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NUMERICAL ANALYSIS OF NONLINEAR CONVECTIVE
MHD CASSON FLUID FLOW SUBJECT TO RADIATION
AND EXPONENTIAL HEAT SOURCE OVER CONE

K.M MANJULA AND P.B. SAMPATH KUMAR

ABSTRACT. The present study investigates the magnetohydrodynamic
(MHD) mixed convection flow and heat transfer characteristics of a
Casson fluid over a cone in the presence of thermal radiation, nonlin-
ear thermal buoyancy, and exponential internal heat generation. The
governing boundary-layer equations are transformed into a system of
nonlinear ordinary differential equations using suitable similarity trans-
formations. The resulting boundary value problem is solved numerically
by employing the shooting technique together with the adaptive fourth-
fifth order Runge-Kutta (RK45) method. The effects of the magnetic
parameter, mixed convection parameter, Casson parameter, thermal ra-
diation parameter, heat source parameter, exponential heat generation
parameter, and nonlinear buoyancy parameter on the velocity and tem-
perature distributions are examined. The numerical results reveal that
increasing the magnetic parameter suppresses the fluid velocity owing
to the enhanced Lorentz force, whereas the mixed convection param-
eter accelerates the flow. The temperature distribution increases with
increasing thermal radiation, heat source, and exponential heat genera-
tion parameters due to enhanced thermal energy within the boundary
layer. Furthermore, the influences of the governing parameters on the
skin-friction coefficient and the local Nusselt number are presented and
discussed. The present results provide useful insight into heat trans-
fer enhancement in non-Newtonian Casson fluids over cone geometries
encountered in polymer processing, thermal manufacturing, cooling sys-
tems, and other engineering applications.
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1. INTRODUCTION

In recent years, non-Newtonian fluid mechanics has attracted considerable
attention due to its extensive applications in science and engineering. Unlike
Newtonian fluids, whose viscosity remains constant, non-Newtonian fluids
exhibit complex rheological characteristics that depend on the applied shear
rate or stress. Common examples include blood, polymer melts, lubricating
oils, honey, toothpaste, shampoos, paints, ketchup, sugar solutions, drilling
muds, and various industrial suspensions. Owing to the diverse rheological
responses exhibited by these materials, no single constitutive equation can
adequately describe all categories of non-Newtonian fluids. Consequently,

The authors declare that they have no conflict of interest. There are no funders to
report for this submission.



320

K. M Manjula and P. B. Sampath Kumar

numerous mathematical models have been proposed, each designed to rep-
resent a specific class of fluid behavior. Among these models, the Casson
fluid model has gained significant importance because of its capability to
characterize yield stress effects. According to this model, the material be-
haves as a rigid body when the applied shear stress is lower than the yield
stress, whereas it begins to flow once the applied stress exceeds the yield
limit. This characteristic makes the Casson model suitable for describing
the behavior of several biological and industrial fluids. Several researchers
have investigated the transport characteristics of Casson fluids under dif-
ferent physical conditions. Ullah et al. [1] analyzed magnetohydrodynamic
slip flow of a Casson fluid over a nonlinear stretching surface embedded in
a porous medium with Newtonian heating. Girish et al. [2] examined the
MHD nonlinear convective flow of Carreau-Casson fluids over a deformable
surface in the presence of homogeneous and heterogeneous chemical reac-
tions. Their model incorporated nonlinear thermal radiation together with
Joule heating. Rauf et al. [3] examined the thermal and concentration trans-
port of Casson nanofluid over a bidirectional stretching sheet subjected to
convective boundary conditions. Abbas et al. [4] presented a numerical
study of stagnation-point flow of a chemically reactive Casson fluid. Raju
et al. [5] explored heat and mass transfer in an exponentially stretching Cas-
son fluid flow. Ahmadpour et al. [6] studied the unsteady squeezing flow
and radiative heat transfer of Casson fluids in the presence of non-uniform
heat generation/absorption and suction/injection, and obtained analytical
solutions using the Homotopy Perturbation Method. Sampath et al. [7]
examined the three-dimensional MHD flow and heat transfer of a Casson-
Williamson nanofluid over a stretching surface. Their results revealed that
increasing the magnetic parameter significantly reduced the fluid velocity
while enhancing the temperature distribution. Very recently, the flow char-
acteristics of Casson fluid have attracted considerable attention from re-
searchers [8-11]. These studies have explored the effects of different physical
parameters on momentum and heat transfer, contributing significantly to
the understanding of Casson fluid dynamics in engineering and industrial
applications.

