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FIXED-POINT THEOREMS FOR PROINOV-SUZUKI
CONTRACTION IN QUASI PARTIAL -METRIC SPACE
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ABSTRACT. In this article, we investigate asymptotically regular Proinov-
Suzuki contraction maps and proved some fixed point results for these
maps in a quasi-partial b-metric space. Most of the maps we’ve utilized
here aren’t always continuous on their domains. To show the verac-
ity of our findings, we offer a few illustrative examples as part of the
generalization of the Banach contraction theorem.
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1. INTRODUCTION

The renowned Banach contraction principle [4] in fixed point theory is
relatively easy to apply if all that is needed is a complete metric space.
Some researchers subsequently extended and generalized the idea in various
ways; for a list, see [6, 7, 19]. The concept of quasi-contraction was first put
forth by Ciri¢ in 1972 [9], and he subsequently offered a significant finding
that generalized the Banach contraction principle. In 2006, Proinov [26]
proved that fixed points for asymptotically regular mappings exist and are
unique. Rhoades explored several conceptualizations of contractive map-
pings in 1977. In 2018, Ravindra et al. [27] investigated generalized Meir-
Keeler type contractions and discontinuity at a fixed point. Later in 2019,
[27] also investigated Proinov contraction and discontinuity at a fixed point.
Recently, Karapinar et al. [22] gave a note on the Gornicki-Proinov type con-
traction. Roldan Lopez et al. [29] proved Proinov-type fixed-point results
in non-Archimedean fuzzy metric spaces. Karapinar et al. [21] proved an
extended Proinov X-contractions in metric spaces and fuzzy metric spaces
satisfying the property NC by avoiding the monotone condition.

A contraction mapping has to be continuous at all points in the given
space to satisfy the Banach contraction theorem. Other researchers, how-
ever, have attempted to look for the reverse. Whether it is possible to
formulate a mapping that satisfies the Banach contraction theorem with-
out this constraint of continuity was addressed by Suzuki’s [31] response
to the query in 2008. By proving the existence and uniqueness of fixed
points for F-Kannan mappings in metric spaces with an application to the
integral equation, nonlinear fractional differential equation, and ordinary
differential equation for damped forced oscillations, Wangwe and Kumar
[33] generalized the Banach contraction theorem. Gautam et al. [13] eval-
uated non-unique fixed points via Kannan F-Contraction on Quasi-Partial
b-Metric Space. Also, Gautam et al. [14] proved some fixed point results for
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interpolative Chatterjea-type Suzuki contractions in quasi-partial b-metric
spaces. Wangwe and Kumar [33, 35] also proved fixed point theorems of
similar type contractions.

Several researchers have generalized Banach’s contraction theorem to find
a fixed point without taking into account the continuity of a certain con-
traction map (one can see [1, 11, 12, 23, 33]). On the other hand, other
researchers tried to make the idea of metric space more widespread. The
idea of b-metric space was first suggested by Bakhtin [5] in 1989. By includ-
ing a variable in the definition of a standard metric space. In this paper,
we prove the existence and uniqueness of a common fixed point for a pair of
asymptotically regular Proinov-Suzuki contractions f and g in the setting
of quasi-partial b-metric space. The results of this paper extend specifically
the results obtained in [2, 8, 25, 27, 28, 31, 34]. An illustrative example and
an application to the integral equation are given.

2. PRELIMINARIES

In this section, we present the necessary definitions, lemmas, and theo-
rems that serve as foundational tools for establishing the main results.
The triangle inequality axiom was modified in this idea.

Definition 2.1. [5] A b-metric space on a nonempty set X is a function
d: X xX —[0,00), such that for all u,v,w € X and for some real number
s > 1, it satisfies the following:

(i) If d(u,v) =0, Then, u = v,

(ii) d(u,v) = d(v,u),

(ii3)  d(u,v) < s[d(u, w) + d(w,v)].

The pair (X, d) is called a b-metric space with a coefficient s > 1. Every
metric space is a b-metric space with s = 1, but the converse is not true in
general as is shown by the following example:

Example 2.2. [30] Let X ={0,1,2} and d: X x X — R* defined by

d(0,0) = d(1,1) = d(2,2) = 0,
d(1,0) = d(0,1) = d(2,1) = d(1,2) = 1,
d(0,2) = d(2,0) = h,

where h is given a real number such that h > 2. It is easy to check that for
all u,v,we X

h
d(u,v) < §[d(u,w) + d(w,v)].
Therefore, (X,d) is a b-metric space with a coefficient s = % The ordinary
triangle inequality does not hold if h > 2 and so (X, d) is not a metric space.
Example 2.3. [17] Let (X,d) be a metric space and
p(u,v) = {d(uvv)p}v
where p > 1 is a real number. Then, p is a b-metric with s = 2771,

For more examples of a b-metric, one can see [5].
The notion of b-metric space was re-evaluated in 1993 by Czerwik [10] as
follows:
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Theorem 2.4. [10] Let (X, d) be a complete b-metric space and f: X — X
satisfy
d[f(u), f(v)] < ¥[d(u,v)],

u,v € X, where ¢ : R™ — RT is increasing function such that
Jim_ 4" (t) = 0;
for each fixed t > 0. Then, f has exactly one fixed point ¢ and
nll)rglod[f (u),c] =0.

