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NONIDENTITY CONNECTED LIE GROUPS
CANNOT HAVE COMPACT (NOT NECESSARILY
HAUSDORFF) DUAL SPACES

A. 1. SHTERN

ABSTRACT. We prove that a connected Lie group cannot have nonidentity

compact (not necessarily Hausdorff) dual space.

§ 1. INTRODUCTION

We prove here that the dual spaces of nonidentity connected Lie groups [1]
cannot have compact (not necessarily Hausdorff) dual spaces. This agrees
with the fact that the known examples of nondiscrete locally compact groups [2]
are nonconnected Lie groups and totally disconnected locally compact groups.

§ 2. PRELIMINARIES

As is well known, a locally compact group with compact (not necessarily
Hausdorff) dual space is discrete if all continuous irreducible unitary repre-
sentations of the group are finite-dimensional.

For examples of nonconnected nondiscrete locally compact groups with
compact dual spaces, see [3].
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8 3. MAIN RESULTS

Theorem 1. A nonidentity connected Lie group cannot have a compact dual
space.

Proof. Let G be a nonidentity connected Lie group with compact dual space.
Then the semisimple quotient Lie group also has a compact dual space. This
is impossible if this quotient is not the identity group. Therefore, G is solvable
and connected. Hence the connected commutative group of G has compact
dual space. However, if this quotient is nonidentity, then it is a product of
a finite-dimensional torus and a finite-dimensional vector space. The dual
group of this product is not compact, since this product is not discrete (by
the Pontryagin duality). Thus, every commutative quotient group of the
solvable group G is the identity group, which means that G is the identity
group. A contradiction.

Theorem 2. A nonidentity connected locally compact group cannot have a
compact dual space.

Proof. Let G be a nonidentity connected locally compact group with compact
dual space. Then G is the projective limit of the quotient groups of G by
the compact normal subgroups for which the corresponding quotient group
is a Lie group [4]. However, as shown above, these quotient groups are
connected lie groups with compact dual space, and thus are the identity
groups. Therefore, G is also the identity group. A contradiction.

§ 4. DISCUSSION

A short proof shows that the assertion remains valid for almost connected
locally compact groups.

This shows that connectivity of almost connectivity of a locally compact
group is an obstacle for having a compact dual space.
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