Flow over conical geometries has attracted significant attention owing to
its wide range of engineering and industrial applications, such as aerospace
engineering, thermal insulation systems, nuclear reactors, heat exchangers,
cooling of electronic devices, and chemical processing. The unique geometry
of a cone influences the boundary-layer development and transport charac-
teristics, making it an important configuration for studying fluid flow and
heat transfer. Consequently, numerous theoretical and numerical investiga-
tions have been conducted to understand the behavior of fluids over cones
under different thermal and physical conditions. Very recently, several re-
searchers [12-18] have examined cone flow by incorporating the effects of
magnetic fields, thermal radiation, porous media, viscous dissipation, slip
conditions, and convective heating. Their findings revealed that these phys-
ical parameters significantly alter the velocity, temperature, and concentra-
tion profiles, thereby providing valuable insights into optimizing heat and
mass transfer in practical engineering systems.
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Mixed convection refers to a heat transfer mechanism in which fluid mo-
tion is generated by the combined action of externally imposed forces and
buoyancy forces resulting from temperature-induced density variations. In
this mode of transport, both forced and free convection contribute simulta-
neously to the overall flow behavior. Such phenomena are frequently encoun-
tered in numerous engineering and industrial applications, including solar
thermal collectors, electronic cooling systems, thermal energy storage units,
cryogenic processes, and nuclear reactor cooling. Because of its broad prac-
tical relevance, mixed convection has attracted sustained research interest,
leading to extensive investigations under different flow configurations and
thermal conditions [19-26]. In many practical situations involving large tem-
perature gradients, the commonly adopted linear approximation for the rela-
tionship between fluid density and temperature becomes inadequate. Under
these circumstances, higher-order temperature-dependent density variations
must be considered, giving rise to nonlinear mixed convection. The inclu-
sion of nonlinear buoyancy effects significantly modifies the flow structure
as well as the associated heat transfer characteristics. These effects are par-
ticularly important in several technological and industrial processes, such as
geothermal energy extraction, heat pump systems, combustion technology,
natural gas production, refrigeration equipment, and pharmaceutical manu-
facturing. Recognizing the importance of nonlinear buoyancy, Kameswaran
et al. [27] examined boundary-layer flow through a porous medium over a
vertical surface by incorporating nonlinear convection together with ther-
mophoretic transport. Hayat et al. [28] investigated the three-dimensional
mixed convection flow of a Sisko nanofluid over an elastic stretching surface
while accounting for both thermal and solutal buoyancy effects. Khan et al.
[29] analyzed entropy generation in the nonlinear mixed convection flow of
a tangent hyperbolic nanofluid over an expanding surface and demonstrated
that increasing the nonlinear convection parameter enhances the fluid ve-
locity. Irfan [30] further explored magnetohydrodynamic nonlinear mixed
convection in a Carreau nanofluid with variable thermophysical properties.
In addition, the influence of nonlinear convection on fluid flow and thermal
transport under diverse physical conditions has been reported in several sub-
sequent studies by Idowu et al. [31], Ibrahim and Kenea [32], Kenea and
Ibrahim [33], and Reddy et al. [34].

