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Abstract

Edge and vertex operations on graphs are very useful methods in graph
theory. They enable us to find the required properties of a graph by means
of similar graphs. In this paper, as a sequel to recent papers on edge
deletion and addition, we study the change in the first general Zagreb index
of a simple graph G for power four when an arbitrary edge is added. This
can be used to calculate the first general Zagreb index of larger graphs
in terms of the first general Zagreb indices of smaller graphs. As some
examples, some inequalities for the change of Zagreb indices for path, cycle,
star, complete, complete bipartite and tadpole graphs are given.

Keywords: first general Zagreb index, graph, vertex degree, topological in-
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1 Introduction

We take G = (V, E) as a simple graph with order n and size m. If v € V(G), the
degree of v is denoted by dg(v). A vertex with degree one is called a pendant
vertex. As usual, we denote the path, cycle, star, complete, complete bipartite
and tadpole graphs by P,, C,, Sy, K., K, s and T, ,, respectively.

Topological graph indices are defined and used in many areas to study several
properties of different objects such as atoms and molecules. Several topological
graph indices have been defined and studied by many scientists as graphs are
generated from molecules by replacing atoms with vertices and chemical bonds
with edges. Two of the most important topological graph indices are called the
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first and second Zagreb indices denoted by M;(G) and My (G), respectively:

M(G)= Y di(u) and My(G)= > da(u)dg(v). (1.1)

ueV(Q) weE(Q)

They were first defined in 1972 by Gutman and Trinajstic, [3], and are referred
to due to their uses in QSAR and QSPR studies. In [1], some results on the first
Zagreb index together with some other indices are given. In [2], the multiplica-
tive versions of these indices are studied. For graph operations, these indices are
calculated in [4]. Some relations between Zagreb indices and some other indices
such as ABC, GA and Randic indices are obtained in [5]. Zagreb indices of sub-
division graphs were studied in [7] and these were calculated for the line graphs of
the subdivision graphs in [6]. A more generalized version of subdivision graphs is
called r-subdivision graphs and Zagreb indices of r-subdivision graphs are calcu-
lated in [8]. These indices are calculated for several important graph classes in [9].

In [10, 11, 12], the same authors obtained some formulae and inequalities for
the change of the first and second Zagreb indices when one or more edges are
deleted from a given graph. In this paper, we calculate the change of the first
general Zagreb index of power four when a new edge e is added to the given
graph. We specially require that both the graphs G and G + {e} to be simple.
One can use this result to obtain the first general Zagreb index of graphs with
n—+ 1 vertices by means of the first general Zagreb index of graphs with n vertices
where these n vertices are in the set of n + 1 vertices, or vice versa.

Finally we give examples to the change of first general Zagreb index of power
four for some well-known graphs when a new edge is added.

2 Zagreb indices

Similarly to first and second Zagreb indices, third Zagreb index is defined by

My(G)=F(G)= > d’= > (du’+dv?).

veV(G) weE(G)

It is also called as the forgotten index and therefore, denoted by F' in some papers.

Several other variations of Zagreb indices have been defined and studied. For
example, the first general Zagreb index was defined by

MGy = > dv®= > (du*+dv*).

veV(G) weEE(G)
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Note that in particular,

for a =1, M}(G) =} ey (g dv =2m; (m = V(G) |)

veV

for a =2, M}(G) = 3, cy(q) dv* = Mi(G) and

veV
for a = 3, M} (G) = M3(G).
For ao = 4, the first general Zagreb index of power four is defined by

MG)= > dvt= > (du’+dv®).

veV(G) weE(G)

3 Adding a new edge to a graph

In this section, we will determine the amount of change in the first general Zagreb
index of power four when a new edge is added to any simple graph. We have

Theorem 3.1. Let G be a simple graph. Let us add an edge e to form a larger
graph G + {e}.

i) If the added edge e is a pendant edge connecting the vertex v; of degree d;
in G with a new pendant vertex v,y of degree d,,1 =1, then
MY (G + {e}) = M}(G) + 4d? + 6d; + 4d; + 2. (3.1)

1) If the added edge is not a pendant edge, in other words, new edge e connects
any two vertices v;, v; of the graph G with degrees d;, d; respectively, then

MG +{e}) = M{(G) + A(d] +d3) + 6(d} + d3) +4(di + d;) +2. (3.2)

Proof. i) Let the graph G have vertices vy, vq, - - - , v, with degrees dy,dy, - - , d,,
respectively. Let us add a pendant edge e connecting the vertex v; € G of degree
d; in G with a new vertex v,41 of degree d,;1 = 1 which is not a vertex of G.

Recall that M} (G) = > dvt= Y (dud+ dv?)
veV(Q) weE(G)

S odi—df+(di+ 1)t +1°

k=1
ki

Mf(GJre)

= > di—df+(di+1)" +1°
k=1

= MYG)+4d} + 6d; + 4d; + 2.
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Figure 1: Adding a pendant edge e to the graph G

which gives the result.

i) Secondly, consider adding a new edge e = v;v; where v;, v; € V(G). That
is, the new edge joins two existing vertices. Adding e increases the degrees of v;
and v; by 1.

