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ON THE SUM OF ADDITIVE CHARACTERS OVER
FINITE FIELDS
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ABSTRACT. In this paper, we study the sum of additive characters over
finite fields, with a focus on those of specified F,-Order. We establish a
general formula for these character sums, providing an additive analogue
to classical results previously known for multiplicative characters. As
an application, we derive a Mébius function p(g) for polynomials g €
Fq[z], analogous to the integer Mobius function p(n), and develop a
characteristic function for k-normal elements. We also generalize several
classical identities from the integer setting to the polynomial setting,
highlighting the structural parallels between these two domains.
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1. INTRODUCTION

Let Fym be a finite field of order ¢™, where ¢ = p” for some prime p and
positive integer 7. The field Fym can be viewed as an m-dimensional vector
space over its subfield Fy;. An element o € Fym is called normal over F, if
the set {a, ad, ... ,oﬂm_l} forms a basis of Fgm over Fy; such a set is
referred to as a normal basis.

The multiplicative group Fgm is cyclic of order ¢™ — 1, and any genera-
tor of this group is called a primitive element of Fgm. Primitive elements
always exist in any finite field. Both primitive and normal elements are of
considerable interest in applications, particularly in cryptography. Elements
that are simultaneously primitive and normal, known as primitive normal
elements are especially useful due to their algebraic properties and efficiency
in computational settings.

The existence of primitive normal elements has been studied extensively.
Carlitz [1, 2] established their existence for sufficiently large values of ¢™.
Davenport [3] extended this result to the case where ¢ is prime. A general
proof covering all cases was later given by Lenstra and Schoof in 1987 [4].

Primitive elements in a finite field Fgm have order ¢" —1. Building on this
concept, G. Kapetanakis and L. Reis [5] generalized the idea and introduced
r-primitive elements, which are elements of Fym of order 4"=1 In parallel,
the concept of normal elements was extended to k-normal elements by S.
Huczynsk et al. [6] in 2013. Subsequent research has focused on the existence
of r-primitive and k-normal elements for various values of r and k [7, 8].
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Further studies have been conducted on the behavior of the inverses of
these elements [9], their properties with prescribed norm and trace [10], and
on pairs of r-primitive and k-normal elements [11]. Additionally, research
has explored arithmetic progressions of r-primitive and k-normal elements
12, [13],

The investigation of r-primitive and k-normal elements requires the use
of characters over finite fields. The study of r-primitive elements typically
involves multiplicative characters, while k-normal elements are studied us-
ing additive characters. Research has been done to study these additive
characters and their properties in [16].

In this paper, we focus on the sum of additive characters and its applica-
tions. From this point forward, for any polynomial over the finite field Fy[x],
we use the following notation: ¢(f) represents the Euler’s phi function of
the polynomial f, which counts the number of polynomials in Fy[x] of degree
less than that of f and relatively prime to f. The notation u(f) is defined as
(=1)" if f is the product of r distinct irreducible factors, and zero otherwise.
Finally, W(f) denotes the number of square-free divisors of f, and it is also
equal to 2°(5) | where w(f) is the number of irreducible factors of f.

In Section 2, we present the necessary background material. Section 3
establishes a general result on the sum of additive characters with a given
F,-Order. As a consequence, we provide a formula for u(g), where g is
a polynomial, analogous to the classical Mébius function u(n) for natural
numbers. In Section 4, we apply the formula derived in Section 3 to construct
a characteristic function for elements having specific F,-Order and hence
for k-normal elements. Furthermore, we extend several identities, originally
developed for natural numbers in [18] and [13], to the setting of polynomials.

2. PRELIMINARY DEFINITIONS

Suppose «, along with all its conjugates, forms a basis for Fgm over F,
then « is referred to as a normal element. R. Lidl and H. Niederreiter [15]
provided an equivalent condition for an element to be normal. Motivated
by this, S. Huczyns et al. [6] defined k-normal element where the ged will
be of degree k. The normal element is 0-normal in this context.

m—1 ) .
Definition 2.1. [6] Let o € Fym and go(x) be a polynomial Y. o z™ 1=t

=0
Fym[x]. If ged(x™ — 1, go (x)) over Fgm has degree k (where 0 < k <m —1
), then o is a k-normal element of Fgm over Fy.

