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Abstract

In this article, we introduce three innovative subclasses of bi-univalent functions
associated with bounded boundary rotation, employing Tremblay fractional derivatives
in an open unit disk E. For these new classes, we establish the initial bounds for
the first two coefficients. Additionally, we derive the well-known Fekete-Szego
inequality for these newly defined subclasses. Moreover, we outline corollaries

that provide improved outcomes relative to those already documented in the
literature.
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1. Introduction

Let A represent the family of all functions f of the form
f(2) :z+2akzk (1.1)
k=2

which are analytic in the open unit disc E := {z € C : |z| < 1}. Also let 8 denote the class of
functions in A which are univalent in E. If 0 < § < 1. In 1936, Robertson [19] introduced the
8*(0) containing all starlike functions of order . A function f is said to be in the class 8*(¢) if

and only if
R <ZJ{(S)> >4, z€E

Similarly, K(§) containing all convex functions of order 0. A function f is said to be in the class

K(9) if and only if
R <1 + ZJ{(EZ))> >4, z€E.
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It is also known that a function f € K(J) if and only if zf" € 8*(d). Let R(J) represent the
family of all functions f € A satisfying

R(f'(2)) >0, z€E.
Functions in R(4) are called of bounded turning of order é. For § = 0, R(§) = R(0) = R,
is the family of bounded turning functions or sometimes called functions of bounded rotation
introduced by Goodman [8].
As per the Koebe one-quarter [7] theorem, the image of the unit disk E under any univalent

function f from the class A is a disk of radius 1/4. This implies that every function f in the
class § has an inverse f~!, which satisfies the relationships

f(f(z) =2 =2€E
and

JU @) =w, ol <n(h; ()2 5.

In the case where f~! has an analytic continuation to the domain E, the function f is referred
to as bi-univalent in E if both f and f~! are univalent in E and are represented by

fHw) == &(w) = w — agw® + (2a% — a3)w® — (ay — Sagas + 5ad)w* + - - - . (1.2)
Let X represent the category of bi-univalent functions within the unit disk E as defined by
(1.1). The concept of the class ¥, which encompasses analytic bi-univalent functions, was
initially presented by Lewin [11], who established that |az| < 1.51. Subsequently, Brannan and
Clunie [4] enhanced Lewin’s findings, demonstrating that |az| < v/2. Later, Netanyahu [13]
determined that the maximum value of |as| for functions in ¥ is 4/3. The functions
z

1> and log (1 — 2)
belong to the class ¥. In contrast, the well-known Koebe function does not belong to . In their
studies, Brannan and Taha [5] and Taha [29] examined certain subclasses of ¥ and identified
non-sharp estimates for |as| and |as|. Furthermore, Sivasubramanian et al. [21], Breaz et al.
[6] substantiated Brannan and Clunie’s conjecture, demonstrating that |ay| < /2 for various
subclasses of 3.

Similar to the well-known subclasses 8*(9) and K(0) associated with starlike and convex
functions of order §, where 0 < § < 1, Brannan and Taha [5] proposed specific subclasses of
¥, namely 8%(9) and Ky(9), which pertain to bi-starlike and bi-convex functions of the same
order. For functions f belonging to 8%(9) and Kx(9), they derived non-sharp estimates for the
initial Taylor—-Maclaurin coefficients |as| and |as|. The study of bi-univalent functions gained
concentration as well as thrust mainly due to the investigation of Srivastava et al [24].

Let m > 2 and 0 < § < 1. Define the class of functions P,,(d) as those functions p that are
analytic and normalized with p(0) = 1, which satisfy the following condition:

27
/‘w‘(mgmm
1-6
0

where z = re’® € E. This class was introduced by Padmanabhan and Parvatham [17]. The
functions p;(z) = 1 4 2z and pa(z) = 1 + 3z are members of the class P,,(9). In the case where
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5 =0, we denote P,,(0) as P,,,. The class P,,, as introduced by Pinchuk [18], includes analytic
functions p that are defined in the unit disk E, with the property that p(0) = 1. A function p
in the class P,, can be represented as
/ 1— ze
1+ ze”

where p is a real-valued function of bounded variation, fulfilling the conditions