In 1994 Metthews [24], introduced the notion of partial metric on a non-
empty set by arguing that the self distance of a point need not be zero.

Definition 2.5. [24] Let X # (). A partial metric is a function p : X x X —
Rtsatisfying the following:
(i) plu,v) =p(v,u),
(ii) If 0 < p(u,u) = p(u,v) = p(v,v), Then, u = v,
(ili)  p(u,v) +p(w,w) < p(u, w) + p(w, v),
for all u,v,w € X.
Then, a pair (X,p) is called partial metric space. It is clear that, If
p(u,v) =0, Then, u = v however, if u = v, Then, p(u, v) may not be zero.

Example 2.6. [3] Let X = R* andp: X x X — R* given by p(u,v) =
maz{u,v} for all u,v € RT. Then, (R",p) is a partial metric space.

Example 2.7. [3] Let X = {[o, 5] : o, B € R, < B}. Then, p(|e, 5], [9,7]) =
max{B,v} — min{a, 0} defines a partial metric p on X.

Partial b-metric space was introduced by Mustafa et al. [32] in 2013 as the
result of the failure of metric functions in computer science. It was Then,
defined as follows:

Definition 2.8. [32] Let X be a nonempty set and s > 1 be a given real
number. A function b : X x X — [0,1) 4s a partial b-metric if for all
u,v,w € X the following conditions are satisfied:

(i) uw = v if and only if b(u,u) = b(u,v) = b(v,v),

(ii) b(u, u) < b(u,v),

(i) b(u,v) = b(v, u),

() b(u,v) < s[b(u, w) + b(w,v) — b(w, w)] + (152) (b(u, w) + b(v, v)).

The following example exhibits the properties of a partial b-metric space.

Example 2.9. [32] Let X = R be a set of real numbers. Consider the metric
space (X, d) where d is the Euclidean distance metric

d(u,v) = Ju— v,

for allu,v € X. Defineb = (u—v)>+5 for allu,v € X. Then, b is a partial
b-metric on X with s = 2, but not a partial metric on X. To see this, let
u=1,v=4 and w =2, Then,

b(1,4) = (1 —4)? +5 £ b(2,4) — b(2,2) =6+ 9 — 5 = 10.
Also, b is not a b-metric since b(u,u) # 0 for all u € X.
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We can express partial metrics into b-metric as shown in the proposition
below:

Proposition 2.10. Every partial b-metrics define a b-metric where
d(u,v) = 2b(u,v) — b(u,u) — b(v,v),
for all u,v € X.

In 2013 Karapinar et al. [20] defined quasi-partial metrics and investi-
gated on existence and uniqueness of fixed points. The definition of the
quasi-partial metric is as follows:

Definition 2.11. [20] A quasi-partial metric on a non-empty set X is a
function gy : X x X — [0,00), satisfying the following:
(i) If gp(u,u) = gp(u,v) = gp(v,v) Then, u=w,
(it)  qp(u,u) < qp(u,v),
(Z“) QP(u7 U) < QP(Uv u))
() ap(u,v) + gp(w, w) < gp(u, w) + gp(w, v).
The pair (X, gp) is called a quasi-partial metric space.
In 2015 Gupta et al. [15], introduced the notion of quasi partial b -metric
space as follows:

Definition 2.12. [15] A quasi-partial b-metric on a nonempty set X is a
function qp, : X x X — [0,00) such that for some real number s > 1, it
satisfies the following azioms:
(QPB1) If dpy (u,u) = qpb(uv v) = QPb(U»U) Then, u =,
(QPB2)  qp,(u,u) < gp,(u,v),
(QPB3)  qp,(u,u) < gp, (v, u),
(QPB4) g, (u,v) + gp, (w, w) < s[gp, (u, w) + gp, (w, v)].
Example 2.13. [15] Let X = R be the set of all real numbers. Define
qp, : R xR = R by
qpb(u’v) = |u - ’U| + |u|a
for all u,v € X.
Then, it is clear that (X, ¢p,) is a quasi partial b-metric on space X.

Example 2.14. [15] Let X = [0,1]. Define
Gy 16,0) = Ju — 0] + .
So (X, qp,) is a quasi partial b-metric space with s > 1.
Example 2.15. [15] Let X = [1,00). Define
p (1,0) = In(uw).
Then, (X, qp,) is a quasi partial b-metric space.
Example 2.16. [15] Let X = [0, §] and define g, : X x X — RT as
dp, (u,v) = sinu + sinv.
Then, (X, qp,) is a quasi partial b-metric space.
We give the quasi-partial b-metric topology.
The following lemma states the relationship between quasi-partial metrics
and quasi-partial b metrics as follows:
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Lemma 2.17. [15] Every quasi-partial space is quasi partial b-metric space,
but the converse doesn’t need to be true.

The following definition states the conditions for a sequence in quasi-
partial b-metric space to be convergent, Cauchy and Complete.
Definition 2.18. [15] Let (X, qp,) be a quasi-partial b-metric. Then

(i) A sequence {un} C X converges to u € X if and only if

qpy (u,u) = nh—>nolo dpy, (u,un) = nh—>nolo dp, (Un, ).
(ii) A sequence {un} C X is called a Cauchy sequence if and only if

n,vlriLr—r>loo g (um um)

and

n,rlrngloo s (Um, Un)

exist (and are finite).

