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ARITHMETIC PROPERTIES OF OPEND PARTITIONS

M. PRASAD, SHRUTHI R, AND M. S. MAHADEVA NAIKA

ABSTRACT. In 2023, Ballantine and Welch have considered various generalizations of POD and
PED, wherein odd parts distinct (in case of POD) and even parts distinct (in case of PED),
respectively. In the process, they were led to two new classes of POND and PEND, partitions
which are integer partitions in which odd parts can not be distinct (in case of POND) and even
parts can not be distinct (in case of PEND), respectively. In this paper, we obtain some infinite
families of congruences for a new class of patrition function OPEND; ;(n), a positive integer
partition of n wherein even parts not distinct (odd parts unrestricted) and first occurrence of a
part congruent to j modulo k may be overlined.
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1. INTRODUCTION

Throughout this paper, we let |¢| < 1. We use the standard notation

= (6" ") oo
Following Ramanujan, we define
(1) f(=q) = f(=a,—¢*) = > (1" V2 = (g;9)s = S
and
(2) =Gk =Y (~1)"(2n+ 1)g" D72,
n=0

which are special cases of Ramanujan’s general theta function [1, 3]

(3) fla,b):= Y anH2pn(=D2 b < 1,

n=—oo

In Ramanujan’s notation, Jacobi’s famous triple product identity becomes,
(4) f(a,b) = (—a;ab) oo (—b; ab) s (ab; ab) o,

where
(o]

(a: )00 = [ [ (1 = ag™).

n=0



702 M. Prasad, Shruthi R. and M. S. Mahadeva Naika

A partition of a positive integer n is a non-increasing sequence of positive integers whose sum is
n. Let P(n) denotes the number of partitions of a positive integer n with P(0) = 1. The generating
function for P(n) is given by

) . 1
,LZZOP(n)q C(49)

In 2004, Corteel and Lovejoy [5] introduced the notion of overpartitions, which are partition of a
positive integer n in which first occurrence of each part may be overlined. The generating function
is given by

5 (—¢: )0
(5) Pn)g" = LD
nz:% T G

For example, there are 8 partitions for P(3), namely
3, 3, 241, 241, 241, 2+1, 1+1+1, T+1+1.

In 2022, Mahadeva Naika, Harishkumar and Veeranayaka [9, 10] introduced notion of [j, k]-
overpartition of a positive integer n is a non-increasing sequence of positive integers whose - sum is
n in which first occurrence of each part congruent to j modulo k& may be overlined. Let Pj(n)
denote the number of such partitions of a positive integer n with Fj,k(()) = 1. The generating
function is given by

0 ek
©) S P = S

For example, there are 5 partitions for ﬁ1’3(3), namely
3, 241, 241, 1+141, T+14+1.

In the following paper, Ballantine and Welch [2] considered various generalizations and refine-
ments of POD and PED partitions. In the process they were led to two new classes of POND and
PEND partitions which are integer partitions with odd parts can not be distinct (in case of POND)
and even parts can not be distinct (in case of PEND) respectively.

In 2025, M. Prasad, Kaneez Raheela and M. S. Mahadeva Naika [11], have introduced and
obtained some infinite families of congruences for a new class of partition function called [j, k]—
pond overpartitions or OPON D partitions, which enumerate the number of partitions of a positive
integer n in which the first occurrence of each part congruent to j modulo k& may be overlined and
odd parts are not distinct (even parts are unrestricted). Let opond;(n) denote the number of such
partitions of a positive integer n and the generating function be given by

(7) S opond; (n)g” = <2258 (—gi; F)ee.
n=0

 f3fsfi

For example. There are 10 partitions for oponds 3(6), namely
6, 6, 4+2, 4+1+1, 343, 343, 24242, 2424141, 241+141+1,
1+14+14+14141.