2

27

/du(t) =2 and /|dp(t)| <m, m2>2. (1.3)
0 0
Let R,,(6) denote the set of analytic functions f(z) defined in the unit disk E, where f(0) =
f/(0) =1, and the condition

2f'(2)

/()
is satisfied. This class extends the starlike function class 8*(d) of order 0, as explored by
Robertson [20]. When § = 0, we obtain the class R,,(0) = R,,, which encompasses all functions
with bounded radius of rotation. Consequently, functions f € R,, can be expressed as

1) =zen{ [ 7 log(1 - it}

where, 1 is a real-valued function characterized by bounded variation, as specified in (1.3). The
function fo(z) = ze* is a member of the class R, (0).

Let V,,(8) represent the set of all functions f(z) defined in D, which are normalized such
that f(0) = 0 and f'(0) = 1. These functions must satisfy the condition

€ Ppn(0)

2f"(2)
1+ ePn(d), 0<i<1.
o <m0
When 0 = 0, we obtain the class V,,(0) = V,,, which encompasses all functions with bounded
boundary rotation, as investigated by Paatero [16]. Consequently, functions f € V,, can be
expressed as

2

f(z) = exp /— log (1 — ze™) dpu(t) ¢,
0
where, 1 is a real-valued function characterized by bounded variation, as specified in (1.3). The
function fa(z) = e* — 1 is a member of the class V,,(9).
Operators play a significant role in the study of geometric function theory and its related
domains. Several researchers [1, 3, 10, 22] have presented and examined different subclasses of
the class ¥ by employing various operators.

Definition 1. [27] For a function f, the fractional integral of order n is expressed as follows:

EPVRSE S 09
010 = 75 || Ty (1> 0)
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Here, f is an analytic function within o simply-connected region of the complex z-plane that
includes the origin and the multiplicity of (2 — x)'™" is removed by requiring, log(z — x) to be
real when z — x > 0.

Definition 2. [27] For a function f, the fractional derivative of order n is defined by the
equation:

0O = i, g 0n<0)

Here, f is subject to specific constraints, and the complexity of (z — x)™" is addressed as per
Definition 1.

For further details on the fractional integral and fractional derivative, see [14, 15, 25].

Definition 3. [27] Based on the conditions specified in Definition 2, the fractional derivative
of order (k+n) can be defined by the equation:

DL (2) = j—;@Zf(ZL (0<n <0, keNo=NU{0}).

Based on the implications of Definitions 1, 2, and 3, we observe that
F(k + 1) Zk+n

D= keNn>0
T T T(k+n+1) ( n>0)
and ( )
I'k+1
DIk = Lk ()< 0).
2# F(kfnJrl)Z (0=n<0)
The Tremblay fractional derivative operator for a function f € A is defined for all z € D as
follows:
r
T (:) = g D)

with the following conditions on the parameters:

O<a<l; 0<y<La>y 0<a—vy<1).
Definition 4. [9] The modified Tremblay fractional derivative operator for a function f € A is
represented as TV : A — A and is defined by the equation:

701 4(2) = Lo g(z) = 10

1-vyoya—vy ,a—1

Consequently, we have:

)I‘('y+k)a K
JT(a+k)

T(y+1
Ty —
S OREE DI
k=2
The parameters are constrained by:

O<a<l; 0<y<La>y 0<a—vy<1).

Here, T¢7 refers to the Tremblay fractional derivative operator. For further details regarding
the Tremblay Operator, see [26].
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Lemma 1. [2] Let us define the function U(z) =1+ Y ;2 Brz" for z in the open unit disk E,
under the condition that ¥ € P,,(5). Consequently, we have the following inequality for k > 1:

|Bx| < m(1—9). (1.4)
Consider the functions p,q € P,,(9), defined as follows:
plz) =1+ bzt (1.5)
k=1
and
q(z) =1+ chzk. (1.6)
k=1
According to Lemma 1, we can derive the following inequalities:
bl <m(1-6), Vv k=1 (L.7)
and
lek]l <m(1=96), V k>1 (1.8)

In this article, we introduce three innovative subclasses of bi-univalent functions associated
with bounded boundary rotation, employing Tremblay fractional derivatives in an open unit
disk E. For these new classes, we establish the initial bounds for the first two coefficients.
Additionally, we derive the well-known Fekete-Szegd inequality for these newly defined subclasses.
Moreover, we outline corollaries that provide improved outcomes relative to those already
documented in the literature.