Although numerous studies have been carried out on MHD non-Newtonian
fluid flows, most existing investigations are limited to stretching surfaces and
conventional thermal models involving linear buoyancy and uniform heat
generation. The combined effects of nonlinear thermal buoyancy, thermal
radiation, and exponential internal heat generation on Casson fluid flow over
cone geometries have received relatively limited attention. Since these mech-
anisms play a crucial role in controlling momentum and heat transport in
practical thermal systems, a comprehensive analysis is required. Therefore,
the present study aims to bridge this gap by exploring the MHD mixed con-
vection behavior of Casson fluid over a cone, considering the coupled effects
of radiation and nonlinear heat generation to provide deeper insights into
flow dynamics and thermal performance.
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2. PROBLEM STATEMENT

Cousider the steady, two-dimensional magnetohydrodynamic (MHD) mixed
convection boundary-layer flow of an incompressible Casson fluid over a
cone. A uniform magnetic field of strength (By) is applied normal to the
cone surface. The effects of thermal radiation, nonlinear thermal buoyancy,
uniform heat source, and exponential internal heat generation are taken into
account. The induced magnetic field is assumed to be negligible due to a
small magnetic Reynolds number, and viscous dissipation and Joule heat-
ing are neglected. The fluid is assumed to be electrically conducting, and
all thermophysical properties are considered constant except for the density
variation appearing in the buoyancy term under the Boussinesq approxima-
tion. It is assumed that « is the cone or wedge half angle and r is the radius
of the cone. Under the above assumptions, the governing partial differential
equations are:

Continuity.
A(rmu)  O(r™mwv)
2.1 =0.
(2.1) ox + y 0
Momentum.
(2.2)
ou  Ou 1\ 0%u 9 oB?
u%—i—va—y =v <1 + B) 3—y2+g [BUT — Tso) + Bao(T — Tio)?| cosv——p u.
Energy
(2.3)
or oT 2T 1 9q¢. @ Q. —n
otV = am s — (T-Tx)+—Tw—Tc Y/,
Yoz Ay « oY% pey Oy +pcp( )+pcp( ) exp 1Y
The boundary conditions are defined by:
(1) uzuwzqz—;, v=0 T=T, C=C, aty=0,

(2.4) u—0, T—oT,, C—Cyx asy—0,

here u and v are velocity components along x and y directions respectively,
B is the Casson fluid parameter, 7" and C' are temperature and nanoparticles
volume fraction respectively, v is the kinematic viscosity, p is the dynamic
viscosity, ¢ is the electrical conductivity, p density of fluid, By is the mag-
netic field strength, 51, B2 are thermal diffusivities, g is the acceleration due
to gravity, au, = k/pcp is the thermal diffusivity of the fluid, k is the thermal
conductivity, ¢, is specific heat, 7 = (pc),/(pc)s is the ratio of the effective
heat capacity of nanoparticles and the heat capacity of ordinary fluid, Q; is
the thermal dependent heat source coefficient, (). is the exponential space
dependent heat source coefficient and ¢, is the radiative heat flux.

The energy equation takes the following form in view of Rosseland ap-

proximation:
(2.5)
or  oT *’T 0 160* oT Q1 Qe —n
U = Qe+ — T3 —— )4+ = (T—Tao)+ =5 (Tyy—Tro e T Y,
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where ¢* and k* are the Stefan-Boltzmann constant and mean absorption
coefficient respectively.
Now introduce the stretching transformations:
(2.6)
Ul v(m+1)

n="y u=Ef), v= ), T = Tet 0(n) (T~ Too),

here [ is characteristic length and prime denotes differentiation with respect
to n.
Using (2.6) in (2.1)-(2.5) we have:

(2.7) (1 + l) "+ (mA D) ff — 2+ Gr (0 + a16?) cosy — M f' =0,

g
(2.8) ! ;R L'+ (m+ )0+ Qub + Que ™ = 0.
with the boundary conditions:
(2) f0)=0, f(0)=1, 0(0)=1,
(2.9) f(o0) =0, 6(c0) =0,