In the following papers [12, 13], Prasad, Kaneez Raheela and Mahadeva Naika, have introduced
and obtained several infinite families of congruences for Singular POND and PEND overpartitions.
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Motivated by the above works, in this paper we introduce and obtain some infinite families of
congruences for a new class of partition function OPEN D(n) which enumerates the number of
partition of a positive integer n in which the first occurrence of each part congruent to 57 modulo
k may be overlined and even parts are not distinct (odd parts are unrestricted). Let opend; (n)
denote the number of such partition of a positive integer n and the generating function be given by

(8) i opend; i (n)q" = m

Pk
2 AR

2. PRELIMINARY RESULTS

Lemma 2.1. The following 2-dissections hold:

1 £ firis
v 7R TR
o fofy L foffs
(10) fl - fff%ﬁ 2 fS )
14 4
) %7 ey f41j(r>8»
1 2 2
1 28
(12) f? f28f8 + 8qf24 +164° f;cgﬁg ,
f_33 R f12
(13) S R T
N hfif f2f12
) [ ST
b AR R
(15) FE: T A
f3 _ fafshef3y | Sl fis
16) S f2fsfiafos Ta f2f16f24
(17) fi _ Phefd f2f8f12f48
f3 f2fsfu f4f6f16f24
i fifelts faf§ fsfou
8) 27 i 2 i
and
(19) fufs = f2f3 s f4 fo 3,

f2f6f224 f2f8f12
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Proof. The equation (9) can be found in [3, Entry 25, p.40]. Replacing ¢ by —¢g in the equation (9),
we obtain (10). The equation (11) can be found in [3, Entry 25, p.40]. From the equation (11), we
obtain (12). The equation (13) is the same as (22.1.14) in [6]. Replacing ¢ by —¢ in the equation
(13), we obtain (14). The equation (15) can be found in [6]. The equation (16) can be found in
[14]. Replacing ¢ by —¢ in the equation (16), we obtain (17). The equation (18) can be found in
[14]. The equation (19) can be found in [4]. O

Lemma 2.2. The following 3-dissections hold:
s fofd

2 r6
3f3f18

_ 3
20 0= gy T g Bl
PSS L Bsf3 o2 F
2D R T M
fa fis fefds | o fafirss
22 == =
(22) I B LR
3 fefd | Ik
(23) i f3fis +4a fo
and
(24) ;8 fafis

2 hs Tfeke
Proof. The equation (20) is the same as (14.8.5) in [6]. Proofs of the equations (21)-(24) can be

found in [8]. O
Lemma 2.3. [3, Ch. 19, Entry (v), p.270] The following 5-dissection holds:
(25) f1 = fos (a—q—qz/a),
where

0= alg®) = f(=4", —4")

f(=a®.¢*)
Lemma 2.4. [3, Ch.19, Entry 17 (v), p.303] The following 7-dissection holds:
B A C

26 = = 4= -+ 5=
(26) fi f49<0 15 CI+(IA>7

where A = A(q") = f(~¢*,~®), B:=B(") = [(~4".¢®) and C:=C(d") = f(~a",~¢").

3. GENERATING FUNCTION FOR OPENDj (n)
In this section, we provide proof for a generating function of a partition OPEND; ;,(n).
Theorem 3.1. For 1 < j <k, we have

_ fafo
f1fafe

o0
(27) > opend; 1 (n)q" (=3 ¢")oo-
n=0
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Proof. By the definition,

ngoopendjyk(n)q" = )oo 211 (1 )
oolo_o[(lqm+ >
(1—4q*)
7( °° (1+¢%)
- ( 1—¢%) 1+q2’)>
6

_(q]q)(q,qG)oo
(6¢%) (4% qY

_ f2f12 gk

B f1f4f6( USERES

4. CONGRUENCES FOR OPEN D3 3(n)
Theorem 4.1. Forn >0 and «, 8 > 0, we have for (mod 8)

> 17-5% —1 :
(28) Z opends 3 (6 5% + T) " = 4f8f§»
n=0
> 13- 5%+ — ]
(29) Z opends 3 <6 cpletly 4 #> q" =4¢" fao fi5.
n=0
52041 _q
(30) opends 3 (6 52ty 4 %) =0,
> 5752 — 1 :
(31) Z opends 3 <18 S5 4 f) "= 4f1f€,
n=0
0 69 - 52a+1 -1
(32) Zopend&g (18 Sp2etly 4 T) q" = A f5 f30,
n=0
S50+l
(33) opends 3 (18 T P B —— o 1 > =0
s 94oz+1 -1 2 r4
(34) Z opends 3 <2 Sgtatly, 4 i ) " = ;21;‘; +4qfP f2,
n=0 6

oo
(35) Z opends 3 (6 cgletl 526, 4 = 4f8f?§7

17 9lotl . 520 1) "
n=0

4
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(36)