2. Main definitions and Theorems

Definition 5. For0<a <1, 0<y<1, a>v, 0<a—7<1,0<d<land2<m<4. A
function f € X as defined in (1.1) is considered to belong to the class ﬂ{g’&(am) if the following
conditions hold:

(T?’Vf)'(z) € Pm(0)
and
(T278) (w) € Pp(0),

where € represents the analytic continuation of f=' to the domain D.

Remark 1. (i) By opting for a« = v the class 9{;’6(&,7) leads to the family Hs(m,d), which
was established by Sharma [23] in 2023. This family consists of the functions f € A that fulfill
the requirements

f'(z) € Pu(0)
and

§'(w) € Pm(9).

(ii) By opting for « = v and m = 2 the class U—f;’g(a, v) leads to the family Hs(9), which was
established by Srivastava [24] in 2010. This family consists of the functions f € A that fulfill
the requirements

R(f'(2)) > 6
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and

R(E'(w)) > 6.

(iil) By opting for m = 2 the class 3{3’5(%7) leads to the family K3 (v, ), which is known as
the class of bi-bounded turning functions of order § defined by Tremblay fractional derivative
operator. This family consists of the functions f € A that fulfill the requirements

R(T271)(2)) > 0
and
R((T7E) (w) > 0.
In the next step, we determine the initial bounds for the coefficients and evaluate |az — da3]
for the class HZ(a, 7).

Theorem 1. Assume that 0 < a < 1, <fy<1 a>v 0<a—v7<1,0<6<1 and
2<m<4. AfunctzonfE.’J—C"“S ), t
56+ 16+
|z <\/ et (2.1)
1—5)(7+1)(7+2)
ol < S D+ 2) (22)
wnd m(1—0)(vy+1(y+2)(1-N)
— (v o~ _
3o+ Dla+2) for X <0,
m(l—0)(v+1)(v+2)
laz — da3| < o+ (0 +2) for 0 <N <2, (2.3)
m(l—0)(v+1)(v+2)(R—1)
3+ D)(a+2) for®z2.

Proof. Assume a function f is an element of i}fg"s(aﬁ). In this case, there exist polynomials
p(z) and g(w) within P,,(8) such that:

(T2 (2) = p(2) (2.4)
and
(T27€) (w) = g(w). (2.5)
The functions p(z) and ¢(w) are defined as follows:
p(z2) = 1+ bz +byz® + b3z + -+ (2.6)
and
q(w) = 1+ crw + cow? + caw® + - - - . (2.7)
Therefore, based on equations (2.4), (2.5), (2.6), and (2.7), we can conclude that
HatD) o, (2.8)

(v+1)
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la+1)(a+2)

CESCE e .
_2etl)
ot = (2.10)
and
Blar ot on (o o, (2.11)

(y+D(r+2)
From the analysis of equations (2.8) and (2.10), we determine that b; + ¢; = 0. In conjunction,
equations (2.9) and (2.11) yield
6(a+1)(a+2) ,
—— a5 =by + co. 2.12
TR R A 212
By applying the triangle inequality along with equations (1.7) and (1.8) in equation (2.12), we
get
3a+1)(a+2)
(v + Dy +2)
From equation (2.13), we derive (2.1). By taking (2.11) away from (2.9) and utilizing (2.12),
we obtain

2
ay

IN

m(1 — §). (2.13)

3a+1)(a+2)
(v + 1Dy +2)
Utilizing the triangle inequality along with (1.7), we get
3a+1)(a+2)
(v + 1y +2)
From equation (2.15), we derive (2.2). Furthermore, equation (2.12) can be expressed as

2o o +2) - (o + D0 +2)
27 6(a+D(@+2) 2 6la+D(a+2) >

a3 = bg. (214)

az <m(l—9). (2.15)

(2.16)

For any N € R, we have

_ b+ +2) 2N ca(y + 1)y +2)
6(a+1)(a+2) 6(a+1)(a+2)

