) > 4.
In order to show that x(Z71) < 4 let v; be minimum degree vertex in Z such that
dz(v;) =n—1. Then dz++-(v;) =n+3—n+1=4. Let N(v;) = {vj, vg, €5, €5} be
the vertices at its neighborhood. Note that V(Z77)\ N(v;) is disconnected having v;
as an isolated connected component. This implies that k(Z+tT7) < 4. Hence Z+t~ is
4-connected.
Claim 3: Z71~ is Hamiltonian.
By hypothesis of the theorem Z 2 H; and m > a(Z) + 1. Therefore, by Theorem 6,
Z*T+~ is Hamiltonian.
Hence Z+~ is a Hamiltonian, x(Z1717) = 4. By Theorem 2, Z**~ is Hamilton-connected. O

Theorem 12. Let Z % H1 U {f1,_1,2R9, R3} be a graph with §(Z) > 3 then Z¥~ is hamil-
tonian connected.

Proof. Let Zt7~ be a total transformation graph of a graph Z. We divide the proof into the
following claims.
Claim 1: Z+~~ = H such that L™Y(H) = Z.
By the hypothesis of the theorem Z % H;. Since Z is an induced subgraph of Z+—~.
Therefore, Z*~~ does not contain any forbidden subgraphs of line graph. So by Theo-
rem 3, ZT7~ is a line graph.
Claim 2: k(2T 7) =4 for n > 4.
By the hypothesis of the theorem n > 6. Note that Z¥~~ has (m + n) vertices and
foru € V(ZT77)NV(2), dz+—(u) = m and for u € V(ZT"7)N E(Z), dz+—(u) =
m+n— (14 dz(u) + dz(v)). Therefore, Hence, §(ZT~~) > 4 and by Theorem 1,
k(Z777) > 4. In order to show that k(Z+~~) < 4 let v; be minimum degree vertex in Z
such that dz(v;) =n—1. Then dz+--(v;) = n+3—n+1=4. Let N(v;) = {v;, vk, €;, €5}
be the vertices at its neighborhood. Note that V(Z7~7)\ N(v;) is disconnected having
v; as an isolated connected component. This implies that x(Z7~) < 4. Hence Zt~~
is 4-connected.
Claim 3: Z*~~ is Hamiltonian.
By hypothesis of the theorem Z 2% H; U {81 ,-1, 282, R3}. Therefore, by Theorem 7,
Z*T~~ is Hamiltonian.
Hence Z*~~ is a Hamiltonian, (217~ 7) = 4. By Theorem 2, Z*~~ is Hamilton-connected. O
Theorem 13. Let Z 2 {Ha, Ha} with n > 4 then Z=1~ is hamiltonian connected, where
Hi={Rin-1,Rin1+eRina+t R} U {28 + K, K1 + R3}.

Proof. Let Z=1~ be a total transformation graph of a graph Z. We divide the proof into the
following claims.
Claim 1: 2=+~ = H such that L™}(H) = Z. N
By the hypothesis of the theorem Z 2% Hs. Since Z is an induced subgraph of Z=7~.
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Therefore, Z=+~ does not contain any forbidden subgraphs of line graph. So by Theo-
rem 3, Z-1~ is a line graph.

Claim 2: x(Z777) =4 for For n > 4.
By the hypothesis of the theorem n > 4. Note that foru € V(27 )NV (Z), dz—+-(u) =
m+n—(14+2dz(u)) and for u € V(Z=T)NE(Z), dz-+-(u) = n—4+ (dz(u) +dz(v)).

Case 1: Let v = A(Z) thenv = §(Z717). Suppose dz(v) < n—1. Then dz-+-(v) >

m-n+1>4ied(Z777) >4

Case 2: Let v = §(Z) then v = A(Z7"7). Suppose dz(v) < 1. Then dz—+-(v)

m+n—3>4ieA(Z"T7) > 4.