(37)

(38)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

where
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13- 94a+1 . 52ﬁ+l -1
+

oo
Z opends 3 (6 Lglatl 528+, 1
n=0

) q" = 4¢* fao [,

. 94a+1 . 5254—1 -1
opends 3 <6 Lglatl 52B+2y, 4 O 1 ) =0,
57 . 94a+1
opends 3 (2 cgletZy 4 — > =0,
> 17.9%12. 520 — 1
Z opends 3 (6 -glat2 526y 4 1 ) q" = 4fsf3,
n=0

oo 13- 94a+2 . 525+1 —1
Z opends 3 (6 glat2 52041, 4 1 ) q" = 4‘13f40f1357
n=0

. 94a+2 . 52/:7+1 -1
opends 3 <6 glet2 52642, CS 1 ) =0,
oo
57.9%t2. 526 1
Z opends 3 (2 cglat3 528, 4 1 > " =4f113,

n=0

00 do+2 | £2B+1 _
. 69-9 -5 1 : :
E opends 3 (2 Cglats 5204, 4 1 > ¢" = 46" f5 £,

n=0

Jglat2 g2+l _q
opends 3 (2 Qlatd 52642y, c2-9 45 ) =0,
oo
17.9%+5 . 520 — ]
Z opends 3 (6 -glatd 528, 4 1 > q" = 4fsf3,
n=0

13- 94a+5 . 525+1 -1
+

o0
Z opends 3 (6 .glotd 52841, 1
n=0

) q" =4¢* fao [,

. 94a+5 . 52[34—1 -1
opends 3 <6 Lglatd 52842, 4 a ) =0,

4

¢ € {13,37,61,109}, co € {69,141,213,357}, ¢35 € {117,333,549,981}.

Proof. Putting j = 3 and k = 3 in (27), we find that

(48)

_ oo
Jifafs’

oo
Z opends 3(n)q"
n=0
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Using (22) in (48), we find that

o0
8
(49) opends 3(3n)q" = ——5—,
nz:o ff5 fafrz
- 1313
(50) Z opends 3(3n+ 1)¢" = i 62
n=0 fl f4
and
s 4¢3 3
(51) Z opends 3(3n + 2)¢" = f25f33f1§.
2 L
Using (11) in (50), we get
o0 3 4
Z opends 3(6n +4)¢" = 4%
n=0 fl

(52) Afsfi (mod 8),

which implies that the result (28) is true for & = 0. Suppose that the result (28) is true for some
a > 0. Employing (25) in (52) and then collecting the term involving ¢°®*2 on both side of the
resulting equation, we arrive (29).

From the equation (29), we obtain (30) and

> 17-5%+42 — 1
(53) Z opends 3 (6 5202y 4 f) q" =4fsf3 (mod 8),
n=0

which is o + 1 case of (28). Hence, by mathematical induction the equation (28) is true for all
a > 0. Using (11) and (13) in (51), we find that

3 218 fifs
opends 3(6n +2)¢" = + 4q
2 opendsa(0n+2) e TR
(54) = 1318 +4qf3f)  (mod 8)
fifs 20
and
oo
13018 S31i 18
opends 3(6n +5)¢" = +4
nZZO 33(6n +5) B
313
(55) = f?; S +4f3f3 (mod 8).
i/2
Employing (20) and (21) in (54), we get
> f3fs ‘
(56) > opends 3(18n +2)q" = 25 +4¢f7 f¢  (mod 8),
n—>0 flfﬁ
o0
(57) Z opends 3(18n + 8)q™ = 4fof3 +4faf; (mod 8)

n=0
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and
(58) Z opends 3(18n + 14)¢" = 4f1f¢  (mod 8),
n=0

which is @ = 0 case of (31). Suppose that the result (31) is true for some « > 0. Employing (25) in
(31) and then collecting the term involving ¢°"** on both side of the resulting equation, we arrive
(32).