By applying the triangle inequality along with equations (1.7) and (1.8) in equation (2.17), we

get

az — Va3 (2.17)

m(l—0)(y+1)(y+2)
6(a+1)(a+2)
From equation (2.18), we derive (2.3). This completes the proof of Theorem 1. O

las — Na3| <

[12 — R+ |N]]. (2.18)

Definition 6. For0 < a <1, 0<v<1, a>v, 0<a—7<1,0<d<1land2<m<4. A
function f € ¥ as defined in (1.1) is considered to belong to the class SRTE”"s(oz, ) if the following
conditions hold:

2(T27f) (2)

(T=71)(2)

w(Ty7E) (w)
(Tu"E)(w)

€ Pn(9)

and

€ P(9),
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where & represents the analytic continuation of f~1 to the domain D.

Remark 2. (i) By opting for a = v the class ﬂ%g“s(a,’y) leads to the family Rs,(m,d), which
was established by Li [12] in 2020. This family consists of the functions f € A that fulfill the
requirements

!
T €0
wé'(w)
§(w)
(ii) By opting for a = v and m = 2 the class ngL’E(aﬁ) leads to the family 8%(0), which was
established by Brannan and Taha [5] in 1985. This family consists of the functions f € A that

fulfill the requirements
2f'(2)
")

!
R (“’5 (“’)> > 5.
E(w)
(iii) By opting for m = 2 the class Rg’é(a,fy) leads to the family Sg’é(a,fy), which is known as

the class of bi-starlike functions of order ¢ defined by Tremblay fractional derivative operator.
This family consists of the functions f € A that fulfill the requirements

R(HEIW)Y
(TwE)(w)
In the next step, we determine the initial bounds for the coefficients and evaluate |az — Na3|
for the class R (av, ).
Theorem 2. Assume that 0 < a <1, 0<v<1l,a>v 0<a—-—7<1,0<d<1 and
2<m <4. A function f € fR’E”’é(oz,’y), then

and

€ P,u(0).

and

and

laz| < WW (219)
o] < % (2.20)
and pm(l — 5()057:1)1)(1 ) for R < A,
las — Rag| < { pm(1 - 6) HZE; _ 2((70;22))} for A<R <2, (2.21)
pm(l—fs()oﬁt)lw—l) forR>2 -\,




On new subclasses of bi—univalent functions defined by Tremblay fractional derivative with bounded boundary rotation 673

where
p:(a—i-l)('y—i-l) and = (a+1)(v+2)

y(a+3)+2 2+ 1) (y+2)

Proof. Assume a function f is an element of fRTg’é(oz,*y). In this case, there exist polynomials
p(z) and g(w) within P,,() such that:

AT
) =p(2) (2.22)
and
T W) 023
(TwE)(w) ’
where the functions p(z) and ¢(w) are defined in (2.6) and (2.7). Now, we have
(TG D) et D) @) ]
G e LRk ervert Rl e RESCED
and
wTglw) D) (a4 D@t (@t1?] , 2AatD@+) |
T e ”{[wnmz) (7+1)2] N R } *

Therefore, based on equations (2.6), (2.7), (2.24) and (2.25), we can conclude that

(a+1)
(’Y+ 1)(’7’2 _bla (226)
2(a+1)(a+2) _(a+1)2a2f
D012 @ rre (2.27)
7(a+1)a _.
G2 =o (2.28)

and

a3 = Co. (229)

[4(a+1)(a+2) (a+1)2] 5 2(a+1)(a+2)
— a3 - ———
v+ DO +2) (v +1) (v + 1Dy +2)
From the analysis of equations (2.26) and (2.28), we determine that b; +¢; = 0. In conjunction,
equations (2.27) and (2.29), yield
2(a+1) [2(04 +2) (a+1)
v+ LOr+2) v+

Equation (2.30) can we written as

:| CL% = bg + Ca. (230)

2(a+1)

o 1)pa§ = by + co, (2.31)

where
(a4 D)(v+1)
 y(a+3)+27
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By applying the triangle inequality along with equations (1.7) and (1.8) in equation (2.31), we
get

|a2|2 < Tn/)(l — 5)(1 +7)‘

2.32
- (a+1) (2:32)
From equation (2.32), we derive (2.19). By taking (2.29) away from (2.27) and utilizing (2.31),
we obtain
4 1 2 4 2 1 1
(a+ D(a+ )a _ [4(a+ )7(a+ ) b2+(0z+ )02. (2.33)

