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Abstract

In this work, we introduce a new class of meromorphically starlike
functions defined by the generalized polylogarithm and investigate co-
efficient bounds, distortion properties, the radius of convexity, convex
linear combinations, and integral transforms. Furthermore, we also
obtain partial sums and neighborhood results.
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1 Introduction

Let ¥ denote the class of functions of the form

f(2) :%+Zanzn, (1.1)
n=0
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which are analytic in the punctured open unit disk
E*:={zeC:0<|z| <1} =FE\{0}. (1.2)

A function f € ¥ is said to be meromorphically starlike functions of
order § if and only if

Zf’(Z)}
R {— >0, z e EY), 1.3
e (=€ ) (13)
for some 6 (0 < § < 1). We denote by 3(d) the class of all meromorphically
starlike functions of order 4.

Furthermore, a function f € ¥ is said to be meromorphically convex
functions of order § if and only if

§R{— (1 + ZJ{:;?)} >5, (e EY), (1.4)

for some ¢ (0 < 6 < 1). We denote by 3;(0) the class of all meromorphically
convex functions of order 4.
For functions f € ¥ given by (1.1) and g € ¥ of the form

1 o
9(2) =+ b2, (1.5)
n=0
we define the Hadamard product (or convolution) of f and g by

(f*9)(z) = é + ) anbaz". (1.6)
n=0

Let X, be the class of functions of the form
1 oo
f) =+ Z%anz”, an >0, (1.7)
n=

which are analytic and univalent in E*.
For ¢ € N, the set of natural numbers with ¢ > 2, the absolutely conver-
gent series
(o] Zn
Lic(z) = e (1.8)
n=1
is known as the polylogarithm function. This class of functions was intro-
duced by Leibniz [2]. For further studies on polylogarithms and meromor-

phic functions, see [3, 7, 8].
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We consider a linear operator €2, : ¥ — X, defined by the Hadamard
product (or convolution) as follows:

Qef(2) = ¢e(2) * f(2)
1 > an "
_ ZJF,;)rJr?)CZ : (1.9)

where
be(2) = 272 Lic(2).

Next, we define the linear operator o, : ¥ — X as follows:

0ef(2) = Quf(2) = 52

1 an "
:—+Zmz . (1.10)

n=1

For a function f in the class ¥,, we define the linear operator D, f(2)
as follows:

DeAS(2) = 0cf (2),

2 !/
0L,1() = (- Noef () A ETIEL g
= (L4 Noef (2) + Az (00 (=)'
= gc,)\f('z)a
D2 f(2) =Dea(DIAS(2)),
In general,
DEAS(2) = Dea (D65 f(2)
1 K[+ _
_;+;W(an, k=1,2,--. (1.11)

The object of the present paper is to introduce the class of meromorphi-
cally starlike functions which we denote by ¥7(a, 3, A, ¢), for some a (0 <
a<1), f(0<B<1)and A > 0. For the class X (a, B, A, ¢) extend some of
the results of Venkateswarlu et al. [8] and Thirupathi Reddy et al. [7] . we
obtain coefficient bounds, distortion properties, radius of convexity, convex
linear combinations, and integral transforms. Moreover, we derive partial
sums and neighborhood results for this class.
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Definition 1.1. Let the function f(z) be defined by (1.7). Then f(z) €

(e, B, A, ¢) if and only if

Z(Qﬁ,xf(z))/ n
ng,)\f(@

Z(ng,Af(z))l

NP oE 1

+ 2a -1},

for some
a(0<a<l), B(0<pB<1, and A>0,

for all z € E*.

2 Coefficient Estimates

In this section, we obtain necessary and sufficient conditions for a function
to belong to the class X (a, 3, A, ¢).