Hence, 6(Z=77) > 4 and by Theorem 1, x(Z~77) > 4. In order to show that
k(Z717) < 4 let v; be maximum degree vertex in Z such that dz(v;) = n — 1. Then
dz—+-(v;) =m—n+1=4. Let N(v;) = {vj, vk, €;,e;} be the vertices at its neighbor-
hood. Note that V(Z777) \ N(v;) is disconnected having v; as an isolated connected
component. This implies that k(Z777) < 4. Hence Z~ 1~ is 4-connected.

Claim 3: Z~*~ is Hamiltonian.
By hypothesis of the theorem Z 2 {Hs, Ha}, where Ha = {Rin-1,R1,n-1 + €, Rin—2 +
£1} U {28 + K9, Ry + R3}. Therefore, by Theorem 8, Z~+~ is Hamiltonian.

Hence Z~1~ is a Hamiltonian, k(Z~7) = 4. By Theorem 2, Z~*~ is Hamilton-connected. [J

(Y

4. HAMILTONICITY OF Z~ 7+

Definition 5. A graph Z = (V, E) with |V| > 2, is random Hamiltonian laceable if there exists
a u — v Hamiltonian path between every pair u,v € V(Z) of vertices at an odd distance.

Theorem 14. [23] Z~ "7 is connected for any graph Z.

Theorem 15. [23] Let Z be a graph then diam(Z~1T) < 3 and the equality holds if and only
if diam(L(Z)) > 2.

Theorem 16. [23] Let Z be a graph with of order at least three then Z~+* is Hamiltonian.
Theorem 17. The transformation graph Z=++ is not Hamiltonian laceable.

Proof. Consider a graph Z = (V, E) with |V| = n and |E| = m. Assume that Z~"is Hamil-
tonian laceable. Let e = uv be an edge of a graph Z then by definition of Z=tTis e € (Z717)
anduv € (Z~1)then

Let (ej,e;) € E(Z) where e; and e; are adjacent in Z. Let v € V(Z) be a common vertex
between e;ande; now by the definition Z=%F, (e;,¢5,v) € V(Z~) further (e;, ¢;) are adjacent
edges in Z.

", (€i, ;) are adjacent vertices in Z~tTalso it can be easily verified that (e;, e;,v) will form
cycle graph of length 3 which is a contradiction to our assumption that Z~*%is Hamiltonian
laceable due to fact that Z~++ is a non-bipartite graph. O

Theorem 18. The Transformation graph Z~1is Hamiltonian connected if and only if Z and
L(Z) are Hamiltonian connected.

Proof. Let Z = (V, E) be a graph such that Z and its L(Z) are Hamiltonian connected, i.e. a
Hamiltonian path exists between every (v;,v;) € Z and (e;,e;) € L(Z) respectively. Now we
have to show that Z~t1 is Hamiltonian connected.
We prove this result by considering the following cases.
e Case (1): (vi,v;) € V(277F) such that (v;,v;) € V(Z). Since Z and L(Z) are
subgraphs of Z=T* which are Hamiltonian connected, we have the following Hamiltonian
path between (v;,v;) € 27T

PH(UZ‘.,U]‘):UZ‘NQ'N U €5 ~ U ~ U Vs ~ Vj.
2<j<m 2<s<n—2
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e Case (2): (ej,e;) € V(Z~1T) such that (e;,e;) € V(Z). Since Z and L(Z) are
subgraphs of Z=T* which are Hamiltonian connected, we have the following Hamiltonian
path between (e;,e;) € Z~1:

Py (ejej) =ei~ vy~ U vj ~ e~ U es ~ €j.
2<j<n 2<s<m—2

e Case (3): (v;,ej) € V(Z7TF) such that v; € V(Z) and e; € E(Z). Since Z and
L(Z) are subgraphs of Z~ "1 which are Hamiltonian connected, we have the following
Hamiltonian path between (v;,e;) € 2~

PH(’UZ‘,ej):’UiN U Vi~ e~ U €s ™~ €5.