P+ D0 +2) " [(7+2) (1) (r+1)
By applying the triangle inequality along with equations (1.7) and (1.8) in equation (2.33), we
get
(a+1)(a+2) m(l—96)(a+2)
p(y+1(r+2) (r+2)
From equation (2.34), we derive (2.20). Equation (2.34) gives (2.20). For any X € R, and based
on equations (2.31) and (2.33), we get

(v+1)  (v+2) N(v“)] {(74'2) N(y +1)
1

a5 — Rag = pby {(m ) Aa+2)  2atl) Nat2) 4(%2)} - (23)

By applying the triangle inequality along with equations (1.7) and (1.8) in equation (2.35), we
get

|as| < (2.34)

+1)_ (v+2) ROy +D (v+2) RO +1)

—Na2l < pm(1 o) || 0L - - (2
a5 = Ray| < pm )H(a+ D 1a+2) 2+ |Her9 Tazy| @
From equation (2.36), we derive (2.21). This completes the proof of Theorem 2. O

Definition 7. For0<a <1, 0<y<1l, a>7, 0<a—v<1,0<d<land2<m<4. A
function f € ¥ as defined in (1.1) is considered to belong to the class Vgl’é(a, ) if the following

conditions hold:
2(T271)"(2)
(F271)(2)
w(T576)" (w)
(Tw7E) (w)

where € represents the analytic continuation of f=' to the domain D).

1+ € Pn(9)

and

1+ € Prn(0),

Remark 3. (i) By opting for o = v the class \7’;’5(&,7) leads to the family Vs(m,d), which
was established by Li [12] in 2020. This family consists of the functions f € A that fulfill the

requirements
z2f"(z)
P
Hpy €0
and ()
w& (w
1+ £w) € Pn(9).

(ii) By opting for a = v and m = 2 the class Vg’a(a,’y) leads to the family Cs(0), which was
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established by Brannan and Taha [5] in 1985. This family consists of the functions f € A that

fulfill the requirements
2f"(= ))
R )
(1+55) >

wf”(ﬂ)))

RI1+ > 0.

< §'(w)

(iii) By opting for m = 2 the class V’Z”"s(oz,'y) leads to the family C(«,v), which is known as

the class of bi-convex functions of order ¢ defined by Tremblay fractional derivative operator.
This family consists of the functions f € A that fulfill the requirements

§R(1+%>>5

and

and
W(T‘l‘”f)”(w))
R (1 + g | >0
(TwE) (w)
In the next step, we determine the initial bounds for the coefficients and evaluate |az — Na3]
for the class VI (a, 7).

Theorem 3. Assume that 0 < a < 1, 0 <y <1, a>v 0<a—7v7<1,0<d<1 and
2<m <4. A function f € VI (a,~), then

lag| < \/W (2.37)
lag| < W (2.38)
and
¢m(1 (252((3 ))( k) for N < A,
las — Nag| < < ¢m(1 —9) ((Zy—:ll)) 3((2—;22)) for A< N<2—-A, (2.39)
¢m(1 (25207+ ))( —1) for R >2— A,
where
_(a+ D)+ 2@+ 1)(y+2)
¢= (o +3) +2 d A_i%(w—l)(omt2)'

Proof. Assume a function f is an element of Vg“é(oz,’y). In this case, there exist polynomials
p(z) and g(w) within P,,(§) such that:

AT .10

M e
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and
w(Ty9)" (w)
(Tw7g)'(w)
where the functions p(z) and ¢(w) are defined in (2.6) and (2.7). Now, we have
AT)"(2) 2(a+1)

1+ = q(w), (2.41)

2(T7f)"(2) _ - 6(a+1)(a+2) _4(a+1)2a2 2,
e et ST e G e e
and
w3 W) 2o+l
SN R CER
{[12(@4—1)((1—1—2) B 4(0[—5—1)2} 5 6(0z+1)(a+2)a‘} 2,
G+D6+2)  +12]7 G+DG+2)
(2.43)
Therefore, based on equations (2.6), (2.7), (2.42) and (2.43), we can conclude that
6(a+1)(a+2) da+1)? ,
CESCET A NCES I e (2:49)
_2((70‘ : 11)) 4 = e (2.46)
and
R(a+1)(a+2) 4(a+1)?] , 6(a+1)(a+ 2)@3 o (2.47)