Theorem 2.1. Let
1 o0
2) = ot z:lanz", (an >0),
n=

be a function in the class ¥,. Then
fexy(e,BA )
if and only if

1+ An+ 1))

g;KL+@n+@a—Dﬂ+ﬂ[ CESIE

] ap <281 —a). (2.1)

The result is sharp for the function

1 28(1 — ) (n +2)° n

&) = T A o 1B+ U0 A T IFF (22)
Proof. First, assume that
fex(a,B,Ac).
Then, by the definition of the class ¥ («, 3, A, ¢), we have
k ! k !
7Z(§kj;((§))) +1] <8 Z(;’kj;‘((j;) +2a—1|, (z€E"). (23
Using (1.11), we obtain

[T+ An+ 1)
:_+Z e+ 2 —_— " a,z".
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Differentiating, we get

’ 1 e 1+ \n+1 k .
(DEAf(2)) :_;_an%anz L

n=1

Substituting these expressions into (2.3), we have

i 1+ An+ 1)) et
—~ (n+2)°¢
— [L+An+D)f
ot (n+2)°¢
- [1+ A(n+ 1)) )
2(1 —a) — Z(n + 20 — 1)—0(171:4:7”r
<8 ot (n+2)
_ S w n+1
1 T; (n+2)° an?

Choosing z to be real and letting z — 17, we obtain

s 1+ An+ 1)) > [1 + A(n + 1))k
Q”*”W“Ml (L= =3+ 20 = =i

After simplification, we get

[T+ Xn+1))

Sl +B)n+ (2a—1)B+ ][ (o 2)°

n=1

] an < 28(1 — a),

which proves (2.1).
Conversely, suppose that (2.1) holds. Then

(DEA(2) +DEASG)| = B2 (@5,1(2)) + 2o = 1)DE,/(2)]

> 1+ An+ 1)) > [1 + A(n + 1))k
S;( +1)W ( (1—a) ;n—i-Q Wan>
:Z 1+ﬁn+(2a—1)ﬁ+1]{%} n—28(1—a)
<o

Hence

2(D5,f(2) 200 f(2)
o 7(2) +1]<p o5, /(2) +2a—1
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which shows that
fexy(a,B,Ac).

Finally, equality in (2.1) is attained for the function given by (2.2). Hence
the result is sharp. O

Corollary 2.2. If

belongs to X5 (a, B, A, c), then

26(1 — a)(n +2)°

" [(1+8)n+ (2a — 1)B+1][1+ A(n + 1)]F’ =12, (2.4)
with equality attained for each n by the function
=~ 26(1 — a)(n + 2) "
fn(z)iZ+[(1+ﬂ)n—|—(2a—1)5+1][1+)\(n+1)]k2 ) n=1,2,
(2.5)

If 5 =1 in Theorem 2.1, then we obtain the following corollary.

Corollary 2.3. If
f(z) € (e, A, ),
then
(1-a)(n+2)°

0 < , —1,2,---.
n = (n+ a)[1+ X(n+ 1)]* "

The result is sharp for the functions

1, (-amr
G =t T A I

n=1,2---

If 3 =1and A = 0 in Theorem 2.1, then we obtain the following corollary.

Corollary 2.4. If
f(z) € ¥5(a,c),

then ) o
nﬁ%, n=12,--
The result is sharp for the functions
1 1-— 2)¢
fn(z):_+wzn7 n=1,2,--

z n—+ o
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3 Distortion properties and radius of convexity es-

timates

In this section, we prove the distortion theorem and radius of convexity

estimates for the class

Yo(a, B, A 0).
Theorem 3.1. Let
f(z) € (e, B, A, ©).
Then, for 0 < |z| =r <1,

The result is sharp for the function

1 3°6(1 — a)

f(z):;+(1+aﬁ)(1+2/\)kz’ at z =1 and z = ir.

Proof. Suppose that
f(z) € By, B, A 0).