In the above equations Gr, a3, M, Pr, Rd, Q:, Qp, are correspond-
ingly Grashof number, thermal nonlinear convection parameter, magnetic
parameter, Prandtl number, radiation parameter, thermal dependent heat
source/sink parameter and exponential space dependent heat source/sink
parameter. They are given below:

2 _ _
(3) Gr — gl /Bl(Tw Too), oy = 62(Tw Too)’
VU B1
272
(4) M= ﬂ7 pr—
pU Qm
160*T° Qql? Q.17
d= = =
(5) R ek 9T pcp @r HCp

It is worth mentioning that the present investigation is confined to the
cone geometry. Accordingly, the analysis is performed by taking the wedge
parameter m = 1 with a non-zero cone half-angle (v # 0), which represents
the steady boundary-layer flow over a cone.

The friction factor, Nusselt number and Sherwood number are:

1 1
(2.10) Cr= (1 + B) f7(0),
(2.11) Nu = —(1+ Rd)#'(0),

3. NUMERICAL PROCEDURE

The nonlinear coupled ordinary differential equations (2.7) and (2.8), to-
gether with the corresponding boundary conditions, are solved numerically
using the shooting method combined with the adaptive fourth-fifth order
Runge-Kutta (RK45) integration scheme implemented in the Python SciPy
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library. To facilitate the numerical computation, the higher-order differ-

ential equations are first transformed into a system of first-order ordinary

differential equations by introducing the following dependent variables:
yi=rf w=f, p=f, pu=0, y=0.

Accordingly, the governing equations are rewritten as:

dy,
6 _— =
( ) dn Y2,
dyz
7 _— =
(7) ay Y
(8) dys _ —(m+ Dyrys +y5 — Gr (ya + awyf) cosy + Mys
= f ,
dys
9 - =
( ) dn Ys,
dys Pr _
1 A 1 n)
(10) dn 1+ Rd [(m+ 1)y1ys + Quys + Que™™"]
with the boundary conditions:
(11) fo)y=0, f(0)=1, 6(0)=1,
(12) f'(00) =0, 6(c0) =0,
The corresponding initial conditions are:
(13) yl(o) = Ou 1112(0) = 17 y4(0) = 17
while the unknown initial slopes:
(14) y3(0) = f7(0),  w5(0) =¢(0)

are determined iteratively using the shooting technique.

The computational domain is truncated to a finite boundary, 7., = 8,
which is sufficiently large to satisfy the asymptotic boundary conditions.
Initial guesses are assigned for the unknown quantities f”(0) and ¢'(0). For
each set of guessed values, the resulting initial value problem is integrated
from n = 0 to n = 8 using the adaptive RK45 algorithm. The numerical
solution at the far-field boundary is then compared with the required bound-
ary conditions. The nonlinear root-finding algorithm updates the guessed
values until the convergence criteria:

(15) [/ (neo)| < 107°, |8(100)| < 107°

are simultaneously satisfied. After achieving convergence, the velocity and
temperature profiles are obtained for various values of the governing param-
eters.

To validate the accuracy of the present numerical method, the computed
values of the skin-friction coefficient, (—f”(0)), are compared with the pre-
viously published results of Cortell [35] and Tufail et al. [36] for the special
case (8 — 00), (Gr =0), and (m = 0). The comparison, presented in Table
1, demonstrates excellent agreement between the present results and the
existing literature, thereby confirming the accuracy, stability, and reliability
of the numerical procedure employed in this study.
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TABLE 1. Comparison of the present values of the skin-
friction coefficient, (—f”(0)), with the results of Cortell [35]
and Tufail et al. [36] for the special case (f — o0), (Gr = 0),

and (m = 0).
M —£"(0) —£"(0) —£"(0) 0'(0)
Cortell [35] | Tufail et al. [36] | Present study | Present study
0 1.00000 1.00000 1.00001 2.32634
0.5 1.22475 1.22474 1.22468 5.76077
1 1.41421 1.41421 1.41414 -12.2825
1.5 1.58114 1.58114 1.58105 -1.45216
2 1.73205 1.73205 1.73196 -1.04649
2.5 - 1.87083 1.87073 -0.04929
3 - 2.00000 1.99990 0.59329