_ aZ—

(DO +2) (127 (D +2)
From the analysis of equations (2.44) and (2.46), we determine that b; +¢; = 0. In conjunction,
equations (2.45) and (2.47), yield

Aa+1
@+D) sy te (2.48)

((y+1) 2

where
‘= Y(a+4)+ (2 —a)
(r+1D(r+2)
By applying the triangle inequality along with equations (1.7) and (1.8) in equation (2.48), we
get

(m(l=¥90)(v+1)
2(a+1)
From equation (2.49), we derive (2.37). By taking (2.47) away from (2.45) and utilizing (2.48),

we obtain

las|* <

(2.49)

|t (v +2) C(y+2)
o 20@+1)  6(a+2) b2 6at2)* (2.50)
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By applying the triangle inequality along with equations (1.7) and (1.8) in equation (2.50), we
derive equation (2.38). For any X € R, utilizing equations (2.48) and (2.50), we have

v+ (v+2)  (v+1 N}+<Cz[(w+2) ~ (r+D

as — Na3 = 452{( 1) 6(a+2)_4(a+1) 6(a+2) 4(a+1)

N] . (251)

By applying the triangle inequality along with equations (1.7) and (1.8) in equation (2.51), wi
have

) (b +1) (142 (+1) (y+2)
las = Raa] < Cm(1 =) HQ(a+1) T 6(at2) 4(a+1>N‘ ‘6(a+2) 4(a+1 NH
5

From equation (2.52), we derive (2.39). This completes the proof of Theorem 3.

3. Corollaries and Consequences

When we set &« = v in Theorem 1, we arrive at the following conclusion regarding functions
that fall within the class Hs(m, 9).

Corollary 1. For the range of 0 < 06 < 1 and 2 < m < 4, a function f(z) defined by (1.1) is
classified within the class Hx(m,d), then

1-6
|a2‘§ %7
m(l—94
o < 0=)
and
—m(l—ég)(l—N) for X <0,
jag —Naj) < { L0 for0<R<2,
W for X > 2.

When we set @ = 7 and m = 2 in Theorem 1, we arrive at the following conclusion regarding
functions that fall within the class Hx(0).

Corollary 2. For the range of 0 < ¢ < 1, a function f(z) defined by (1.1) is classified within
the class Hx(0), then

21-9
lag| < %7

las| < 21=9)
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and
20 - 6;(1 ) for X <0,
lag — Ra3| < 2(13_6) for 0 <N <2
IS TLES N

When we set m = 2 in Theorem 1, we arrive at the following conclusion regarding functions
that fall within the class H$(a, 7).

Corollary 3. Assume that 0 < a <1, 0<y<lL,a>v 0<a—-v<land0<di<1, a
function f(z) defined by (1.1) is classified within the class H&(a,v), then

|a2|<\/2(1—5)(7+1)(v+2)

3at )a+2)

21-0)(v+1)(v +2)

ol <~  Da+ 9)
and
20 -0)(v+ (v +2)(1-N)
3(at (a+2) Jor R <0,
a5 — Ra2) < { 2100+ D06 +2) for0 <N <2

3(a+1)(a+2)
21 =0)(v+ (v +2)R - 1)
3a+1)(a+2)

When we set @ = v in Theorem 2, we arrive at the following conclusion regarding functions
that fall within the class Rg(m, 0).

for N> 2.

Corollary 4. For the range of 0 < 0 <1 and 2 < m < 4, a function f(z) defined by (1.1) is
classified within the class Rg(m, ), then

las| < v/m(1=9),
las| < m(1—90)

and

m(—8)(1—N) for R < %

— 1
lag — Rag| < %) for 3 <N< g,
m(l—=0)(R—1) forR> %

When we set @ = v and m = 2 in Theorem 2, we arrive at the following conclusion regarding
functions that fall within the class 8%(0).
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Corollary 5. For the range of 0 < ¢ < 1, a function f(z) defined by (1.1) is classified within
the class 85(0), then

laz] < v/2(1 = 9),
|as| < 2(1—10)

and
21— 5)(1=R) forN< %

2(1 - 6) 1 3

as — Nas| < —<N< =
las 2 f0r2_ %

21— H)(R—1) forR> g

When we set m = 2 in Theorem 2, we arrive at the following conclusion regarding functions
that fall within the class R&(a, 7).

