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APERY-LIKE SEQUENCES AND Z-TRANSFORM
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ABSTRACT. We consider the Zagier’s sporadic sequences {f.}, that is, certain
Apéry-like sequences defined by three-term recurrence relations, to show the par-
ticipation of the Gauss hypergeometric function and the local Heun functions in
the construction of the Z-transform of {fy}.
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1. INTRODUCTION

The Zagier’s sporadic sequences [1] are Apéry-like sequences defined by three-term
recurrence relations [2, 3]:

(1) (n+1)%for1 = (@n® +an+b)f, —en’foor, fo1=0, fo=1,

for a given a, b and ¢, thus [2]:
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We have interest to construct the Z-transform [4, 5] of sequences defined by (1).
In Sec. 2 and 3 we show that Z{f,} for ¢ = 0 and ¢ # 0 are in terms of the Gauss
hypergeometric function [6-10] and the local Heun functions [11-14], respectively.
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2. Z{fn} FOR c =0
The Z-transform has the following properties [4, 5] with Z{f,} = F(z):

1 dF dF? d*F
2 — — —_ 2— = 2—
Z{n fnfl} N Z(F “dz te dz? )’ Z{n(n+ Ufn} 2
dF d*F
2 _ 2
(3) 2{n+ 12} = 22(5 +275),
then (1) and (3) imply the differential equation:
d*F dF
20,2 2
(4) 2°(z faerc)ﬁJrz(z fc)EJr(csz)F:O,
which acquires great simplification when ¢ = 0:
d*F dF
2 2
®) Slema)y gy g =0,

whose solution is immediate in terms of the Gauss hypergeometric function [6-10]:

_ 7., a .1 v ~ 1 /1 b
(6) F(Z)—QFl(a,,b,l,;), a—i— Z—a, b—§ Z—E, C—O, fo—l
This expression can be applied to the first column in (2) to obtain the relations:
2n\ 2 111 2 12 2
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3. Z{fn} FOR ¢ £ 0

Here we study (4) when ¢ = qi1g2 # 0, ¢1 # g2 and a = ¢1 + g2, besides we make
the change of variable x = q1/z, then (4) adopts the form:

+

b
dF T— 5

2_ 2a o
LTt a o,

_ _a
de  z(z—1)(z - L)

CE | 5T T
z(z—1)(z - L)

da? F=0,

(8)

which has the same structure than the Heun’s differential equation [11-14]:

d2F
9) pris

dF afxr —q
de ' x(z—1)(z—r)

1)
T, + =
r xx—1 zx—r

F=0,

witha=p=~v=0=€e=1, g =>/g2 and r = ¢q1/qo, therefore, the solution of (4)
is given in terms of the local Heun functions:

a b

(10) F(Z):Hl< 77;1:17171;ﬂ)7 C:QIQQ#Ov Q17éq27 a=q +q2,
Q2 q2 z

whose application to the second column in (2) allows deduce the relations:
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