4. RESULTS AND DISCUSSION

A parametric analysis was given to explore the consequences of embedded
parameters on velocity f'(n) and temperature 6(n). The friction factor Cy
and Nusselt number Nu are also calculated. Unless otherwise stated, the
numerical computations are carried out by fixing the governing parameters
at the values § = 2.0, m =1, Gr = 0.8, oy = 0.7, Pr = 6.2, Rd = 0.8,
Q: = 0.5, Qp = 0.5, and n = 1.0. In each graphical illustration, only one
parameter is varied while all remaining parameters are maintained at these
baseline values to clearly demonstrate its individual influence on the velocity
and temperature distributions, as well as on the skin-friction coefficient and
local Nusselt number.

Velocity Profile Temperature Profile

FIGURE 1. Effect FIGURE 2. Effect
of B on f'(n) of 8 on 6(n)

Effect of Casson Parameter. Figure 1 depicts the influence of the Casson
parameter, (), on the dimensionless velocity profile f/'(n). It is observed
that the velocity decreases with increasing values of the Casson parameter.
The increase in (3) enhances the fluid’s resistance to motion in the present
model, thereby suppressing the fluid velocity and reducing the momentum
boundary-layer thickness. Figure 2 illustrates the effect of the Casson pa-
rameter, (3), on the temperature profile 8(n). It is evident that the temper-
ature increases as the Casson parameter increases. The reduction in fluid
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velocity weakens convective heat transport from the cone surface, allowing
more heat to remain within the thermal boundary layer. Consequently, the
thermal boundary-layer thickness increases, leading to higher temperature
distributions.

Velocity Profile Temperature Profile

10 — Gr=0.1

—- Gr=03

i

FIGURE 3. Effect FIGURE 4. Effect
of Gr on f'(n) of Gr on 6(n)

Effect of Grashof Number. Figure 3 illustrates the influence of the
Grashof number, (Gr), on the dimensionless velocity profile. It is observed
that the velocity profile increases with increasing values of (Gr). Physically,
a higher Grashof number signifies a stronger buoyancy force relative to the
viscous force. The enhanced buoyancy accelerates the fluid flow along the
cone surface, thereby increasing the velocity and thickening the momentum
boundary layer. Figure 4 depicts the effect of the Grashof number on the
temperature distribution. It is evident that the temperature decreases as
(Gr) increases. The stronger buoyancy-induced flow enhances convective
heat transport from the cone surface, resulting in a thinner thermal bound-
ary layer and improved heat transfer characteristics.

Velocity Profile Temperature Profile

FiGure 5. Effect FiGUurReE 6. Effect
of M on f'(n) of M on 6(n)

Effect of Magnetic Parameter. Figures 5 and 6 illustrate the effects
of the magnetic parameter (M) on the velocity and temperature profiles,
respectively. It is observed that increasing (M) decreases the velocity while
increasing the temperature. Physically, a stronger magnetic field generates a
Lorentz force that opposes the fluid motion, thereby suppressing the velocity
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and reducing the momentum boundary-layer thickness. The weakened fluid
motion diminishes convective heat transfer from the cone surface, causing
more thermal energy to be retained within the boundary layer. As a result,
the temperature profile and thermal boundary-layer thickness increase with
increasing values of the magnetic parameter.