(i) The quasi-partial b-metric space (X, qp,) is said to be complete if
every Cauchy sequence {u,} C X converges with respect to Tap, 10 @
point u € X such that

py, (us 1) = mlyifgoo Qpy, (U, Un) = n)rlyilgloo py, (U, Unm)-

(iv) A mapping f : X — X is said to be continuous at ug € X if, for
every € > 0, there exists § > 0 such that f(B(ug,d)) C B(f(uo),€).

Lemma 2.19. [15] Let (X, qp,) be a quasi-partial b-metric space. Then, the
following hold:

(i) if gp,(0,5) =0, Then, 0 =.

(it) if o # ¢, Then, qp,(o,<) > 0 and gp,(s,0) >0
Definition 2.20. [16] Let (X, gp,) be quasi partial b-metric spaces. Then,
forug € X, € >0, the gp,-ball with centre uy and radius € is defined as

Bgp, (ug,€) = {y € X : Bgy,(uo,y) < € and Bap,(y,uo) < €},

Definition 2.21. [16] A quasi partial b-metric spaces (X, qp,) is said to be

compact quasi partial b-metric if its gy, -complete and quasi b-totally bounded.

Further, we provide some preliminary results.
In 1969, Browder [7] defined an asymptotically regular map as follows:

Definition 2.22. [7] Let (X,d) be a complete metric space. A mapping
f: X — X is said to be asymptotically reqular at some point c € X if

lim d(f™u, f*u) = 0.
n—oo
The mapping f is said to be asymptotically regular on X if for all u € X,
lim d(f"u, f"u) =0.
n—oo
Proinov [26] gave the new type of contractions known as asymptotically

regular contractions as a generalization of the Banach contraction principle
by giving two basic conditions as follows:
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Theorem 2.23. [26] Suppose (X, d) is a complete metric space and f : X —
X is a continuous and asymptotically regular mapping such that:

(i) d(fu, fv) < (2(u,v)) for all u,v € X,

(ii) d(fu, fv) < (£2(u,v)),u

whenever 2(u,v) #0, ¢ : RY — R is a function such that: for any e >0
there exists § > € such that € <t < & implies ¥ (t) < €. Here, Rt is a set of
all non-negative real numbers, and

'Q(uv v) = d(uv v) + n[d(uv fu) + d(vv fv)]v n=>0

Then, there exists a fized point z € X for f. A mapping satisfying the two
above conditions is called a Proinov- contraction. The Proinov contraction
is more general than the quasi-contraction.

Example 2.24. [26] Let X = {1,2,3} be equipped with the usual metric d.
Suppose f : X — X is a mapping defined asf(1) = 1, f(2) = 3, f(3) = 1.
Then, the mapping f does not satisfy Theorem 2.23. However, for
2t
)= -——
o) = 1o
and n > 1, the mapping f satisfies the conditions in Theorem 2.23.

Suzuki [31] gave a contraction which does not require a map to hold at
all points on a given space as follows:

Theorem 2.25. [31] Let (X, d) be a complete metric space and let f : X —
X be a mapping such that for all u,v € X,

®(k)d(u, fu) < d(u,v) = d(fu, fv) < kd(u,v)

where @ : [0,1) — (%, 1) is a non-increasing function defined by:

1, if 0<k< 5D
P(k) =1 (1-k)k2, if (\/52—_1)9@2%1,

(1+k)"L  if 27 <k<l

Then, there exists a unique fized point z € X. A mapping [ satisfying
Theorem 2.25 is called a Suzuki contraction. The following example shows
the generality of Theorem 2.25 over Theorem 2.23.

Example 2.26. [31] Let X = {(1,1),(4,1),(1,4),(4,5), (5,4)} with a metric
d defined by

d((u1,uz), (vi,v2)) = |ug — v1| + |ug — val.
Define a mapping

(ulvl)v qul > uz,
(1,UQ)7 if up > us.

f(U1,u2) = {
Then, the map f satisfies all the hypotheses of Theorem 2.25 and (1,1) is
the unique fized point of f. However, for u = (4,5) and v = (5,4)
d(fu, fv) =6>2=d(u,v).
Thus [ does not satisfy the assumptions in Theorem 2.25 for any k € [0,1).
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Remark 2.27. [31]

(i) A mapping satisfying Theorem 2.25 need not to be continuous.

(i) A metric space X is complete if and only if every Suzuki contraction
mapping on X has a fized point.

In 2001, Khamis and Kirk [18]introduced metric compactness as follows:

Theorem 2.28. [18] A subset D of a metric space X is compact if and only
if any sequence {uy} of points of D has a subsequence {uy, } which converges
to a point of D.

3. MAIN RESULTS

We establish our first main results by generalizing Theorem 2.23 in the
following definition:

Definition 3.1. Let (X, gp,) be a complete quasi partial b-metric space. A
pair of maps f,g : X — X, is called Proinov-Suzuki contraction, if for all
u,v € X,

W %qpb (gu, fu) < gp, (9, fv) = @, (gu, fv) < $(2(u,v)),

where
2(u,v) = gp, (1, 0) +1lgp, (u, gu) + gp, (v, f0)]
and 1 : RT — R is an upper semi-continuous function from right such
that ¥(t) < t, for all ¢ > 0.

Now we present our first main theorem.

