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BOUNDS FOR DEGREE-BASED TOPOLOGICAL
INDICES VIA TENSOR PRODUCT OF GRAPH
OPERATIONS

M.G. VEENA, P. MAHALAKSHMI, T. DEEPIKA, AND V. LOKESHA

ABSTRACT. In this study, we investigate the behavior of several
degree-based topological indices, namely the Randi¢ index, the
sum-connectivity index, and the first and second multiplicative
Zagreb indices under the tensor product of specific graph op-
erations. We establish new bounds for these indices to better
understand molecular structure—property relationships.

1. INTRODUCTION

Chemical graph theory, a prominent area of mathematical chem-
istry, employs graph-theoretical principles to represent and analyze
molecular structures. Atoms are represented as vertices, while chem-
ical bonds correspond to edges, which together form a molecular
graph. Several structural descriptors known as topological indices
are computed to encode this structural information numerically [6, 7,
8, 20]. These indices are essential in quantitative structure—property
relationship (QSPR) and quantitative structure—activity relationship
(QSAR) studies.

Many researchers have focused on various graph operations and
their impact on these indices [13, 14, 15, 18, 21, 22, 23]. Deepika
[4] studied the VL index on the F-sum of graphs. For a graph
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M = (V,E), the degree of a vertex v € V is denoted by d(v). In-
spired by this work, we explore a few degree-based topological in-
dices—namely the Randi¢ index, sum-connectivity index and multi-
plicative Zagreb indices—for the tensor product of F-sum graphs.

The tensor product M x N of simple graphs M and N is the graph
with vertex set V(M) x V(N), in which (m,n) and (m’,n’) are ad-
jacent if and only if mm’ € E(M) and nn’ € E(N). If A(M) and
A(N) denote the adjacency matrices of M and N, respectively, then
A(M x N) = A(M)Q@ A(N), where @ represents the Kronecker
product [1, 14, 5, 16].

This product is commutative and associative. Its degree function
is multiplicative, d(m,n) = d(m)d(n), which distinguishes it from
additive products such as the Cartesian product.

For connected graphs M and N, we recall the definitions of graph
operations as follows [2, 3, 19, 9, 15]:

e S(M) : The subdivision graph obtained by inserting an extra
vertex into each edge of M.

e R(M) : The graph obtained by adding a new vertex to each
edge of M and joining it to the two end vertices of that edge.

e Q(M) : The graph obtained by inserting a new vertex into
each edge of M and joining the new vertices that lie on adja-
cent edges of M.

e T(M) : The total graph, whose vertex set is V(M) U E(M)
and in which two vertices are adjacent if they are adjacent
vertices, adjacent edges, or an incident vertex—edge pair of
M.

2. DEGREE-BASED TOPOLOGICAL INDICES

Several well-known indices are defined as follows:
e The Randié¢ index. In 1975, Milan Randi¢ [24] introduced
the topological index R(M) of a graph M, defined as the sum
of the weights [d(m)d(n)]~/? over the edges mn of M, i.e.

1
R(M) = S S
mn;;( ay Vd(m)d(n)
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e The sum-connectivity index. The sum-connectivity index
was introduced by B. Zhou and N. Trinajsti¢ in 2009 [23], and
is defined as

1
SCI(M) = _ .
(M) mnezE:(M) d(m) + d(n)

e The multiplicative Zagreb indices [11, 17, 19, 25] are
modified versions of the Zagreb indices. The first and second
multiplicative Zagreb indices are defined as

M) = [[ dm?

meV (M)

and

Mo(M)= ][] dimd(n).

mneE(M)

3. MAIN RESULTS

In this section, we establish bounds for the Randi¢ index, sum-
connectivity index, and multiplicative Zagreb index for the tensor
product of F-sum graphs. Let M and N be simple connected graphs.
We derive the following results for the various degree-based indices.

Let [V (M) = m1, |V (M2)| = n2, [V(N1)| = ny, |V (No)| = nj, |E(M1)] =
w1, |E(Mz)| = pa, |[E(N1)| = p, |[E(Na)| = ph.