Corollary 6. Assume that 0 < a <1, 0<y<l,a>7, 0<a—-v<land0<di<1, a
function f(z) defined by (1.1) is classified within the class RE(av, ), then

2p(1 —0)(1+9)

|a2| < (1+a) y
2p(1 —6)(1+1)
B (T
and
20(1 = 5)(7 + V(1 —N)
(@t 1) for X < A
(y+1)  (v+2)
laz — Rag| < ¢ 2p(1 —0) @tD)  2a+2) for A <R <2— ),
20(1=0)(v+1H(XR—1)
@t1) for XN >2— X,
where
_ e+ (et D)(r+2)
 y(a+3)+2 C2a+1)(y+2)

When we set a = 7 in Theorem 3, we arrive at the following conclusion regarding functions
that fall within the class Vs(m,9).

Corollary 7. For the range of 0 < 6 < 1 and 2 < m < 4, a function f(z) defined by (1.1) is
classified within the class Vg(m,d), then
m(l — )

2 )

m(l—96
|a3|§¥

las| <
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and
m(1—52)(1—N) fm"N<§,
las — Nag| < @ f01“§§2\l<§7
m(1—62)(N—1) fOTNZg

When we set @ = v and m = 2 in Theorem 3, we arrive at the following conclusion regarding
functions that fall within the class Cx(4).

Corollary 8. For the range of 0 < ¢ < 1, a function f(z) defined by (1.1) is classified within
the class Cx(9), then

|(12|§\/1—57

and )
(I1-6)(1-N) forN<§,
4

(1-6 9
_<N _
3 forgsR<3,

~~

|(13 — Na2| S

(1= 6)(R=1) for N> %

When we set m = 2 in Theorem 3, we arrive at the following conclusion regarding functions
that fall within the class V& (a, 7).

Corollary 9. Assume that 0 < a <1, 0<y<l,a>7 0<a—-v7<land0<i<1, a
function f(z) defined by (1.1) is classified within the class V3(c, ), then

(=) +7)

|CL2| < (1+O{) )
o] < S=01+7)
(1+a)

and

¢(1— 6)((0?:11))(1 - for R < A,

42— Raa| < 4 ¢(1—6) 2(2;1)) _ ;813; for AR <2— A,

<(1_6>((074J:11))(N_1) for R >2— A,

where

e+ D+ et D +2)

<= (o +3)+2 3(v+ D(a+2)
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Remark 4. (i) Corollary 1, verifies the results obtained by Sharma et al. [23].

(i) Corollary 2, verifies the bound of |as| and improves the bound of |as| obtained by Srivastava
et al. [24].

(iii) Corollary 4 and Corollary 7, verifies the bound of |as| and improves the bound of |as]
obtained by Li et al. [12].

(iv) Corollary 4 and Corollary 7, verifies the bound of |as| and |ag| obtained by Sharma et al.
[23].

(v) Corollary 5 and Corollary 8, verifies the bound of |as| and |as| obtained by Brannan and
Taha [5].

Concluding remarks and observations

In this research, three new subclasses of bi-univalent functions with bounded boundary
rotation are introduced, based on Tremblay fractional derivatives. The initial two non-sharp
bounds for the Taylor—-Maclaurin coefficients are derived for these new function classes. Furthermore,
the well-known Fekete-Szego inequality is derived for these function classes. In comparison to
earlier published findings in the literature, several improved results are noted. Moreover, there
are more corollaries that can be expressed regarding the choice of parameters in the context of
Tremblay fractional derivatives.

With the presence of numerous differential operators, it is possible to utilize alternative
operators for the classes considered here or their corresponding subclasses in 8. Additionally,
similar outcomes can be derived for various other notable special functions found in the literature.
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