Theorem 3.2. Let (X, qp,) be a complete quasi partial b-metric space and let
f,9: X — X be a pair of continuous asymptotically regular Proinov-Suzuki
contractions. Then, f and g have a unique common fized point. Further, if
n=1 Then, f and g need not be continuous.

Proof. Let ug € X be arbitrary and define a sequence {u, }5°; in way that
ur = g(uo), uz = f(u1),us = g(u2), ...uzn = f(u2n—1), u2nt1 = g(uzn)
Since, f and g are asymptotically regular maps, i.e
Jim gy, (f(u2n-1), 9(uzn)) = Hm gy, (uzn, uz2p41) =0,
implies that there exists k € N and € > 0 such that for all n > k,
(2) Qpy (U2n, U2ny1) < €.

Let u = ugp—1 and v = ugy, in (1), we have

1
§QP;,(gu2n—1»fu2n—l) < QPJ;(gUZn—lvaQn) -

(3) dpy (gUan—1, fuon) < Y(2(uan—1,u2n)),
where

Qpy (U2n—1, U2n) + N[qp, (U2n—1, GU2n—1) + Gp, (U2, fu2n)],
Qpy (U2n—1, U2n) + NG, (U2n—1, U2n) + Gp, (U2n, U2n+1)],
Qpy (U2n—1, U2n) + NGp, (U2n—1, U2n) + NG, (U2n, U2r 1),

(L +1)ap, (u2n—1, u2n) + 14p, (U2n, Uzn+1)-

2(ugn—1,u2n)

VANVAN VAN

(4)
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Using (4) in (3), we get

IA

1
5 4py (U’?nv u2n) dpy (9U2n71, fUZn)

2
= qp, (U2n, U2nt1) < V(1 +n0)gpe(uzn—1, u2n) + 1Gp, (U2n, U2n11))-
By the continuity of iy we have

A

dp, (uan u2n+1) < (1 + 77)%717 (’UJ?nflv U2n) + nap, (U2n» U2n+1)7

(1= n0)qp, (ugn, uznt1) < (14 1)gp, (u2n—1,u2n),

1+

1+
Ap, (U2n, Uznt1) < ﬁqpb(wnq,u%) < w(ﬁqpb (U2n717u2n)),

Let 6 = %7’1 in the above inequality, gives

ap, (Uzn, Uzn+1) < Oqp, (uzn—1, uzn) < P (3qp, (U2n—1, tzn)).
Thus, we get {gp, (U2n—1,u2n)} is a non-decreasing sequence and
apy (U2n—1,u2,) = 0.
Due to the non-decreasing nature of function 1, we obtain
Gy, (Uzn, Uzns1) < YOGy, (Uan—1,U2n) < V(6% qp, (U2n—2,U2n—1)) - .-
< - <P, (u2n—2, U2n—1))-

To show {uy} is a Cauchy sequence, it is sufficient to show that {us,} is
Cauchy sequence. Suppose now that {usa,}is not Cauchy sequence. Then,
there is an € > 0 such that for each integer

2k < 2ny < 2my,
such that

(5) qpb(Uan,Uka) < €.
Let, for each integer 2k, k € N, 2my be the least integer exceeding 2nj
satisfying 5, that is,
dp, (u2nk7 u2mk*2) <e
and
dp, (uan’ u2mk) > €.

Using the triangle inequality, we get for s > 1
€ < qp, (Uany s U2m,,) < S[QPb (U2ny > U2my—2) + Qpy (U2mp—2, U2m,, ) —
QZJb (Uka—27 U/ka_g)]

5[6 + Apy (Uka—Qa u2mk) — Qp, (uka—Qa u?mk—Z)}-

IN

Since f and g are Proinov-Suzuki contractions, Equation 1 implies
py, (GU2ny,s fuom,) < Y(ap, (Uan,, uamy) + 0lap, (U2n,,, fuzn,)
+ ap, (u2mk y JU2my, )])

In the same way, assume that Let u = ug, and v = ug,—1 in (1), we have

1
5(]% (gu2n> fu2n) < qp, (gu2n7 fu2n—1) -
(6) qpb (g’Uanlv fu2n) S w(Q(UQny U2n71))7
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where
2(uon, uon—1) = qp,(U2n, Yan—1) + 1{ap, (U2n, Gu2n) + gp, (U2n—1, fon—1)],
< qp, (U2n, U2n71) + n[Qpb(U'Z’ru U2n+1) + qp, (U2n71, U2n)]7
< Gy (Uzns Uzn—1) + N4p, (V2n, U2nt1) + 7p, (Uzn—1, U2n),
(7) < (L4 m)qp, (u2n, u2n—1) + 14p, (U2n, u2n+1)-

Using (4) in (3), we get

1
Eqpb (u2n+17 u2n+1) S C]p,, (guzn, fu2n71)

= Qp, (u2n+17 u2n) > 1/)((1 + n)Qpb ('U/Qna u2n—1) + N4py, (u2n7 u2n+l))-

A

By the continuity of i) we have

dpy, (u2n+1a u2n) < (1 + U)Qpb (u2n7 U2n—l) + Nap, (u2n7 u2n+1)a

(1 - 77)‘11% (u2n+1a u2n) < (1 + n)qpb (uan uQn—l)a
1+ 1+
qpy, (U2n+17 U2n) < —nqpb (UQ’I’H U2n71) < w (—77 (u2n7 u2n71)) .
1—n 1—=n,,
Let 6 = Liz in the above inequality, gives

QPb(U2n+17U2n) < §Qpb(u2n7u2n71)Sw((sqpb(UQn»uanl))-

Thus, we get {gp, (U2n, u2n—1)} is a non-decreasing sequence and

dpy (U2n, U2n—1) = 0.

