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MATRIX APPROACH TO Q-BINOMIAL THEOREM
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ABSTRACT. The Leverrier-Takeno technique allows to construct the characteristic
polynomial of a matrix. Here we use this process to obtain the Taylor expansion
of (—z; q)n, with special interest in the g—binomial theorem and the Jacobi triple
product identity.
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1. INTRODUCTION

Here we study the g—Pochhammer symbol:

(1) fa(2) = (=200 = (L+2) (1 +2q) (1 + 26°) ... (1 + 2" ),
which is a polynomial in z of degree n, and its Taylor expansion is given by:
n

dkfn ok
@ =L (5]

and it will imply an interesting deduction of the important g—binomial theorem
[1-4]. Besides, we also consider the expansion (—2z¢; ¢*) because it participates in
the fundamental Jacobi triple product identity [2-6].

In Sec. 3 we find that the d*f, /dz* are related with the coefficients of the char-
acteristic polynomial p()) [7-9] of the following diagonal matrix:

) 1 2 n—1
(3) Apxn = Dmg( d d . d ),

14+2"14+2¢" 14 2¢2" 71+ 2qg™ !
and the traces of its powers are given by:

n m(j—1)
(4) Sm=1tr A" = Z a

Tz ™21

)

j=1
which are employed by the Leverrier-Takeno method [10-15] to construct p(A) for
A:
(5) PN =N+ @\t an i\ + ag,

where the quantities a, are in terms of the traces s;; then in Sec. 2 we indicate the
principal expressions of this method.
In Sec. 3 we obtain the result:
dk
0 Jn
dz

= (=1)*E! fpar, 0<k<n,
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thus (2) implies the relation:

n

(7) (=2q)n = Z[ak]zzo(_z)ka

k=0
because [fy,].—0 = 1, and we find that:

k i1
B o k=) 1— g7+ B ke k=D
(8) lar)s=0 = (~1)*q" 2 jl]lgl_qj =)

such that (Z)q is a g-binomial coefficient (Gaussian polynomial) [1-4]. Hence (7) and
(8) give the Cauchy’s generalization of the binomial theorem [1-4]:

9) (—=25@)n = kzno <Z>quz’“.

In Sec. 4 we obtain the generating functions for sums of the reciprocals of divisors
of an integer. Sec. 5 is dedicated to motivate the Jacobi triple product identity.

2. LEVERRIER-TAKENO TECHNIQUE

For any matrix Ay,xp, in the approach of Leverrier-Takeno [10-15] the a; are
determined with the Newton’s recurrence relation:

(10)  rar+siar—1 + 520, 2+ -+ 8101 +8 =0, r=12,...,n, ap=1,
therefore:

a; = —S81, 2l ag = (81)2 — So, 3lag = —(81)3 + 35152 — 253,

(11) 4 ay = (51)* — 6(s1)%s2 + 8s153 + 3(52)* — 654,

5l as = —24s5 — (51)5 +10(s1)%s9 — 20(51)253 - 15(52)251 + 305154 + 205953, etc.

in particular, det A = (—1)"a,, that is, the determinant of any matrix only depends
on the traces s,, which means that A and its transpose have the same determinant.
In [15-17] we find the general expression:

s1 k-1 0 .. 0
59 S1 k—2 .. 0
—1)k
12) o k') R .
Sk—1 Skg—2 1
Sk Sk—1 e 81

which allows reproduce the values (11).

Besides, we can exhibit a relation to determine the coefficients a; via the complete
Bell polynomials [9, 18-24], in fact, we know the following representation [9, 25, 26]:

(13) k! ap = Bk(,()! S1, —1! 592, —2! S3, —3! Sdy ey 7(](1 — 2)' Sk—1, 7(]{: — 1)' Sk).
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such that [9, 27]:

(mo 1)‘731 (m1 2)952 (m:Q)xm*1 (m71)xm
-1 ("); (m_z)Tm—2 (7 5)Tm-1
0 -1 (m:4)l'm73 m:S)l‘m*2
(14) Bp(z1,22, 0y Tpm) = )
0 Gn (e
0 0 -1 (a1

therefore:

By=1, By =1, By = [Z‘%+$27B3 = $?+3$1$2+.’E3, By = x‘ll+6x%x2+4x1x3+3w§+w4,

(15) Bs = 25 + 10 2329 + 10 2325 + 15 xlxg + 5 x124 + 10 2023 + T5,

We see that (13) and (15) imply (11) if we employ z1 = —s1, 9 = —S2, 3 = —2s3,
x4y = —654, x5 = —24s5, ... ; thus the coefficients of the characteristic polynomial
(5) are generated by the complete Bell polynomials.