Similar to order of an element in a finite field F,, we have F4-Order which
is defined with the help of linearized polynomials.

Definition 2.2. [15] The polynomials
n ) n .
l(x) = Z oz’ and  L(x) = Zaixqz
i=0 =0

over Fgm are called g-associates of each other. More specifically, l(x) is the
conventional q-associate of L(x) and L(x) is the linearized q-associate of

I(z).
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Note that we use the notation [ o « to represent L(w).
Definition 2.3. [6] The F,-Order of an element v is defined to be the
(unique) monic polynomial f(z) = M fiz® € Fylx] of least degree such that
ST fiv? = 0. It is also denoted by Ord(7y).

Analogous to the concept of F,-Order of elements in a finite field, the Fg-
Order of additive characters was introduced by Reis [16]. He also established

a relationship between the F,-Order of an additive character and the Fg-
Order of the element that defines the character.

Definition 2.4. [16] The Fy-Order of and additive character x € ]Bi; is the
unique monic polynomial in f € Fylx] of least degree such that f o x = xo,
that is x(fovy) =1, Vy € Fgm.

Definition 2.5. [14] Let a = a(z) € Fylz],a | 2™ — 1 and let A(z) be the
linear polynomial corresponding to a(x). Then

cal®) =D X (a®=1)
a(z)
the summation extending over all additive characters of Fy-Order a. Also,
GE) = en®= Y xs).
dla A*(B)=0

Where the summation running over all the roots of A*(x) which is the lin-
earized polynomial corresponding to a*(x).

Lemma 2.1. [14] Let aq |2™ — 1 and az| 2™ — 1, (a1,a2) = 1. Then,

Caras(§) = a1 (§)cas ()

Lemma 2.2. [14] Let u be an irreducible polynomial € Fylz], u® | 2™ — 1.
Let & belong to K(z), where K(z) corresponds to k(x); also put 2™ —1 = kl.
Then we have

G N (R )
cye(§) =< —|ul*! (ue_l | l,uefl)
0 =)
where |u| = qdes(u(@))
Theorem 2.3. [?] The sum S of k-th powers of primitive n-th roots of unity

is given by S = M(Q)% where g = 5y

3. SUM OF ADDITIVE CHARACTERS

In this section, we study sums of additive characters over finite fields. As
mentioned earlier, we first examine these sums in the context of integers,
and subsequently extend the analysis to the polynomial setting.

Theorem 3.1. If a is primitive element in the field Fgm, then for a divisor

d Of qm - 17
. d o(d
de<a>—u(gcd(d T)) u
@ 6 ()
where the summation Truns over all the multiplicative character of order d.
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Proof. Let a be a primitive element of the finite field Fyn. For any mul-

tiplicative character ¥ of order d, the value ¥(«a) is a primitive d-th root

of unity. Consider the summation Z ¥q(a”), where the sum runs over all
()

multiplicative characters of order d. This summation represents the sum of

the r-th powers of the primitive d-th roots of unity. From Theorem [?], it

follows that
"o d o(d)
2 vulel) = () ; (

O

Motivated by this, an analogous result can also be formulated using addi-
tive characters. In the case of multiplicative characters, a primitive element
is used, as every nonzero element of the field can be expressed as a power of
such an element. For additive characters, we instead rely on the concept of
a normal element, since any element 3 of the finite field can be written as
f o a for some normal element «.

Lemma 2.2 gives the formula for sum of additive characters of an element
of a finite field, where the sum is running over all the additive characters
of Fy-Order some power of an irreducible polynomial. Now, we prove the
general case of this.

Theorem 3.2. Let 2™ — 1 = fi(x)fa(x), g(z)|z™ —1 and let o € Fgm with

¢(9) g(x)
F,-Order fy, then x(a) = p(d) —=%, where d(z) = —————— and
q 2.x@) = 1D 3G )= Gedlo@). 72
the summation runs over all the additive characters of Fy-Order g.
Proof. Let g = ¢* (2)g5%(x) ... gi* (z). Then
g _ 9?952 s 9? _ 9?952 s _ng _ gflfllgnglz N 'gzk*lk-.