Figure 2: Adding a non-pendant edge e to the graph G

MG +e) = MHG)—df —dj+ (d;+1)" + (d; +1)*
= MNG)+A(d] + d2) 4+ 6(d; + d3) + 4(d; + d;) + 2

Hence the theorem is proved. O

4 Effect of edge addition on M for some classes
of graphs

In this section, using the above two results in (i) for adding a pendant edge, (ii)
for adding a non-pendant edge, we get easy results for graph classes P, C,,, Sn, K, K,
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and 1) ;.

4.1 Path graph P,
First note that Mj(P,) = 16n — 30. Therefore by Theorem 3.1, we can obtain

16n — 30 + 4d? + 6d? + 4d; + 2 if a pendant edge e is added at v;
M{(P,+e) =< 16n — 30+ 4(d? + d3)
+6(d} 4 d3) + 4(d; + d;) + 2 if e connects v;, v;

So we have the following possibilities for P,:
a) If a pendant edge e is added to one of the end points of degree 1, then

M} (P, +e)=16n—30+4-1°+6-1>+4-1+2=16n — 14;
b) If a pendant edge e is added to one of the midponts of P, of degree 2, then

M}P,+e)=16n—30+4-2°+6-22+4-2+2 = 16n — 36;
c) If a non-pendant edge e is added at vertices v;, v; so that d; = d; = 1, then

MY (P, +e) =16n — 30 +4(1* + 13) + 6(12 + 12) + 4(1 + 1) + 2 = 16n;

d) If a non-pendant edge e is added at vertices v;, v; so that d; = 1,d; = 2 or
vice versa, then

M} (P, +¢) =16n — 30 +4(1% + 2°) + 6(1* + 2%) + 4(1 + 2) + 2 = 16n + 50;

and finally
e) If a non-pendant edge e is added at vertices v;, v; so that d; = d; = 2, then

M{(P, +e) =16n — 30 +4(2% +2%) + 6(2° + 2°) + 4(2 + 2) + 2 = 16n + 100;
So we proved.
Corollary 4.1. When a new edge is added to a path graph P,, its first general
Zagreb index of power four increases by either 16, 30, 66, 80 or 130.

4.2 Cycle graph C,
First note that M{(C,) = 16n. Hence by Theorem 3.1, we can obtain
16n + 4d? + 6d? + 4d; + 2 if a pendant edge e is added at v;

M (Cp{e}) = 16n +4(d3 + d;’)
+6(d} 4 d3) + 4(d; + d;) + 2 if e connects vy, v;.
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So, as all vertices are of degree 2, we have the following possibilities for C,:

a) If a pendant edge e is added to any one of the vertices v; of C,, of degree 2,
then
MHC,+e)=16n+4-2°+6-2%+4-2+2 = 16n + 66;

b) If a non-pendant edge e is added at vertices v;, v;, so that, d; = d; = 2, then
MY (Cp +e) = 16n +4(2° +23) +6(2% + 2%) + 4(2 + 2) + 2 = 16n + 130.
So we proved.

Corollary 4.2. When a new edge is added to a cycle graph C,, its first general
Zagreb index of power four increases by either 66 or 130.

4.3 Star graph S,
It is easy to see that for n > 3, M{(S,) = (n — 1)* + (n — 1). Hence we have

MP}(S,) + 4d3 + 6d? + 4d; + 2 if a pendant edge e is added at v;
M{(Sate) =< ME(S,) 4 4(d? + d3)
+6(d} 4+ d3) + 4(d; + d;) + 2 if e connects v;, v

As a vertex of S, is either pendant or of degree n — 1, we have the following
possibilities for S,,:

a) If a pendant edge e is added to a vertex v; of S, of degree 1, then
MHS,+e)=n—-1)"+n-1)+4-1°+6-1*+4-1+2 = (n—1)"+(n—1) + 16;

b) If a pendant edge e is added to the vertex v; of S,, of degree n — 1, then

MY Sp4+e)=n—-1)"+(n—1)+4n—-1>+6(n—12+4n—-1)+2=n"+n;

c) If a non-pendant edge e is added at the vertices v;, v; of degree both 1, then
ME(S,+e) = (n—1)"+(n—1)+4(13+1%)+6(1°+1%)+4(1+1)+2 = (n—1)*+(n—1)+30;

d) If a non-pendant edge e is added at vertices v;, v; of degrees 1 and n— 1, then

M} (Sp+e) = (n—1)"+(n—1)+4(1*+(n—1)*)+6(1*+(n—1)*)+4(1+(n—1))+2 = n*+n+14;
So we proved.