Lemma 1 [12]: Let M; and My be graphs of order 1, and 7y and
size p1 and pg, respectively. Then:

a. ’V(Ml X Mg)‘ = ’V(Ml)HV(MQ)’ and

[B(M, x My)| = 2|B(M))| | E(My).

b. dM1><M2 (xay) - dM1 (x)'dM2 (y)

¢. The tensor product is commutative and associative.
Theorem 1: Let M and N be two connected graphs, then the second
multiplicative Zagreb index satisfies the inequality subject to degree
conditions defined by their factor graphs

7 <I(M x N) <
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where,
Y1 = 2(pan) + 2mph) (napth + 2p2mh) (Apr An)?
Y2 = 2(pan} + 2mph) (napth + 2p2mh) (Sa10n )

Proof: Let M and N be graphs with vertex sets x1, xo, T35eeeesLiny (4]
and y1,y2, Y3see s Yo (441 respectively. Using the definition, we have

(M x N) = > darx Ny (@is Y5)dar vy (T, Y1)
(z3,y5) @k, ) EE(M X N)

(M x N) = > darx Ny (@is Y5)dar <y (T, Y1) - (1)
(z3,y5) @k, Y1) EE(M X N)

using Lemma 1(b),

dvx Ny (@is Yi)d s vy (@, yi) = (dar(i)dn (y5)) (dar (zr)-dn (yr))
since Vo € V(M), dp(x) < Apr, dag(2z) > 0pr. Hence

d(MxN)(miyyj)d(MxN)(xlwyl) (Apr AN)(AM~AN)

from equations (1) and (2),

I (M x N) = > darx vy (@i, Y5)d(arse vy (T, Yi)
(z:,y5) (zk, Y1) EE(MXN)

= ) > (doaswy @i yi)darson (@, ui)
zi, 2R €E(M) yjyi € E(N)
<2|E(M)||E(N)|(AmAN)?

where |E(M)| = p1my +2mpy, |E(N)| = naps + 2pamy, Apr = Ay, +
AN1 and Ay = AM2 + AN2

Mo(M x N) < 2(pamy + 2mph) (napiy + 2p2ms) (A A)
Y1 < 2(pany 4 2mph) (napy 4 202m5)-(Anr, + Any) (Ans, + Apy)
Yo > 2(pamy + 2mp) (2t + 2p9m)- (901, + O, ) (Oar, + Ony)
Y1 < 2(pamy + 2nuph) (2 + 2p2m3)-(An + An) (A + Ax)
> 2(pamy + 2mpy) (n2pty + 2p215)-(Oar + 08 ) (O + On)
= 2(pan) + 2mph) (mapth, + 2p2m).(AnAn)?
= 2(pam) + 2mph) (it + 2p2n})-(6a0.08)°.
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Theorem 2: Let M = M; +r N; and N = My +r N> then for
71 <Ha(M x N) <7
where,

Y1 = 2(panfy + 30y ) (e + 3ponh) (A An)?

Yo = 2(pani + 3mpt) (s + 3uamh) (Gardn)?

Proof: Let M and N be graphs with vertex sets x1, xo, T3yeeesTy (1 1)
and y1,yo, Y35 sYna (n)y+1a) respectively, then by the definition we
have,

(M x N) = > darx Ny (@i, Y5)-d(vrx vy (ks Yi)
(z3,95) (@K, Y1) EE(MXN)

|E(My)| = pany + 3mpt, |E(Ma) = napiy + 3pany, Ay = Ay + An,
and Ay = AMQ + AN2

2(M x N) < 2|E(M)||E(N)|(AnAn)*.

Mo (M x N) < 2(p1ny + 3nupy) (n2py + 3p2ms) (Any + Any ) (A, + Any,)
v = 2(pamy + 3mph) (s + 3pamh).(AnAy)?
Y2 = 2(pan} + 3nmuph) (napth + 3pan) (Sr0n)?

Theorem 3: Let M = M; +7 N; and N = My +7 Ny. Then
v1 < Io(M x N) < 9 where

v = 2(pamt + dmph) (et + dponh) (A Ax)?

Yo = 2(panf + dmph) (naph + dponh) (Sr0n)?

Proof: Let M and N be graphs with vertex sets x1, xo, T3y s Ty (m1+p11)
and y1,Y2, Y3s--sYny (na+pu2) FeSPectively, then by the definition, we have

[y(M x N) = > dvx Ny (Tis ) d s vy (T, Yi)
(wi,y5) (xk,y1) EE(M X N)

[E(M)| = pany +4mph, |[E(N)| = n2py + dpanh, A = B An,
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and AN = AMQANQ

Ma(M x N) <2|E(M)||[E(N)
o (M x N) < 2(p1n) + dmph
1 < 2(pany + Amipd

Yo > 2(pany + 4miph

( /

1

= 2( 1

[(AnAN)2.

) (24 + 4pams) (Av An)

) (1124 + Apany) (Ans, AN, ) (Aar An,
) (11244 + Ap2n). (31, O, ) (9310w, )
)(natty + Apams) (A Ay)?