2<j<n 2<s<m—1

Conversely, assume that 2=+ is Hamiltonian connected and Z, L(Z) are not Hamiltonian
connected. Let (v;,v;) be any two vertices of Z such that v;, v; are not traceable. Since Z is a
subgraph of Z= 1T, therefore (v;,v;) are not traceable in Z=* also, which is a contradiction
to our assumption that Z~** is Hamiltonian connected. O

By Theorem 4 it is clear that Z~Tis non-Hamiltonian laceable therefore we focus random
Hamiltonian laceable property of Z~+*in the next few results:

Proposition 19. Let Z = P,,n > 3 then Pn_‘H' 1s random Hamiltonian laceable for 1 <t <
diam(P,; ).

Proof. we prove the above proposition by considering the following cases

Case (1) : Let (v;,vj) € V(P,~ %) by Theorem 15 diam(P; %) < 3. We need to show that
there exists a Hamiltonian Path between (v;,v;) at a distance 1 and 3. Further it can be easily
verify that d(vi,vj)z < 2. Because if dz(u,v) > 3 then dz(u,v) < 2. Therefore we need to
show that for every pairs of adjacent vertices (v;,v;) € V(P,”+T) there exists a Hamiltonian
path,

Pr(vi5) = (Vi ~ Viga ~ Viga ~, oy Vign—1) ~ (Vigl ~ Vig3 ~ Vigs ~, -+, Vign)

~(em ~ em_1~,...,~ €1~ )

Case (2) : Let (ej,ej) € V(P,~TT)

Subcase (1) : d(e;,ej) =1 € V(Z T )since L(P,) = P,_1 therefore we need to show that for
every pair of adjacent vertices in P, there exists a Hamiltonian path,

PH(vi,vj) = €; ~ (’Ui ~Vi42 ™~ Vigd ~yenn ‘avi-%—(n—l)) ~ (Ui+1 ~ UT43 ™~ Vjq5 . ~7'Ui+n) ~ (6m ~
€m—1 N,...,Nej)

Subcase (2) : d(ei,ej) = 3 € V(Z=+). Then Pri(eje;) = € ~ (Vi ~ Vig2 ~ Vg ~
see e Vig(ne1)) ~ (V143 ~ Vigs ~s ooy Vign) ~ Vig1 ~ (€41 ~ €42 ~, ..oy~ €5)

Case (3) : d(vi,ej) =1 € Z7FF, since maximum distance between (v;,e;) € Z~T+is 2 There-
fore we consider every adjacent pairs:

PH(vl,eJ) = (Vi ~ Vg2 ~ Viga ~, .. '7Ui+(n—1)) ~ (Vi1 ~ V43 N Vigs ey Vign)

~(em ~ em_1 ~, ...~ €)). d
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Path Graph Transformation of Path graph
X ¥
¥
*——o—0
a b ¢ a b C
X ¥ z
L : & Y & £
a b c d
@ L & = & y
a b C €

Figure 2. Total transformation graphs of P,.

Proposition 20. Let Z = Cy;n > 3, then C’;** is random Hamiltonian laceable for 1 <t <

diam(C,;+T).

Proof. Let Z = C), be a cycle with n > 3. Let V(Cy,) = {v1,v2,03, - ,v,} and E(C,) =

{61762763>' o

,em}. Clearly by Theorem 14, C;; T is connected and by Theorem 15, diam/(C;, 7T) <

3. Also from Theorem 16, C,** Hamiltonian. Since Z and L(Z) is a subgraphs of Z=+.
Therefore diam(C, *+) < 2 due to the fact that if diam(Z) > 3 then diam(Z) < 2 and
L(C,) = C,. Hence we need to show that for every pair of adjacent vertices in C;;** there
exists a Hamiltonian path. To prove this, consider the following cases:

Case 1: Suppose v;,v; € V(C,) \ V(C,; ). Let v; and v; be any two adjacent vertices
in Cy,, then by the definition of C,; ¥ they will be nonadjacent vertices in C;; ™" and
vice-versa. Therefore assume that v; and v; are non-adjacent vertices in Cy,. Then the
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following Hamiltonian path exists between v; and v;:
P (vi,05) 1 vi ~ € ~ Vi1 ~ €1 ~ Ua<p< @itk Uik ™~ €m ™~ Un ~ ;.
Case 2: Suppose v; € V(Cp,) \ V(C;; ™) and e; € E(Cy) \ V(C;; 7). Let v; € V(Cy)
and e; € E(C,,) be any two adjacent vertices in C;; 7. Then the following Hamiltonian
path exists between v; and e;:
Pr(v3,v:) 1 03 ~ Un ~ € ~ Vp1 ~ €1 ~ U1<i<n—1Un—i€m—i ~ €;.
Case 3: Suppose €;,¢; € E(Cp) \ V(C,;tT). Let €; and e; be any two adjacent edges in
Cy. Since L(C,,) is a subgraph of C;;** therefore by the definition of C;; ™+ ¢; and ¢;
will be adjacent vertices in C,; T+. Then the following Hamiltonian path exists between
e; and e;:
Pyglei ej) @ e ~ Vi ~ €itm—1 ~ Vitn—1 ~ Vitn-3 ~ Citm—3 ~ Citm—2 ~ Vitm-2 ~
Us<i<k€itm—kVitm—k ~ €5-
Hence, C; T contains Hamiltonian path between every pair of adjacent vertices. Therefore,
C;; 7 random Hamiltonian laceable. O

Cycle graph Transformation of Cycle Graph

p &
>

Figure 3. Total transformation graphs of C,,.

Proposition 21. Let Z = Wy;n > 4, then then W, T is random Hamiltonian laceable for
1 <t <diam(W,; ).

Proof. Let Z = W, be a cycle with n > 4. Since W,, = C,,—1 + K, therefore L(C)_1) and
K,y are subgraphs of W, **. By Theorem 14, W, " is connected and by Theorem 15,

727
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diam(W,;T+) < 3. Also from Theorem 16, W, *+ Hamiltonian. Since Z and L(Z) is a
subgraphs of Z=T*. Therefore diam(W,; ) < 2 due to the fact that if diam(Z) > 3 then
diam(Z) < 2 and L(C,,) = C,,. Hence we need to show that for every pair of adjacent vertices
in W, T there exists a Hamiltonian path. To prove this, consider the following cases:
Case 1: Suppose v;,v; € V(W,) \ V(W, ™). Let v; and v; are any two non-adjacent
vertices in W,,. Then we need to show that there exists a Hamiltonian path between
these two adjacent in W, ™. Then the following Hamiltonian path exists between v;
and v;:
Pri(vi,v5) 1 vi ~ €5 ~ €1 ~ Vig1 ~ Us<p<j€itkVitk ™~ €5 ™~ Uj.
Case 2: Suppose v; € V(W,,) \ V(W) and ¢; € E(W,,) \ V(W,7 7). Let v; € V(W,,)
and e; € E(W,,) be any two adjacent vertices in W, t+. Then the following Hamiltonian
path exists between v; and e;:
Pr(vi,v7) s vi ~ €i1 ~ Vi1 ~ €ipa ~ Us<i<n_1VighCitk ~ Un—itk ~ Em—ith ™~ €i-
Case 3: Suppose e;,¢; € E(W,) \ V(W, ™). Let ¢; and e; be any two adjacent edges in
W, . Then the following Hamiltonian path exists between e; and e;:
Pr(ei ej) :ei ~ v ~ €iya ~ Vg1 ~ Us<i<kCitm—kVidn—k—1 ~ Em—k—i ~ €;.
Hence, W,7 ™" contains Hamiltonian path between every pair of adjacent vertices. Therefore,
W, T+ random Hamiltonian laceable. d

Proposition 22. Let Z = K, ;2 <r < s, then KT_’;"F is Hamiltonian connected.

Proof. Let Z = K52 < r < s with V(K,5) = {v1,v2,03,- - ,Up,u1,u2, -+ ,Us}, E(K; ) =

{e1,e2,€3, -+ ,ers} and H = K;;Jr, Let P, (u,v) be a Hamiltonian path between vertices u
and v in H. Let V(H) =V, UV, U E,q, where V;, = {v1,v9,v3,- - , 0.}, Vs = {u1,ug, - ,us}
and E,s = {e1,ez,e3, - ,ers}.