From the equation (32), we obtain (33) and

57 . 52a+2 -1

o0
(59) > opends 3 (18 -2ty 4 I

n=0

) " =4f1f; (mod8),
which is @ + 1 case of (31). Hence, by induction the equation (31) is true for all a > 0.
The equation (56) is & = 0 case of (34). Suppose that the equation (34) is true for some « > 0.

Using (20) and (23) in (34) and then collecting the terms involving ¢®*** and ¢3"*2 on both sides
of the equation, we find that

0 94cv+2 -1 4 £2 .
(60) > " opends 3 <6 -glatly ) =1 12f S +4f] +4¢f3f] (mod 8)
n=0 4 f2 fd
and
S 17 - da+1 _ 1
(61) > opends s (6 Sglatly 4 %) " =4fgfs (mod 8),
n=0

which is 8 = 0 case of (35). Since, the rest of the proofs of (35)-(37) are similar to the proofs of
(28)-(30), so we omit the details.

Using (20) and (24) in (60) and collecting the terms involving ¢3" and ¢3"*2, we get for (mod 8)
62 S d- 2. 94(!+2 94a+2 -1 n — f22f§)1 4 3 4 9 4 9 £3
(62) Zopen 3,3 n+ 1 q _f1f2+ fi +4qf3 +4qf7 fi
n=0 6
and
oo
17 - 94(y+2 -1 ;
(63) Z opends 3 (2 gty 4 #> " =4Af fs.
n=0
Using (20) and (24) in (62), we get for (mod 8)
[ee]
94a+3 -1 4 £2
(64) > opends s (6 (91 f) q" = % A AR
n=0 2
and
oo
17 9lot2 _
(65) Z opends 3 (6 cgtat2y 4 f) "= 4f5§f87

n=0

which is 8 = 0 case of (39). The rest of the proofs of (39)-(41) are similar to the proofs of (28)-(30),
so we omit the details.
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Using (20) and (24) in (64) and then collecting the terms involving ¢®, ¢*"*! and ¢*"*2, we get
for (mod 8)
= sats, , YT — 151 3 9 3
(66) Zopend&g (2-90‘ n+ 1 )q = Iy +4f7 +4qf7 f§,
n=0 6
oo
33.9%t2 1
(67) Z opends 3 (2 cglotdy 4 #) "= 4f2f§ + 4f111
and
= 5792
(68) Z opends 3 <2 Sgtet3n 4 #> =41 f3.
n=0
Using (20) and (23) in (66) and then collecting the terms involving ¢! and ¢"+2, we get for
(mod 8)
ool P 94a+4 f f
(69) > opends 3 (6 -9ttin 4 ?) q" = s +AfS +Af] + 4af3 f3
n=0
and
— 17 9% —
(70) Z opends 3 <6 Sgtet3n 4 #) i 4f3?f8‘
n=0
Using (20) and (23) in (66) and then collecting the terms involving ¢*", ¢>"*! and ¢*"*+2, we get
for (mod 8)
o0
94a+4
(71) > opends s (29" n + =5 o v 1,
= ’ 4 fifg
- 33 9% 1
(72) > opends,; (2 Lglatiy 4 f) q" = 4f)!
n=0
and
= 57. 9%t —1
= S ependss (29000 TEP Y oy
n=0
Employing (20) and (24) in (71) and then collecting the terms involving ¢3"*! and ¢*"*2, we arrive
for (mod 8)
oo 94a+5
(74) Z opends s | 6 - glatdp 4 2 - q" fl f6 +4 f2 f3
—~ ’ 4 5
and
= 17 9%t —q
(75) Z opends 3 <6 -glotdy 4 ﬁ) " =4f3 fs.
n=0

709
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Employing (20) and (23) in (74) and then collecting the term involving ¢3", we arrive for (mod 8)

> da+5 94a+5 -1 f22f§l 9 r3
(76) Z opends 3 <2 S9R O 1 ) q" Y +4qfi fs,
6

which is @ + 1 case of (34). By mathematical induction, the equation (34) is true for all a > 0.