k
3. CALCULATION OF “Lr(—2;q)n

Here we calculate the derivatives of the product (1). From (4) it is useful to
observe that:

d
(16) 7, 5m = TMgsm+1;
then:
dfn = qul d2fn 2
Jn T - _ — —g) = 9l
= fnj; TGt~ Jnsi = mahe 5= fuls] - ) = 2 axfa,
a3 fn 3
(17) dZ3 = f'ﬂ(sl - 35182 + 253) = -3 a3fn:
d* fn 4 2 2
pa fn(s] — 65752 + 3s5 + 8s153 — 654) =4l aafr, ...,

which is the result (6), that is, the derivatives of (1) are determined by the coefficients
of the characteristic polynomial of the matrix (3). From (4):

1 — gmn
(18) [sm}z=0 = 1 _qqm

whose application in (11) gives the expressions:

[a1]:=0 = e <n>q, las]==0 = q(l ——g" ) Q<n>q,

1-q 1 (1-¢)(1—-4¢? 2
a0 =gm=¢"H1 =g  4(n
(%) las]e=0 = = u—@u—ﬂu—@>q<9;

[a4]z=0 =q

(TR T
(1—q)(1—¢?)(1—¢3)(1—q") q,...
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in harmony with the relation (8); then (9) is immediate from (7) and (8). Thus, our
process was a matrix approach to g—binomial theorem. The relation (9) implies the
Euler identity [6, 28]:

0 ghlk-1)/2
(20) (2o =) 2
kZ:O (4 9)

because [3] lim,— oo (Z)q = Gor

4. GENERATING FUNCTIONS

We can use (13) for z = 0 and the results (8) and (18) to obtain:
kn

n - —1F ¢ 1= 1—g
21 ke-ny2 _ (ST ! ,—1! o —(k=1)!
( )<k>qq Lop(co i i e L,

whose application in the g—binomial theorem (9) gives the interesting expression:

(22) (=20) = exp( ~ Z( 3 dthd i ),

o 1—¢7)

where we employ the generating function for the complete Bell polynomials:

z Loz
(23) > (DB, ) gy = exp( D (=1)z ﬁ)
k=0 j=
From (22):
o 4
S
24 723(]oo:exp(* 7,2])
(24) (=) S i
which for z = —q implies:
(- $ 5 ) ool 55 ()
(q,q)oo—eXp< Ej(l_qj) = exp z—:l(zd q"),
j= n= dln
that is, the generating function for the sum of the inverses of divisors of an integer:
- 1
(25) > D(n)q" = ~log(¢:q) . D(m) =D~
n=1 dln

Similarly, (24) for z = ¢ gives the generating function for the alternating sum of
the reciprocals of divisors of an integer:

[e'S) 1 d

(26) 3 B = log(q: ) = ogla: M. By =3 1S
n=1 dln

In (24) we realize the changes ¢ — ¢ and z — zq to deduce the relation:

[o0]
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which for z = —q gives the generating function for the sum of the inverses of even
divisors of an integer:

= 1 1
(28) ZDe(n)qn = _510g(q2;q2)003 De(n) = Z E?

n=1 even d|n
besides:
(29)

1 L (¢%d)o _ 1 (—4:9)x
Do) = 3 2 =Dm)-D.n) o Y Do(n)g = slogtlilee _ 1o, "G

Oddzdn d ,;1 2 7 (69% 2 7 (69

The sums D,(n) participate in an important recurrence relation [29] for the number
of representations of an integer as the sum of squares [30, 31].

5. JACOBI TRIPLE PRODUCT IDENTITY

From (27) for 2 = —q & z — 1:

(30)

_4 2y (_wﬂi> 2. 2y _ (_OOL)
(=140 = exp ;j(l_qzj) ) (@d) =exp ;j(l_qgj) :
then we construct the following product:
(31)

2, 2 2 4. 2 - (*Q)j o1 j
Q= (474 oo (—24:0 )0 (=507 )o0 =exp[—;m<z +5 (=) )}
and we calculate its Taylor expansion with respect to ¢ = 0:
(32)
dQ 1 d?Q d3Q d*Q 1
—0 =1, —‘ =z+-, — == =0, —= :24(2 _)7___

@la=o dq lg=0 Z+z dg? lg=0  dg3 lg=0 dg? lg=0 e

which is a strong motivation for the Jacobi triple product identity [2-6]:

(33) D 0 = (05000 (200700 (3000

this relation is one of the fundamental identities in g—series.
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