Due to the non-decreasing nature of function 1, we obtain

Gpy (Uant1,U2n) < P0Gy, (U, uan—1) < 12 (6% gy, (U2n—1, U2n—2)) - - .
< - S0 gy (U2n—1, U2n—2))-
Letting n — oo, gives € < ¢(€) < €, a contradiction unless e = 0.
For m > n, using, (QPB4) we obtain
S[Qpb (u2n7 u?nfl) + Adp, (u2n717 u2m)] — dp, (u2n717 u2n71)a
5Qpy (U2n, Uzn—1) + Sqp, (U2n—1, U2m) — Gp, (U2n—1, U2n—1),
Sqp, (U2n, Uzn—1) + 82(1pb (ugn—1,u2n—2) + ...
+Smin71qpb (u2na UZn—1)7
s62 L g 22622 4 ByBen 4
+Sm—n—l¢n52n—1qpb (u2n7 u2n)7
sPS2 1 4+ 596! + 2202 4.
+Sm7n72¢mfn71(sm7n+1]qpb (ul’ uO)’
8¢52n—1
1— spd—t v
Letting n — oo, we have gp, (u2n, u2m) = 0. Thus {us,} is a Cauchy se-
quence.

Since X is complete, {u,} converges to a point z € X. If f and g are
continuous. Then, z is a common fixed point of f and g. Now suppose that

qpb (u2n ) ’U/Qm)

ININ A

IN

IN

< (u1,u0)-
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n=1and f and g are discontinuous. Then, for any n € N either

1
(8) aqpb (Un, un+1) S Qpb (un, UJ)
or
1
(9) 5‘][7}, (un+17 un+2) < Apy (un+1»w)-

Assume on the contrary, that for some n > k,

1
qpb(umw) < §Qpb(umun+1)
and
1
apy (Unt1, W) < §QPb(Un+1,un+2)-
Then, by the triangle inequality, we have for s > 1
Apy, (un+17 Un+2) — dp, (Un+27 Un+2) < [Qpb (um w) + Qp, (Un+1, w)

—dp, (un+27 Un+2 }

dpy (Un+17 Un+2)

DN | =

2
—p, (Un+2, Un2)]
= S[qpb (un7 un+1) - QPb (un+27 un+2)];

a contradiction unless s > 1 in which Equation (8) holds.
In the case

(
),
< Lo (tn ) +
),

1

iqm (tn, unt1) < qp, (Un, w),

by (1), we shall have
Apy (tnt1, W) = qp, (gun, fw) < PE2(gun, fw)
= P (4, (un, w) + gp, (tn, fn) + gp, (w, gw)).
Letting n — oo, gives
py (W, fw) < (gp, (w, fw)) < gy, (w, fw),
a contradiction unless w is a common fixed point of f and g. We get the
same conclusion in other cases. O

Now, we will consider another class of mappings:

Definition 3.3. Let (X, qp,) be a compact quast partial b-metric space and
f:+ X — X be a mapping such that for all u,v € X,
(10) gy, (u, fv) < E(ap, (u,0) + S(ap, (u, fu) + gp, (Fu, 7)),
where n € N, £ € (0,1) and ¢ € [0,1).
The above class of mappings contains many important classes of map-

pings. A number of contractions listed in [28] are particular cases of the
following mapping:

Definition 3.4. Let (X, qp,) be a compact quast partial b-metric space and
let f: X — X be mapping such that for all u,v € X

o (P, o) < - maa(gy o,0), DTS WOTO g g ),

QPb(f2u7 U), QPb(fn+1u: fu)a qpb (fnJrlu’ U)7 QPb(fn+lu7 f’U)}
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where k € [0,1) is fized.

Now, we show that a mapping satisfying Definition 3.4 also satisfies Def-
inition 3.3.

Proposition 3.5. Let (X, gp,) be a compact quasi partial b-metric space and
let f: X — X be a map which satisfies Definition 3.3. Then, the map also
satisfies Definition 3.4 .

Proof. We consider the following cases:
Case (i) gp, (fu, fv) < kgp, (u,v). Using (QPB4) and s > 1, we get
(11) ap, (u, fv) < slap, (u, fu) + ap, (fu, fv) = ap, (fu, fu)],
< kgp, (u,v) + qp, (u, fu).
Case (ii) gp, (u, fv) < k(w). Then,
(12) Apy (1, f0) < qp, (u, fu) + qp, (fu, fv),
< %qpb(u7 fu) + %kqpb(ua U) + %qu(ua fv)v

it implies that

dp, (u7 f’l)) < kqu (u7 ’U) + 3qp, (u7 fu)

Case (iii)
ap, ([, [y) < kap, (2, fy).
Then,
Apy (ua fU) < qqp, (u7 fu) + kab (ua fv),
and )
qu (u7 fv) < kQPb (u7 1)) + m%)b (u7 fu)
Case (iv)

qu(fua f’l)) < kqpb (Ua fu)v
implies that
Adpy (u, fv) < dpy, (u, fu) + kap, (U» fu)