n=0

5. CONGRUENCES FOR OPEN D3 6(n)

Theorem 5.1. For n > 0, we have

(77) i opends 6(192n + 88)¢™ = 51211 (mod 1024),
n=0

(78) opends (384n + 352) =0 (mod 1024),

(79) opends 6(1536n +1024) =0 (mod 1024),

(80) opends (1536n + 1408) =0 (mod 1024),

(81) opends 6(12288n + 3072i + 1024) =0 (mod 512),

(82) opends 6(3072n +1792) =0  (mod 256),

(83) opends 6(6144n + 256) =0  (mod 64),

(84) opends 6(6144n + 3328) =0 (mod 128),

(85) opends (768n + 448) =0 (mod 64),

(86) opends ¢(1536n +832) =0 (mod 64),

where i = 1,2, 3.
Proof. Putting j = 3 and k = 6 in (27), we find that

= fafs
87 opendsg(n)q” = ——.
(87) nz:;] pends 6(n)q s
Using (22) in (87), we find that
o0 9
(88) Z opends 6(3n)q" = %,
n=0 VEOEVIVEC
S /318
(89) Z opends ¢(3n + 1)¢" = %
n=0 f1 f4
and
o0 53 £3
(90) Z opends 6(3n + 2)q" = f25f34f132 .
2 fo i
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Employing (11) in (89), we find that

0 11f3
(91) Z opends 6(6n + 1)¢" = 211;1
n=0 1 J4
and
- 1
(92) Z opendsz 6(6n + 4)¢" =4 37 4,
n=0 'fl fQ
Using (9), (11) and (13) in (92), we deduce that
o0 4
13 13 fa 1133 31 KRR
93 opends ¢(12n +4)q" =4 + 8¢ + 16¢ + 32¢
(93) 2 opendsoi2n 4 )" =1 g + 80 o7 5o
and
> 17f f3 23f2f2 f9f2f9 f7f3f3f2
94 opends 6(12n + 10)q" = 4722276 | g2 2378 | 16220374 | 39,/2/476.8
(O0) 2 opendas ) PR IRRR T R e
Using (11), (12) and (18) in (94), we get
o0 3
(95) Z opends (24n + 10)¢"™ = 4% (mod 8)
= N1
and
= f28 fafiz 2 317 N
96 opends ¢(24n 4 22)q" = 48 + 112 +416—=—— (mod 512).
( ) T;) D 3,6( )q f119f4f6 117 f12 ( )
Employing (12), (13) and (15) in (96), we find that
= TR B8
opends 6(48n +22)¢" = 160 + 416
2 opendso( ) Figsg, T
£ 13 £ 13
= 160 + 416
1 fe 5 fs
N
= 64 mod 512
frg ot
(97) = 64f1fsfs (mod 128).
and
= 1313
> opends 6(48n + 46)q" = 256% +512f3 + 51223
1
n=0
342
= 2567 }ffﬁ (mod 1024)
1
(98) = 256f1fafe (mod 512).
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Using (11), (12) and (18) in (93), we find that

> 5f f2 11f4f2 12f3f3f12
opends (24n + 4)q" = 6 4 198¢g1l2 1206 4 99qq 2 2004
2 opendso(2n+ " = 4 o 17
(99) + 416qf 2 ffsf‘* (mod 1024)
1
and
> S22 f3f12 fg“’fd 8
opends ¢(24n + 16)¢" = 8-== + 24 + 112
2 opendsof 0= Sy, Y2 s 120y
17 £3
(100) + 256¢ f;1]{3]{12 +512qf5 + 768qf2f3f3 (mod 1024).
i
Using (9), (12), (13) and (15) in (100), we get
0 942 ¢5 7 ¢3 £2
Z opends 6(48n + 16)¢" = 32 fifs f42 + 96qf?1];6f8 + 512¢f4
n=0 i fefs fitfa
513 fifofsfoa
101 + + 256¢q mod 1024
oy PRI R fn )
and
o0 53 2
> opends¢(48n + 40)q" = 48 4]} 1{6 2 +asedifsIh
=0 I fa Joa
£ F3 18 fifs
102 + 288 + 512 mod 1024).
(102) [t fafs P ( )
Using (11), (12) and (19) in (102), we find that
oo f fS
(103) Zopend376(96n +40)¢" = 16225 (mod 32)
n=0 fl
and
(o)
Z opends (961 + 88)¢"
n=0
B 13 faf3 353 13" f3fr2
=64 + 384 + 512 + 576
f fi2 bl ffafe
2 2
= (64 3 2+512 7 (f4f6 + f12>+384f2f4f6
Oafsfi+5120) (g, + 2

f3° f12 <f4fe f4f6f12)
76 f4f6 f2f12+3 fz
ol 18 [ 1418
[P 384 T
(104) =512f3" + 256qf5 fafd, (mod 1024),