Corollary 4.3. When a new edge is added to a star graph S,, its first general
Zagreb index of power four increases by either 16, 30, 4n® — 6n% + 4n or 4n3 —
6n2 + 4n + 14.
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4.4 Complete graph K,

We can calculate M} (K,,) =n - (n —1)* and by Theorem 3.1, we can write

n(n — 1) 4+ 4d? + 6d? + 4d; + 2 if a pendant edge e is added at v,
M}(K,+e) =< n(n—1)*+4(d? + d;’)
+6(d} 4+ d3) + 4(d; + d;) + 2 if e connects v;, v;

As all vertices of K, are of degree n — 1, we have the following possibilities
for K,,:

a) If a pendant edge e is added to a vertex v; of K,, of degree n — 1, then
MK, +e) =n® —4n* + 10n® — 10n? + 5n;

b) If a non-pendant edge e is added at the vertices v;, v; of degree both n — 1,
then
MK, +e) =n® —4n* + 14n® — 160> + 9n — 2;

So we proved.

Corollary 4.4. When a new edge is added to a complete graph K, , its first
general Zagreb index of power four increases by either 4n® — 6n? + 4n or 8n® —
12n? + 8n — 2.

4.5 Complete bipartite graph K,

It can be easily seen that M} (K, ) = rs(r® + s*). By Theorem 3.1, we can write
rs(s® +1r®) +4d} + 6d? + 4d; + 2 if a pendant edge e is added at v;
MY (K, +e) = ¢ rs(s®+13) + 4(d + d)
+6(d; + d3) + 4(d; + d;) +2  if e connects v;, v;

As the degree sequence of K, is {r®, s"}, we have the following possibilities for
K,

a) If we add a pendant edge e to a vertex of degree s, then
M}NEK, o +e)=rs(r® +s%) + 45> + 65> + 45 + 2;

b) Similarly if we add a pendant edge e to a vertex of degree r, then
MK, +e)=rs(r® + %) +4r® + 6r* + dr + 2;

c) If we add a non-pendant edge e to two vertices v;, v; both of degree r, then

MK, +e) =rs(r® + 8°) + 87 + 12r% + 8r + 2;
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d) If we add a non-pendant edge e to two vertices v;, v; both of degree s,
then
MHNK, s +e)=rs(r® +s%) + 85> + 125 + 85 + 2;

e) If we add a non-pendant edge e to two vertices v; of degree r and v; of
degree s, then

M} Ky +e) =rs(r® 4+ 8%) +2(2r® + 25> + 3r? + 357 +2r + 25 + 1)
which are all compatible with Theorem 3.1. So we proved.

Corollary 4.5. When a new edge is added to a complete bipartite graph K, s, its
first general Zagreb index of power four increases by either 4s® + 6s® + 4s + 2,
4r3 4+ 672 +4r +2, 8r3 +12r% +8r + 2, 85% +125% + 85 +2 or 2(2r3 + 253 + 3r% +
35+ 2r +2s+1).

4.6 Tadpole graph T,
As MNT,.5) = 16(r + s) + 50, by Theorem 3.1, we have

16(r + s) 4+ 50 + 4d? + 6d7 + 4d; + 2 if a pendant edge e is added at v,
M{(T,s+€) = 16(r 4 s) + 50 + 4(d} + d3)
+6(d; + d3) + 4(d; + d;) + 2 if e connects v;, v;

The degree sequence of T, is {11 20"+5=2) 31 hence we have the following
possibilities for T; :

a) If we add a pendant edge e to a vertex of degree 1, then
M} Ty +e)=16(r +s) +50+4-1°4+6-1>+4-1+2=16(r + s) + 66;
b) If we add a pendant edge e to a vertex of degree 2, then
MY (Ts+e)=16(r+s) +50+4-2°+6-2>+4-2+2=16(r + s) + 116;
c) If we add a pendant edge e to a vertex of degree 3, then
MNT,s+e€)=16(r+s) +50+4-3% +6-3>+4-3+2=16(r + s) + 226;

d) If we add a non-pendant edge e to two vertices v;, v;, so that d; = 1 and
d; = 2, then

MNT, s+e) = 16(r+s)+50+4(1°+2°%)+6(1°+2%) +4(1+2)+2 = 16(r+s)+130;

e) If we add a non-pendant edge e to two vertices v;, v;, so that d; = 1,d; = 3,
then

MY (T, s+e) = 16(r+5)+50+4(1° +3%)+6(12+32) +4(1+3) +2 = 16(r+s)+240;
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f) If we add a non-pendant edge e to two vertices v;, v, so that d; = 2,d; = 3,
then

MNT, s+e) = 16(r+s)+50+4(2°+3%) +6(2°+3%) +4(2+3) +2 = 16(r+s)+290;
which are all compatible with Theorem 3.1. So we proved.

Corollary 4.6. When a new edge is added to a tadpole graph T, s, its first general
Zagreb index of power four increases by either 16, 66, 80, 176, 190 or 240.

5 Summary and conclusions

In this paper, the effect of edge addition to any connected simple graph on its
first general Zagreb index of power four is studied. This effect mainly differs for
adding a pendant edge or non-pendant edge. Both effects are formulized and all
possible changes are calculated for six most frequently used graph classes. The
same problem is solved for the first, second and third Zagreb indices and there
will be a continuation of this paper for other indices.
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