In view of Theorem 2.1, we have

> 3°6(1 — a)
20 S T g1+ 2V

n=1

Thus, for 0 < |z| =7 < 1,

1 (o]
S+
n=1

1 oo

o2 anll”

|Z’ n=1

1 (o]

- +Tzan

r n=1

1 3°8(1 — )

St areparops Y63

[F(2)] =

IN

IN

1+ aB)(1+20)F

(3.1)

(3.2)
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This gives the right-hand side of (3.1). Also,

1
> ——=r Qp,
r
L 3Bi-a)
“r (14aB) (142N
This gives the left-hand side of (3.1). Hence the proof. O

Theorem 3.2. Let the function
f(z) € ¥)(a, B, A ¢).
Then f(z) is meromorphically convex of order § (0 <6 < 1) in
|z| < r=r(a, B, A ¢,0),

where

r(a, B, A c5):inf{(1—5)[(1+6)n+(2a_1)5+1] {““WH)} ]}+

n>1 26(1 —a)n(n+2—90) (n+2)¢
(3.4)
form=1,2,--- .
The bound for |z| is sharp for each m, with the extremal function given
by (2.5).
Proof. Let
f(z) € E(a, B, A, ¢).
Then, by Theorem 2.1,
= (1 -1 L1+ An+1)k
Z +B)n+ (2a—1)8+ {[4— (n+ )}]angl. (3.5)
— 26(1 — ) (n+2)¢
In view of (2.1), it is sufficient to show that
2f"(2)
2+ <1-4, zl < r(a, B, A, ¢, 6),
24 0L <o )
or equivalently,
f'(2) + (2f'(2))
‘ - <1-4, |z] < r(a, B, A, ¢,0). (3.6)
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Substituting the series expansions for f'(z) and (zf'(z)) into the left-
hand side of (3.6), we obtain

o0 o0
Z n(n + 1Da,z""* Z n(n + 1)ay,|z[" ™!
n:l

1
= + Znanz -1 1-— Znan|z|”+1
n=1

This will be bounded above by (1 — ¢) if

in(n+276)a

T3 nl2P T <1 (3.7)

n=1

In view of (3.5), it follows that (3.7) holds if

n(n+2—5)|z|n+1 c0+Bn+Ra—-1)B+1 [[l—i-/\(n—l-l)]k]
1-6 - 26(1 — a) (n+2)°

That is,

1

(1= &)[(1+B)n+2a—1)B+1] [[L+An+ 1)k ™
|z|§{ 26(1 —a)n(n+2—9) [ (n+2)° }} . (3.8)

Setting
2| = r(a, B, A, ¢,0)

n (3.8), the desired result follows.
The result is sharp, with the extremal function given by

26(1 — a) { (n+2)°
[

fal2) = = 1+8)n+R2a—1)+1 [[1+AXn+1)F

}z”, n=12---

O

4 Convex linear combinations
In this section, we prove that the class

(o, B, A, ¢)
is closed under convex linear combinations.

Theorem 4.1. Let
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26(1 — ) [ (n+2)°
[

(1+Bn+(2a-1)+1 1+)\(n+1)]k}zn’ n=12,....

fn(2) = >

Then
f(2) € Bp(a, B, A, ¢)

if and only if it can be expressed in the form

Z) = Z wnfn(z)
n=0

where -
wn >0 and Z wp =1
n=0
Proof. Let
z) = Z wn fn(2)
n=0
where -
wnp >0 and Z wp =1
n=0
Then

= anfn(z)

= wo fo(z +anfn
- (1_an) fO +anfn
(-5
26(1 — a) (n + 2)C n
*Z‘*’” [ 1+ B8)n+(2a—1)5+1 <[1+)\(n+1)]k>z ]

1 28(1— ) (nt2° | ..
= +Z 1+5n+(2a1)5+1{[1+>\(n+1)}k] .

IS
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Since

N N

% {“’”(1 ¥ 5)3/1(12;621)5 +1 {[1 ﬁ(ffg}k] }

[eS)
=2
n=1

:1_w0§13

n=1

it follows from Theorem 2.1 that

f(z) € E(a, B, A, ¢).

Conversely, suppose that

f(z) € E(a, B, A, 0).