Temperature Profile Temperature Profile

FIGURE 7. Effect FIGURE 8. Effect
of Rd on 6(n) of Qg on 0(n)

Temperature Profile

— Q=02
121 —— a0

FIGURE 9. Effect of Q; on 6(n)

Effect of Radiation and Heat Source Parameters. Figure 7 illustrates
the influence of the thermal radiation parameter (Rd) on the temperature
profile. It is observed that the temperature increases with increasing values
of (Rd), as thermal radiation supplies additional energy to the fluid, thereby
thickening the thermal boundary layer. Figure 8 depicts the effect of the
exponential heat generation parameter (Qg) on the temperature distribu-
tion. An increase in (Qg) enhances the internal heat generation within the
fluid, resulting in higher temperature profiles and a thicker thermal bound-
ary layer. Figure 9 shows the effect of the heat source parameter (Q;) on
the temperature profile. It is evident that increasing (Q;) raises the fluid
temperature by supplying additional thermal energy to the flow, which con-
sequently increases the thermal boundary-layer thickness.
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Skin Friction and Nusselt Number. Figures 10 and 11 present the
combined effects of the governing parameters on the skin-friction coefficient
f"(0). Figure 10 shows the variation of skin friction with the magnetic pa-
rameter (M) and Grashof number (Gr). It is observed that increasing the
magnetic parameter increases the magnitude of the skin-friction coefficient
due to the resistive Lorentz force, whereas increasing the Grashof number
reduces its magnitude as the buoyancy force assists the fluid motion and
lowers the wall shear stress. Figure 11 illustrates the combined influence
of the nonlinear convection parameter («;) and the Casson fluid parameter
(8) on the skin-friction coefficient. The magnitude of the skin-friction co-
efficient increases with increasing (3), indicating greater wall shear stress,
while an increase in («7) reduces the skin-friction coefficient owing to the
enhancement of buoyancy-induced flow. These three-dimensional surfaces
clearly demonstrate the coupled influence of the controlling parameters on
the wall shear characteristics of the fluid flow.
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Skin Friction vs au for Different g (m=1)

Skin Friction £'(0)

02 o4 3 08 To 12
Nonlinear Convection Parameter

FiGURE 14. Effect of @ and g on skin friction

Figure 12 illustrates the combined influence of the thermal radiation pa-
rameter (Rd) and exponential heat generation parameter (Qg) on the local
Nusselt number, —6'(0). It is observed that increasing either (Rd) or (Qg)
decreases the Nusselt number. Physically, larger values of the radiation pa-
rameter enhance the thermal energy within the boundary layer, while higher
exponential heat generation supplies additional internal heat to the fluid.
Consequently, the wall temperature gradient decreases, leading to a reduc-
tion in the heat transfer rate at the cone surface. Therefore, the combined
effects of thermal radiation and exponential heat generation significantly
diminish the local Nusselt number.

5. CONCLUDING REMARKS

This study presents a numerical investigation of mixed convective mag-
netohydrodynamic Casson fluid flow over a cone in the presence of ther-
mal radiation and exponential internal heat generation. The transformed
nonlinear governing equations were solved using the shooting method cou-
pled with the Runge-Kutta integration technique. The numerical results
demonstrate that the fluid flow and thermal fields are strongly influenced
by the governing physical parameters. An increase in the Casson parameter
and magnetic parameter suppresses the fluid velocity, whereas the mixed
convection parameter enhances the flow due to the buoyancy force. The
thermal radiation parameter, exponential heat generation parameter, and
heat source parameter elevate the fluid temperature and enlarge the thermal
boundary layer. Consequently, the local Nusselt number decreases because
the wall temperature gradient is weakened, while the skin friction coefficient
exhibits a significant dependence on the flow parameters. The comparison
with previously published results for a limiting case confirms the accuracy
and reliability of the present numerical procedure. These findings provide
useful insights into thermal management and transport processes involving
non-Newtonian electrically conducting fluids in engineering systems such as
thermal processing, polymer manufacturing, geothermal technologies, and
energy conversion devices.
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