= 640

+ T68qf3 fufiy + 512f3" + 512qf3 fafis
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which implies

o0
(105) > opends 6(192n + 88)¢" = 512f{"  (mod 1024)
n=0
and
(o)
(106) opends 6(192n + 184)¢™ = 256 f1 f1fs  (mod 512).
) 6
n=0
Using (11), (12) and (19) in (101), we deduce that
o0
f3 1l S fg o f3 18
opends 6(96n + 16)¢" = 32 +112—2226 4 198
nZ:O pends of e I3 fi2 3818 fia 1 I
7 £2 12 ¢
(107) + 256qf;£}1]; 6 +384qf}1ﬁ£2 +512¢f]  (mod 1024)
1
and
S BIggfifuf?
opends 6(96n + 64)¢" = 96°223 4 19272:°76
2 operndso(06n 04 T
2 3
(108) + ospd2fsfifiz +288f3f54f12 +512f}  (mod 1024).
fifs fife
Employing (9), (13) and (17) in (108), we get
(o)
Z opends 6(192n + 64)¢"
n=0
f1313 faf$ fofaa fLf3 faf} fifefs 13 s/t
=96 128¢ +192 +192¢ + 256
[ fef3 fifahe fof2 fafa fafoa
133 fs 1t
109 +288-2 28112 | 519 £ (mod 1024
(109) F5f )
and
> 55 £3 2 r3 2
> " opends 6(192n + 160)¢" = 96f21};4};6 + 128f2fj§f8f12
n=0 1 /3 fi foa
fofefif 3" fofou JE133 13
110 + 25622200420 | ggg 2 (002 | 576 1087208 (164 1024).
(110) fsfiz JE6 12 fs frz fafe ( )
Using (11), (12), (18) and (19) in (110), we get
oo
J1f313 fia il
opends (384n 4+ 160)¢" = 256 + 384 -
nz:% fafs 513
. 12 pd 3 £2 3 £2
(111) + ssagl IS | e a TS g0 S5IE () 0q 1024

f2 fi2 I fa
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and

o0
Z opends ¢(384n + 352)¢"

n=0
_ 195 2BIE | oGPV g1y 510 B35
fi I3 N1
_ 50 ((fiFE f12) 2 2(f7437 f2f12)
=128f5f; <f22f +Qf + 896 f2f1 f§ Fia qf4f2

+512f3" +512f5 (]{;‘]{6 + q%)
2

=512f31 + 512f2]{4 i +512 fszu + 51215 fafis

= 51213 +512f31 + 512qf35 3, + 512¢f5 £y (mod 1024)
(112) =0 (mod 1024),

which implies (78).
Using (11), (12) and (19) in (109), we find that

o0
Z opends (384n + 64)q"

n=0
_ oo fifefif f213fsf12 f3f3 2 1318 fafuf fifafd
=192 192¢ 256¢ 256¢ 256125226 4 38471276
B U TP s TR T R T e
3 £5
(113) +512qff}f4 +512f4 4+ 512¢f] (mod 1024)
1
and
- I ¢ f3 fafifrz A
;opend376(384n+256)q = 192f1 + 320 f15f6 + 640 Tofs
(114) + 640 ff}j}‘jm (mod 1024).
Using (9), (13) and (17) in (114), we get
> 2 2 r5 3 £33
> opends 6(T68n + 256)¢" = 12871 ff?;f‘* +256qf2f§f6
n=0 6f8 f1
(115) + 640% (mod 1024)
424
and
= n ol 18 ff3 13
gopend3,6(768n+640)q = 128 j[f‘}gﬁ + 256 ;%64
(116) b asaf2fifofu (mod 1024).