Then
25(1—a) (7’L+2)C B
ang(1+ﬁ)n+(2a—1)ﬁ+1{[1+>\(n+1)]k} n=12,....
Define
_(1+ﬁ)n+(2a—1)ﬁ+1{[1+)\(n_~_1)]k] 1
" 26(1 — ) (n + 2)° s n=12,...,
and N
wo=1-— an.
n=1
Then w, > 0 for all n, and
Swn=1.
n=0
Further,
00 26(1 — @) (n +2)° .
1 e .
=—-+ an?
z n=1
= f(2).
Hence,
F(2) =) wnfal2)
n=0

This completes the proof. O
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Theorem 4.2. The class E;‘,(a,ﬁ, A, ¢) is closed under convez linear com-
binations.

Proof. Let the functions
1 oo
z):;+zlfn,jzn7 j:172a"'7m7
n=

belong to the class ¥ («, B, A, ¢).
It is sufficient to show that the function

H(z) =wFi(2) + (1 —w)Fy(z), (0<w<1),

also belongs to the class X5 (a, 3, A, ¢).
Since 0 < w < 1, we have

§+i whng + (1= w)fa2] 2"
n=1
Now,
00 k
[+ Bn+ (2= + 1 [%] W ft + (1= @) fs]
> B [1+An+ 1))
w; [(1+8)n+ (2a—-1)8+ ][—(n—|—2)c ]fn,l
= 1+ An+ 1))
F=0) 3 A+ o5+ 1) [T
<2Bw(l—a)+28(1 —w)(1—«)

=26(1—a).
Hence, by Theorem 2.1, we conclude that

H(z) € E;(oz, B, A, c).

5 Integral transforms

In this section, we consider integral transforms of functions in Z;(a, By A, c).

Theorem 5.1. If f(z) € ¥)(a, B, A, ¢), then the integral transform

Fy(2) = d/o1 ulf(uz) du, 0<d< oo, (5.1)
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belongs to the class %;(3), where

(1+ aB)(1+20)k(d +2) — 3°8d(1 — a)

§=10d(e, B, A, c,d) = (1+aB)(1+20)*(d+2) +3°Bd(1 —a)’

(5.2)

The result is sharp for the function

1 3°8(1 — a)
TG = Arapi+ 208

Proof. Suppose that
f(z) € By, B, A 0).
Then

o0

! 1 da
— d — n__
Fd(z)_d/ouf(uz)du_z+n§_ln+d+1

It is sufficient to show that

n+46 dan,
Z1—5 ndil s (53)

n=1
Since f(z) € ¥j(a, B, A, ¢), we have

oo

14+Bn+Q2a—1)B+1 14+ An+1)*
2 28(1— a) [ (n+2)°

] an < 1. (5.4)

n=1

Therefore, (5.3) will hold if

n+d  d <(1+ﬂ)n+(2a—l)ﬂ+1[[1+/\(n+1)]k]
1—6 n+d+1° 26(1 - a) (n+2)e |’

This implies that

(1+8)n+Qa—1F+1](n+d+1)— 2801 —a)nd [%}

(14 B)n+ 20 = 1D)B+1] (n+d+1) + 2801 — a)nd | 5250 |
(5.5)
Since the right-hand side of (5.5) is an increasing function of n, by taking

n=1in (5.5), we obtain

6 <

5 < (1+aB)(1+2)N)k(d+2) — 3°Bd(1 — )
= (14 af)(1+ 20 (d+2) + 3°Bd(1 — a)’

Hence the proof. O
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6 Partial Sums

Let f € ¥, be a function of the form (1.7). Motivated by Silverman [5] and
Silvia [6], we define the partial sums f,, by

fm(z) = % + Z anz", (m e N). (6.1)
n=1

In this section, we consider partial sums of functions in the class E;(oz, By A )
f(z)

) and

and obtain sharp lower bounds for the real parts of the ratios
fm(2)
f(2)

Theorem 6.1. Let f € X5 («, B, A, ¢) be given by (1.7), and define the partial
sums f1(z) and fm(z) by

RE =1 and ()= 14 Y et (meN\{1).  (62)

Suppose also that

where

1, ifn=12,...,m,

2N (14 B)n+ 20 - DB+ 1L+ An+ D

26(1 — ) (n +2)¢ ’

ifn=m+1,m+2 ...