Then
apy (u, f) < qp, (u, fu) + kap, (v, fv),
< qp, (u, fu) + kgp, (u, v) + gp, (u, fu)],
< kap, (u,v) + (1 + k)gp, (u, fu).
Case (v)

dpy (u, fv) < kap, (fn+1uv u).
Then, implies
oy (t, f0) < ap, (u, fu) + gy, (f"Fu, ),

<y (u, fu) + kg, (f" " u, fu) + kap, (u, fu),

< (14 E)gp, (u, fu) + qpb(fm'l7 w).
Case (vi)

ap, (fu, fv) < kqpb(f"+1u, fu).
Then,
Gy (1, F0) < G, (u, fu) + ap, (f" 1, fu)).
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Case (vii)
dp, (fu, fo) < Ky, (f"u,v).
Then
oy (, f0) < gy, (u, fu) + kap, (f" 1, fu) + kap, (fu, v),
< kap, (1, 0) + (1 + k) lap, (u, fu) + g, (f*Hu, fu)).
Case (viii)

Qpy (fu, fu) < kqp, (fn—HUv fv).

Then
dpy (u, fv) < dp, (u, fu) + kqpb(f"""lu, Jv)
(13) < 4qp, (u, fu) + kqpb(f2u7 fu) + kqp, (fu,u) + kqp, (u, fv),

and gy, (u, fv) < k(gp, (u,0) + 25 lap, (u, fu) + gp, (F*u, fu)).
Thus, f satisfies Definition 3.3, with £ = k, ¢ = max{3, ﬁ} and n =
2. O

Theorem 3.6. Suppose (X, qp,) is a complete and compact quast partial
b-metric space and f : X — X is an asymptotically reqular map satisfying
condition in the Definition 3.3. Then, there exists a unique fixed point « € X
for f and for any ug € X we have

lim fug = a.

n—oo
Proof. Let ug € X and define a sequence that satisfies following condition:

un = f"(uo) = f(un-1)
and for all n € N.
Let u = up—1 and v = uy,, in (10) we get
dpy, (un—la fun) < f(QLDb (Un—L un) + ¢’[(qu (u"—lv fun—l) +
qu(fnun—la fn+1un—1)D7
@, (Un—1,Uun+1) < E(qp, (Un—1,un) + O[(qp, (Un—1,Un) + qp, (Un, Un+1)]),
(14) < &ap, (Un—1,un) + ED(qp, (Un—1, Un) + EPGp, (Un, Un+1).

< S[QPb(un—lv fun—l) + qpb(fun—la fun)] - QPb(fun—lv fun—l)a
< Squ(un—lyfun—l) + SQPb(fun—hfun)a

< Sqp, (Un—1, fun—1) + S54py (fun—1, fun)a
(15) < 5qp, (Un—1, Un) + Sqp, (Un, Un11).

Using (15) in (14), gives

qpy (un—l» fun)

Apy, (un—l s un+1)

SQp, (Un—l, un) + sqp, (um Un+1) < &Zpb (Un—l, un) + f(z’(qu (un—la un) +
&prb(una un+l)a
(8 = €0)ap, (un, un+1) < (§(1+ @) — 8)ap, (Un—1, un),
E(1+¢)—s)

Gpy (tny Un 1) < Gy, (Un—1, Un).

(s —&9)
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Repeating the above steps by mathematical induction, we obtain

qu(una“n+1) < (W) Qm(un—laun)-

Letting % =1, we have

(16) Oy (Un, Unt1) < U"qp, (Un—1,un).

Hence gp, (tn, tnt1) =0 — 0 as n — oo.
For any n,m > 0, by triangle inequality and from Definition 3.1., We
have for s > 1,

dp, (Un, Unym) < S[Qpb (Un, Uny1) + dpy (Unt1, Ungm)] — dpy (Un+1, Unt1),
< 8qp, (Uns Unt1) + 8Gp, (Unt1, Un) — Gp, (Un+1, Unt1),
< 8qp, (Uns Ung1) + 52Qpb(un+lv Upy2) + -+ Snimilqm(um—lvum)v
< (594 292 + 393 + s+ ) ap, (w0, um),
< s"9(1 + 59 + 292 4+ 393 4 SR gy, (w0, um),

st

< mqm, (0, Um)-
By the asymptotic regularity of f, we obtain gp, (¢, Uptm) — 0 as n — oco.
This shows that {u,} is a Cauchy sequence.

Similarly, Let u = u, and v = u,—1 in (10) we get

apy, (Uns fun—1) < &(ap, (Un, un—1) + @[(gp, (Un, fun) + gp, (f"un, fn-Hun)])v
py, (tns un) < &(@p, (Un, un—1) + G[(ap, (Un, unt1) + @p, (Uns Unt1)]),
Apy (um un) < ngb (una unfl) + 2€¢Qpb (U’na un+1)7
—260qp, (Un, unt1) < Ep, (Un, Un—1),
28bqp, (Unt1,un) < &Eqp, (Un, Un—1),
A1) < 5o (1),

Repeating the above steps by mathematical induction, we obtain
§ n
p, (Un+1,un) < (@) Qpy, (Uns Un—1)-

Letting % = 0, we have

(18) qu(un+1yun) < enq;?b(unvunfl)-

Hence gp, (un+1, urn) =0 — 0 as n — oco.
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For any n,m > 0, by triangle inequality and from Definition 3.1., We
have for s > 1,