fafi2
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From the equation (115), we obtain (79) and

- fihaf§
(117) > opends 6(1536n + 256)¢™ = 12815 (mod 512).
= fafi2
From the equation (116), we obtain (80) and
= fof3
(118) > opends 6(1536n + 640)q" = 128f— (mod 256).
1
n=0
Using (10) in (117), we find that
(119) > opends 6(3072n + 256)q" = 128 o (mod 512)
n—=0 1 2f6
and
(o)
(120) > opends 6(3072n + 1792)¢" = 256f;  (mod 512).
n=0
From the equation (120), we obtain (81) and
(121) Z opends 6(12288n + 1792)¢" = 256 f7  (mod 512).
n=0
Using (18) in (118), we find that
(122) > opends ¢(1536n + 640)q" = 1287  (mod 256)
n=0
and
% 3
(123) > opends 5(1536n + 640)q" = 128f}—f6 (mod 256).
2
n=0
O
Theorem 5.2. For a,n > 0, we have for (mod 32)
oo
(124) > opends g (7°*(192n + 40)) ¢" = 167,
n=0
(125) > " opends g (T2 (192n + 88)) ¢" = 1647
n=0
and
(126) opends g (72a+1(1344n +ay)) =0,

where a; € {88,472,664, 856,1048,1240}.
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Proof. Using (13) in (103), we find that

(127) Z opends 6(192n +40)¢" = 167  (mod 32)
n=0
and
o9 3
(128) > opends 5(192n + 136)q" = 167106 (mod 32).
vt fo

The equation (127) is @ = 0 case of (124). Suppose that the equation (124) is true for some a > 0.
Using (26) in (127) and then collecting the term involving ¢"*3, we obtain (125).
From the equation (125), we obtain (126) and

(129) > " opends g (7°*T2(192n + 40)) ¢" = 167,
n=0

which implies (124) is true for « + 1. So, by mathematical induction the equation (124) is true for
all a > 0. g

Theorem 5.3. Let p be a prime such that p =3 (mod 4). Then, for all a, k,m > 0, we have

(130) opends,¢ (72a - pR L (192m + 40p)) =0 (mod 32)
and
(131) opends g (720‘+1 -pPF L (192m + 88p)) =0 (mod 32).

Proof. Using (1) in (124), we find that for (mod 32)
(132) Z opends (7% (192n + 40)) ¢" = 16 Z el
n=0 s,t=—00
implies n = w It is equivalent to
24n 45 = (65 — 1)% + (12t — 2)? = 22 + 2.
Thus, if 24n 4 5 # (65 — 1) 4+ (12t — 2)? = 22 + 42, then
(133) opends g (7°*(192m +40)) =0 (mod 32).

Since 24n + 5 = p***+1(192m + 40) # 22 + y?, from which (130) follows.
Since the proof of (131) is similar to the proof of (130), we omit the details. O

Theorem 5.4. If n is not a sum of a pentagonal number, four times pentagonal number and siz
times triangular number, then we have

(134) opends 6(48n+46) =0 (mod 512),

(135) opends 6(192n + 184) =0 (mod 512).
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Proof. Using (1) and (2) in (98), we find that

oo o0 o0
r(3r—1) | 4s(3s—1) | 6t(t+1)
(136) S opendso(48n +46)g" =256 > Y g~ 7 * i t7ET (mod 512),

n=0 r,8,=—00 t=0
which implies n = T(Sg_l) + 45(325_1) + Gt(t;l).
Thus, if n # T(3T271) + 45(3;71) + Gt(t;l), we obtain (134). O

Since the proof of (135) is similar to the proof of (134). So, we omit the details.

Theorem 5.5. If n is not a sum of eight times pentagonal number and a triangular number, then
we have

(137) opends ¢(48n +22) =0 (mod 128).

Proof. Using (1) and (2) in (97), we find that

o0 o0 o0
(138) Z opends ¢(48n + 22)q" = 64 Z Z q85(3_§71)+—t(t2+1) (mod 128),
n=0 s=—00 t=0
which implies n = 788(3‘;71) + —t(tf).
Thus, if n # w + @, we obtain (137). O
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