(6.3)
Then f € X5(a, B, A, ¢). Furthermore,
f(z) > 1
R >1-— , 6.4
<fm(z) dm+1 ( )
fm(z)> dpm+1
R > . 6.5
< f(2) 1+dms (6:5)
Proof. For the coefficients d,, given by (6.3), it is easy to verify that
A1 > dmp > 1. (6.6)

Therefore,

o

Z |an| + dint1 Z lan| < Zdnmn‘ <1, (6.7)
n=1

n=m-+1 n=1
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by the hypothesis (6.3).

Define
91(2) = dint1 (f]:,f(zz)) B (1 - drj—l-l))

o0
A1 E anz" !

n=m+1

m
1+ Z a2t
n=1

It is sufficient to show that
R(g1(2)) >0, (z € E7),
or equivalently,

qi(z) =1
g1(z) +1

-

Using (6.7), we obtain

o

A1 Z |an|

n=m+1

_— m o0
2 — 22 lan| — dm+t1 Z |ay,]
n=1 n=m+1
<1, (z € EY).
This proves the assertion (6.4).
To show that the result is sharp, consider the function

1 zm
z)=— .
flz) = ao
For v
z =remtl,
we have o
m
f(z):l—r — 1 asr — 1.
fm(z) dm—i—l dm+1

Similarly, let

() = (Ut ) (Lol ),

f()  1+dm

(6.8)
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Again, by using (6.7), we obtain

(Ut dr) > anl
e T,
g2(z

2_22|an|_(1_dm+1) Z |an|
n=1 n=m+1

Hence, we obtain the assertion (6.5).
The bound in (6.5) is sharp for each m € N, with the extremal function
given by (6.8). O

The proof of the following theorem is analogous to that of Theorem 6.1;
therefore, we omit the details.

Theorem 6.2. Let
f(z) € Xy(e, B, A, ¢)
be given by (1.7) and satisfy the condition (2.1). Then

1'(z) - m+1
%<f/n(Z)> e

fr(2) dm+1
%<f’(z)> Z i+ dpy

where

n, ifn=23,...,m,

2 [+ B)n + (20— DB + 1) [1+ A(n + 1)JF

281 —a)(n +2)° ’

ifn=m+1,m+2, ...

The bounds are sharp for the extremal function f(z) given by (2.4).

7 Neighbourhood Results

In this section, we determine the neighbourhood for the class E;‘,g(a, B, ¢),
which we define as follows.

Definition 7.1. A function f € ¥, is said to belong to the class E;}g(a, B, A, ¢)
if there exists a function
g€ X (a, 8,A,¢)

such that
f(2)
9(2)

—1’<1—§, (ze E*, 0<£< ). (7.1)
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Following the earlier works on neighbourhoods of analytic functions by
Goodman [1] and Ruscheweyh [4], we define the §-neighbourhood of a func-

tion f € 3, by

1 o0 o0
Ns(f) = {g €X,:g(z) = s anz” and Zn|an —by| < 5} . (7.2)
n=1 n=1

Theorem 7.2. If
g € Xp(a, B, A ¢)

and
S(1+aB)(1+2))F
5 =1- )
36(1 — )
then
N5<g) - 2;§(a7ﬂ’ >\7 C)'
Proof. Let
f € Ns(g).
Then, from (7.2), we have
Zn|an —by| < 0.
n=1

This immediately implies that

i |an, — by| < 6.
n=1

Since
g 6 E;(a7 /8’ A? C)?
we obtain -
_ c
—~ (14 af)(1+2))*
Therefore,
|larn — bnl
-
g(z
1= by
n=1
514 aB)(1 +2))F
=T 3B(1-a)
=1- 57
provided that ¢ is given by (7.3).
Hence,

f e (a8, 0).
This completes the proof.
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