@py (Un-tm, un) < 8[p, (Uns Un—1) + @p, (Un—1, Untm)] = Gp, (Un—1, Un—1),
< 5Gpy (Uns Un—1) + 8Gp, (Un—1, Untm) — G, (Un—1, Un—1),
< Gy (Uns Un—1) + 57 Gpy (tn—1, tn—2) + -+ 5" gpy(un_1,un),
< (50" 4 520" 4 30" p st L
+ 8™ ™) g, (i, wo),
< s 4 s 4 520" B0 L

+ sm7n725mfn+1)qpb (Um7 UO)7

son—1
< m%b(umﬂlo)-

By the asymptotic regularity of f, we obtain gp, (4n+m,un) — 0 as n — oco.
This shows that {u,} is a Cauchy sequence.
Since (X, gp,) is complete quasi partial b-metric space, there exists a € X

such that

lim fu, = a.

n—oo
Next, we show that « is a fixed point of f. From Definition 3.3 and (QPB4),
it follows that

qpb(avfun) < S[Qm(avfunfl) +QPb(funflvfun)] - qpb(fun,l,fun,l),
Apy, (a7 fun) < SQp, (a, funfl) =+ 5¢p, (fun717 fun)v
dp, (Oz, fun) < Sqp, (O‘v funfl) + 3[5(‘1}% (unflv un) + (z)[qpb (un,l, funfl) +
dp, (fnun—h fn+1un—l)])}a
apy (@, fun) < sqp, (@, fun—1) + 8§(qp, (Un—1,un) + $@[gp, (Un—1, fun—1) +
5GGp, (fun—1, fun)]),
ap, (e, fa) < sqp, (o, fa) + s€(ap, (o, @) + s¢gp, (av, far) +
s¢qpb(fav fa)])v
apy (e, fa) < (s+ 88+ 59+ 250)qp, (fo, far),
ap, (v, fa) < 0,
p, (@, fa) = 0,

it implies that u, — f(a) as n — o0 and f(a) = a.
Suppose 8 is another fixed point of f. From Definition 3.3, we have
0 < gpy(a, B) = ap, (@, fB) < f(qﬁvb(av B) + ¢[qpb(a» fa)+app(f"a, fn+10‘)])
= qp, (@, B) < &apy(a, B).
= (1= &ap, (o, ) <0,
= qu<a75) <0,

a contradiction unless o = 8. This proves the uniqueness of fixed points.
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Further, for any u € X, we have
ap, (f"u, @) = qp, (f"u, fu)
< fCIpb (fnuv a) + ¢[QP17 (fnuv fn_HU) + qp, (fnuv fn_Hu)]-
This implies that
(1= &)ap, (f"u, @) < Blap, (f"u, [ ) + gy, (", [ 1)) = 0,
as n — oo. This shows that

lim f"u = «a.
n—oo

By compactness properties of X, let (X,qp,,s) be quasi-partial b-metric
space Then, for any ug € X and € > 0, and if v € Bqy, (uo, 5;) Then, there
exists a > 0 such that

By, (v,0) C qub(u07 €).

Let
€
0 = s qpb(u()?U) - qu(U?u0)7

and lim,, o f"u = o, let ay,, be a convergent subsequence of a;,, Then, we
have

an, € Bay,(v,an,) <9,
an, € By, (an,,v) <6,
and

p, (10, V) + qp, (v, ) <

dpy (U7 uO) + qpb(anw U) <

Using (QPB4), we get

O lawm | o

apy (U0, any) - < 8[qp, (U0, V) + Gpy (0, Oy )] = Gy (0, 0),
ap, (U0, 0y, ) < 8 X 2 — qp, (v, V),
ap, (U0, 0n,) < €
Similarly
apy (O, u0) < 5lap, (v, u0) + gpy (ny, )] = Gpy (0, 0),

€
qu(ank7u0) < sX s qpb(vvv)v

ap, (w0, ) < €.
Therefore oy, € By, (uo, €), where Bgp, is the families of all quasi-balls in
X. O

We provide the following corollary to demonstrate the usefulness of The-
orem 3.2.

Corollary 3.7. Let (X, qp,) be a complete quasi partial b-metric space and
let f,g: X — X be a pair of Proinov-Suzuki contractions such that

(19) %qpb(g% fu) < gp, (gu, fv) = gp,(gu, fv) < P(gp, (u,v)).

Then, there exists a unique common fixed point w € X for f and g.
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Proof. Let ug € X be arbitrary and define a sequence {u, }5>; in way that
uy = g(uo),uz = f(u1), ug = g(uz), ...tzn = f(2n-1), uznt1 = g(uzn)
we get

Qpb(unvun+1) = qpb(gunfl’ Jun) < w(QPb(unflv un))
< qpb(unflyun)-

Hence, the sequence gy, (un,un+1) is decreasing and bounded below, so it
has a limit [ . Suppose [ > 0, Then, the above inequality, we get

Qpb(unv Upt1) = QPb(gu’nflv Jun) < w(Qpb(Unfly Up,))-
So that | = limy_;4 sup ¥(t) < (l) < I, which is a contradiction. Therefore
nh—g)lo dp, (um Un+1) =0

and f and g are asymptotically regular.
Rest of the proof may be completed following the proof of Theorem 3.2.
Now, we provide the following example for illustration of Theorem 3.2.