Case 1: Let u =v; and v =wv;, 1 <i<r, 1 < j <r where v;,v; € V.. Then
P, (u,v) = vi~{e:1<i<s}~uvipr~{er1:1<i+1<s}~uviy
~ {eig2:1<i+2<s~vj_1~{ej_1:1<j—-1<s}t~{e;:1<j< st~
Case 2: Let u=v; andv =v;, 1 <i<r, 1< j < s wherev; €V, and vj € Vi. Then
P,(u,v) = vi~{v;:2<j<r}~e ~{e:r<i<rst~vug~{us—iis+1<i <1} =

Case 3: Let u=v; andv =¢;, 1 <i<r, 1< j <rswherev; €V, and ¢; € Eys.
Subcase 1: u=v;, 1 <i<randv=e¢;, 1 <i<rs

P,(u,v) = vi~{v;:2<j<r}~e ~{e:r<i<rs—1}
~ g~ {us—i s+ 1<i<1} ~e
Subcase 2: Let u =v; andv=¢;,2<j <r,1<j<rswherev; €V, and ¢j € Ep.
P,(u,v) = v~{v;:2<j<r}~e ~{e:r<i<rs—1}
~ g~ {us—j s+ 1<i <1} e
Case 4: Let u=¢; andv =¢;,1 <¢ <rs, 1 < j < rs where ¢;,¢; € Ers. Then
P,(u,v) = e~vi~v{v;:2<j<r}~ve ~{u—1:r—1<i<s}~{egp1:5+1< i} ~ej
Case 5: Let u=¢; and v =wu;,1 <i<rs, 1 <j < s wheree; € Es and u; € V. Then
P (u,v) = eg~vi~{v;:2<j<r}~eqo~{ej:r+2<j<rs—1}~us
~ {uj:s—1<j<st=uj
Case 6: Let u=wu; and v =u;, 1 <i<s,1<j <s where u;, u; € Vy. Then
P, (u,v) = wi~er~vr~{v;:2<i<r}r~eqo~{e :r+2<j<rs—1}~us
~ {uj:s—1<j<st=uy

Thus, K, -7t is Hamiltonian connected. O
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1-vertices

§ - vertices
complete graph Xs

Complete bipartite graph

Transformation graph of complete bipartite graph

Figure 4. Total transformation graphs of K, ,
Proposition 23. Let Z = Ky ,-1;n > 4, then Ki:{fl is Hamiltonian connected.
Proof. Let 2 = Kjp_1;n > 4 with V(K ,-1) = {v1,v2,v3,-- ,v,} where vy is the central
vertex of a star with deg(vi) = n — 1, E(Ki,-1) = {e1,€2,€3,- - e} and H = Ki::q.
Consider the following cases.
Case 1: Let u =v; and v = v;, 2 < j <n. Then
P,(u,v) = vi~{e:1<i<m}~{v;:1<j<n—-1}
Case 2: Let u=v; andv =v;,2<i<n,2<j<n. Then
P,(u,v) = vi~ve~vi~{e:2<i<m}~{v;:2<j<n—-1}
Case 3: Let u=v; andv =¢;,2<i<n,1<j<m. Then
P,(u,v) = {v;:2<i<n}~en~vr~{e;:2<i<m}
Case 4: Let u=¢;andv=¢;,1 <i<m, 1 <5 <m. Then

P, (u,v) = e~{v;:2<i<n}~en~uvi~{e:2<i<m}

Thus, K; 7 is Hamiltonian connected. O
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Figure 5. Total transformation graphs of Ky ,_;.

CONCLUSION

In this work we have proved the Hamiltonian connectedness of total transformation graphs
Zttt z=—— zZt+t= ZT== and Z=t~ and also shown that the graph Z~+* is random-
Hamiltonian laceable for some standard class of graphs.
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