)( 5)-(0n0n)?

pany + 4Anup

pany + Anup) (nepy + 4pen

Corollary 1: For special classes of graphs such as path (P,), cy-
cle (Cy,) and complete graphs (K,,) explicit expressions for bounds
are derived, demonstrating consistent proportional relationships be-
tween tensor products and their component graphs. For the simple
connected graphs of My = P3, N1 = P53, My = K5 and Ny = Ko.
e The Second Multiplicative Zagreb Index:
|E(M)| = 4096, |E(N)| = 65.536,0; = 1,00 = 1,A1 =4,Ay =4

2.684 x 108 < TIo(M +4 N) < 4.504 x 1012,

4.25 <II(M +r N) < 17.

(dmin)th S H2(M +T N) S (dma:c)th

1 <TIy(M 47 N) < 228

Theorem 4: The sum-connectivity index satisfies bounds SCI(M x
N) < f(Apy,An) where A denotes the maximum degree in the re-
spective graphs.

Let M = My +g My and N = M5 +g No. Then
71 < SCI(M x N) <7,

where
= V2(pm + 2m ) (g2 + 2p9m2)
(Anr+ Ap)?
V20 + 201m) (o + 2p0mp)
Yo = = )
(Oar +0N)

Proof: Let M and N be graphs with vertex sets x1, T2, T3,..., Ty, (5, 4p1)
and Y1,Y2, Y3 Yno(notus) respectively. Then by the deﬁmtlon we
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have,
SCI(M x N) = > 1

(@s,y;) (@) EE(M X N) \/(d(MxN) (zi,y5) + dx vy (Txs 1)
SCI(M x N) = Z (d(MxN)(xiayj) + d(MxN)(l‘kvyl)il/Q

(z:,y5)(@k,y1)EE(M X N)

|E(M)| = pamy + 2mpy, [E(N)| = naphy + 2u2my, Ay = Aa + An,
and Ay = AMQ + AN2

SCI(M x N) < 2| EQM)||B(N)|(Axs + Ax)?.
" V2] + 2n1py) (naph + 2pamh)
o (AMl + A1\71) + (AMz + ANz)
V2 + 2mpn) (naps + 2p2m:2)

7= T 6w, + 0w,) + (Oar, + )

- V20 + 2mpt) (npty + 2u9mh)
(AM + AN)

oy = V2(prm + 2 ) (o + 2p212)
(Opr +0N)

Theorem 5: Let M = My +1r N1 and N = My +7 Ny then
v1 < SCI(M x N) < 75 where,

V2(pam; 4 ) (napth + 4ponp)

= (Bar + An)
= V2(pan + 4mph) (naphy + 4panh)
(5M + 5N)

Proof: Let M and N be two graphs with vertex sets z1, Ta, T3,...,Zp, (
and Y1,Y2, Y3s--Yno(na-us)»> T€SPectively. Then by the definition,

< 2|E(M)||[E(N)[(AnAn)*.

m-+p1)

SCI(M x N) = > !
(z5,y5)(zry1) EE(MXN) \/(d(MxN)($i7yj) + d(MXN)(xka Y1)

|E(M)| = pany + 4mpy, [E(N)| = naph + 4peny, Ay = Aay + A,
and Ay = AMQ + ANQ.
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SCI(M x N) <2|E(M)||E(N)|(Ay + An)2.
_ V20 + dmph) (gt + Apzn))
T V(A AN+ (A + ANy)
V2(pani + ) (naph + Apanp)
(Ap + An)
V2(pani + 4mph) (e + Apanp)
(0n + ON)

SCI(M x N)

"=

72 =

Corollary 2: Consider the graphs M| = P3, N1 = K3, My = P4 and

Ny = Cy.
° \/% < SCI(Ml,MQ) < \r/n% Where,

m1:5,m2:7,m1m2:35, 51:52:1,A1:A2:4.
¢ 5,75 < SCI(M +5 N) <5.79
e 3<SCI(M+rN)<12
e 6.188 < SCI(M +7 N) < 24.748
Theorem 6: Let M = M; +r N; and N = M5 +i Ny then
7 < R(M x N) < 2 where,

(pamy + 3mipy) (apiy + 3p2ns)
(AmAN)
(pamy =+ 3m1py) (e + 3puamny)
(Or10N)

Proof: Let M and N be graphs with vertex sets x1, T2, T3,..-, T, (5, 4p1)
and y1,Y2, Y3---Yny (na+u2) TeSPectively, then by the definition,

R(M x N) = > !
(21,9;) (@rm) EE(MXN) \/(d(MxN) (i, Y5)darx Ny (T Y1)