Example 3.8. Let X = [0,00) with a quasi partial b-metric
apy (1, v) = [u —v| + |ul.

Define f,g: X — X such that

B 2 for wel0,2],
f(u)—{45 for u>2.

and

g for wuel0,2],
g(u)_{s for u>2.

For, u,v € [0,2] and u,v > 2
1 1 u 2u U 1
§QPb(gu7fu)_§{|g_€| +|5|}_5|“|

1
< dpy (g, f) = {Ju — 20| + |ul}

implies that, For n =1 and ¥(t) = % where t > 0

aon (97 9) = £l — 20 + ),
< (2,0
= qp, (4, 0) + qp, (U, gu) + qps (v, f),
= (ju ol + o) + (ju— 21+ Jul) + (fo = |+ Jo]).

Clearly, f and g are discontinuous. It is evident that all the hypotheses of
Theorem 3.2 hold with the unique common fized point namely 0.

O
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4. APPLICATION TO NONLINEAR-INTEGRAL EQUATION

In this section, we present an application of our results to non-linear in-
tegral equations. Now, we consider the following Fredholm integral equation:

b
(12) u(t) =7(t) + )\/ k(t, $)E(s,u(s))ds, t € [a,b],\ > 0.

where u(t) is the unknown solution, x(t, s) is a kernel, £(s,u(s)) is a non-
linear smooth function and A is a constant.

Theorem 4.1. Let X = Clo, ] be a compact quasi-partial b-metric space
of continuous functions on [, B8] with a quasi-partial b-metric defined by

ap, (1, v) = sup{[u(t) — v(t)| + [u(t)]}.

Suppose that the following assumptions are true:

(i) T : o, B] = R is a continuous function;
(i) & : [, B] x X — X is continuous, {(t,u) > 0 and there is a constant
u >0 such that for all u,v € X,
€@, u) = &(t,0)| + 1€(E u)| < p(lu(t) — v(t)] + [u(t)]);
(#ii) K : [a, B] X [, B] = R is a continuous for all (t,u) € [a, 5] X [a, B] such
that k(t,u) > 0 and fol K(t, s)ds < K;
(iv) &€ = Akp < 1;
(v) f is a map defined by:

b
u(®) = f(u(®) = 7(0) + A [ (t.5)€(s, u(s))ds,

and f is an asymptotically reqular. Then, the nonlinear integral equation
has a unique solution in X. Moreover, for each ug € X, the Picard sequence
{un}2; defined by

b
wn(t) = fluo(t)) = 7(t) + A / (t, )€ (s, wo(s))ds,

b
uz(t) = fua(t)) = 7(t) + /\/ k(t, 5)§ (s, u1(s))ds,

b
un(t) = f(un—1(t)) = 7(t) + A/ k(L 5)E(s, un—1(s)))ds,

Yn € NU{0} converges to a unique solution of the integral equation.

595
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For any u,v € X,

b
|[u(t) = 7(#) —/\/ r(t, )E(s, v(s))ds]| + [u(t)],

lu(t) — f(o(t)] + |u()]
b
= |[u) —7(t) — )\/ K(t, )E(s, u(s))ds] + [7(t)
b ;
A / K (t, $)E(s, uls))ds — 7(t)
ab
A [l )€ wlo))as] + o)
b
< (lu(@®) = fO + [u@®)]) + )\\/ K(t, s)&(s, u(s))ds
b ¢ b
—/a k(t, $)€(s, v(s))ds| + Al / k(. $)E(s, uls))ds,
b
< () = flu@®)] + [u@®)]) + A/a K(t, s)ds|E(s, u(s) —

€ls, 061+ [t aslels, o)

= (ult) — F(®)]) + u(d)
=y "t sl (s, u(s)) — £(s, (5| +
M (s, u(s))]

b
(13) < (lu(®) = f(u(®)| + |u@)]) +/\/ k(t, s)dsp([u(t) —v(@)] + |u(t)]).
Now, taking the Supremum in both sides of (13), we obtain the following:
ap, (u(t), f(v(t))) < ap, (u(t), f(u(t)) + Arpgp, (u(t), v(t)),

and finally, we obtain the following relation:

apy (u(t), f(v(1))) < gp, (u(t), f(u(t))) + Eqp, (u(t), v(1))-

Thus, the mapping f satisfies the condition in the Definition 3.3 and all
the hypotheses of Theorem 4.1 hold. Therefore, Equation (12) has a unique
solution.

Example 4.2. Let us consider the following Fredholm integral equation:

u(t) = [eos(51) - %t] + % /0 (ts%) (u(s) = 3)ds

t € [0,1] it can be seen that the Fredholm integral equation is a particular

case of with

™ 630
T(t) = cos(gt) ~ 713

and &(t,u(t)) = u(t) — 5. For any u,v € R and for t € [0,1], we have
8@t w) = &(t,v)[ + [€(8 u)] < u— o]+ |ul,

tk(t,s) = ts
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it can be easily seen that T is a continuous function and t € [0, 1]

1 1 t2 1
/ k(t,s)ds = / t?sds = — < -.

Further, p = 1,A = %m = % with &€ = AL = < 1. Therefore, all
the assumptions of the Theorem (4.1) are satisfied. Hence, there erists a

solution of the Fredholm integral equation in quasi-partial b-metric space X .

PN
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