RIMXN) = Y00y e 2 ) Arny (@i ) darso) (@, y) ™2 (3)

|E(M)| = pany + 3mpt, |E(N)| = napy + 3uanh, Ay = Any + Ay
and Ay = AMQ + AN2

R(M x N) < 2|E(M)||E(N)|(AnAn)*.
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2(pamy 4 3nupy) (apiy + 3pans)

R(M x N) < AL A
M=N
oy < (P + 3m ) (napy + 3porrp)
N (AM1 + A]\71)(AM2 + ANz)
> 2 & 3m ) (it + 3pi21rp)
N (5M1 + 5N1>(5M2 + 51\72)
_ 2(pam + 3mm) (n2p2 + 3p2m2)
g (ArAn)
= 2(pam + 3mupy) (2 + 3piany)
(0r10N)

Theorem 7: Let M = My +7 N1 and N = Ms +7 Ns. Then
71 < R(M x N) <7

where ) ) )
by = 2(pamy + 4mupn) (2 + Apiams)
(ApmAn)
= 2(pamy + 4mupy) (n2 + Apiam))
(6a10N)

Proof: Let M and N be graphs with vertex sets 1, T2, T3,...,%p, (
and Y1,Y2, Y3s--Yny(na+us) TeSPectively, then by the definition of

R(M x N) = > (darsewy(@is yi)darx vy (T, vit)
(wi,y5)(xp,y1) EE(M X N)

|E(M)| = pany + 4y, |E(N)| = naph 4 4peny, Ay = Ang + Ap,
and Ay = Ay, + An,

R(M x N) < 2[E(M)||[E(N)|/(AyAy) 2
2(pamy 4 4nupy) (napiy + 4paans)

m+pt)

R(M x N) <
\/(AMQANZ)(AMIANl)
= 2(pamy + 4nupy) (n2 + Apiam))
(AmAN)?
y = 2(pamy + Ampy ) (2 + 4pary)
(Orr0n)?

Corollary 3: Consider the graphs M, = P3, N1 = K3, My = P, and
No = CYy.

659
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o my =5,mg = 7,d(merged) =8, m =17
m m
A1A2 S R(M +8 N) S 6162

425 < R(M 4+4N) <17

m=mj +mo + m. = 12,
AWJA2 < R(M+rN) < gf&g

e 3<R(M+rN)<12

(] |E(M X N)| =mi1.mo = 35, 5T = (51.52 and AT = Al.AQ

e 2188 < R(M 47 N) <35

The following results can be proved similarly.

:
:

:

T

Theorem 8 Let M = M; +5 Ny and N = My +g N5 then for

Y1 < MiIl(M x N) < 72 where,
v = 2(pamy + 2mph) (mapy + 2p0m5) (A, + A, + A, + Ap,)]
Y2 = 2(pam1 + 2n1p1) (22 + 2p2m2)-[(6ar + On)])°

Theorem 9: Let M = M; +r Ny and N = My +ir Ny. Then for
v1 < MiII(M x N) < 79 where

v = 2(pam + 3 ) (a2 + 3pen2) [(Any, + Ay + Any + Ap,))?
Yo = 2(pm + 31 ) (ape + 3pan2).[(Sar, + Sy + Sam + On3))°

Theorem 10: Let M = M; +7 Ny and N = My +p Ny. Then
Y1 < M1H(M X N) < Y2 where

Y1 = 2(pam + 4Anipa) (nopz + Apan2) [(Aar, + An, + Ang, + Ang)]°
Yo = 2(pm + 4nupn) (mape + 4pom2).[(Oar, + Oy + Sany + O8]

Corollary 4: Consider the graphs M, = P3, N1 = K3, My = P, and
No = CYy.

§=1,A=8n=|V(M)| =11
(0%)" <IL(M +5 N) < (A%)"

1 <T;(M +5 N) < 7.3787 x 10
2 <II(M +r N) <12
51:52:1,A1:A2:8,m:35
1 <IIy(M 47 N) < 2420
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4. DISCUSSION:

The tensor product operation introduces multiplicative behavior
among the degree functions of the factor graphs. Our results pro-
vide bounds for degree-based indices under this operation. Specif-
ically, the multiplicative Zagreb indices exhibit multiplicative rela-
tions, while the Randi¢ and sum-connectivity indices maintain pro-
portional bounds.

These findings extend previous results on the Cartesian product
and F-sum operations [2, 12, 22], and demonstrate the general be-
havior of degree-based topological indices under multiplicative graph
products.
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