Coged(g fo)  ged(9 gy’ g1t o) gligle gl

Moreover, by Lemma 2.1, we have

(1) D ox(@ =Y x(@)d x(@)-- > x(a).

Case 1: d=1
In this case, g divides fs, that is, g7* | f2 for all 1 < ¢ < k. By Lemma 2.2,
it follows that

D ox(@) =gl = 1gil“ " = (gf), forall 1 <i <k
g5t

Substituting into equation (1), we obtain

k
— €y _ ¢(9)
Zg:X(a) = il;[l¢(gi ) =d(g) = u(d)—¢(d).

Case 2: d=q1g2-..9r
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By Lemma 2.2, we have
eim o(g;")
> x(@) = —lgil“ " = plgi)
g;'

?(9i)

forl<i<r,

and
Zx(a) =¢(gf") for r+1<i<k.

Substituting these into equation (1), it follows that

T ) TT e o dl9)
zg:x(a) —};[lu(gz) (07 i£1¢(gi ) = wd) 5

Case 3: Suppose there exist an square factor in d.
Let gi2|d for some i, 1 < i < k, then by lemma 2.2, we have

>_x(a)=0.

Substituting this into equation (1), it follows that

¢(9)
=0=pu(d) = pu(d)—=.
Xg:x(a) 0= p(d) = uld) 75
O
Corollary 3.3. Let o be a normal element in the field Fgm, f(x) € Fylx]
and g(x) | x™ — 1, then Zx(f oa) = u(d)M where d = — 9.
then 2 o) gedlg. )

Remark 3.1. It is well-known that for any positive integer n, sum of prim-
itive n-th roots of unity is given by p(n) i.e. an(a) = u(n) where a is

n
a primitive element. From the above result, we get that for any polynomial
glz™ — 1 over Fy[x], Zx(a) = u(g), where v is a normal element.
g

4. APPLICATIONS OF SUM OF ADDITIVE CHARACTERS

In this section, we establish some basic results on summations involving
the Euler’s totient function ¢ applied to polynomials, which will be utilized
in the characteristic function for k-normal elements.

Lemma 4.1. Let f(x) € Fylz] be a divisor of 2™ — 1. For any square-free
divisor h(z) of f, 3" ¢(hg) = ™ T g(h).
g(@)| =

m

ged(h, =5 4)=1

i=1 =1

T T T
Proof. Let 2™—1 = pr(x), f= prl(x) with 0 <b; <a,h = prl(x) with ¢; =
i=1
,

0 or 1 and g is of the form g = prl’(x) with 0 < d; < a —b; and degree of
i=1
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p; be m;.

m_q
Since gcd(h,m—) =1,if ¢ =1thend; =a—0b. Let S = {i:¢; =
1},T: {j . Cj = O}

Consider, ¢(hg) = H Cl+d H o(p 1+a b H ¢(p?j), then

i=1 €S jer
a—bj
1+a—b; d;
> =[Iswi* " > 1605
glzm1 i€S JET j
o d;j=0
gcd(h,““fg’l):l
a—b]‘
By interchanging summation and product and simplifying Z qb(p;-lj) we
d;=0
get,
Z hg) H¢ 1+ab quj(ab qulab qujab
g‘mmf—l €S JET €S JjeET
ged(h,Zo=1)=1

fg
Further by using the formula for Euler-phi function of a polynomial we get,

> quﬂ“ TT@™ 1) = g™ 7 g(h).

z 71 €S

-1

gl

O

Remark 4.1. Note that Lemmas 2.2 and 2.3 from [18], originally stated
for positive integers, can be extended to the polynomial setting by using
Lemma 4.1.

Lemma 4.2. If u is an irreducible polynomial over Fy[z] of degree n, then
l+1)
Z o(u ) for any positive integer .

Proof.
l
Do) =1+ () + 6(u?) + -+ + ()

In(n
- q¢"(¢" -1
=14 (" =D+ (@ = ")+ + (" —q" ””)qu”:%

qn(l+1) _ qln ¢(ul+1)

-1 o)

O

S. D. Cohen [18] provided a characteristic function for elements with a
specific multiplicative order. Motivated by this, we derive a characteristic
function for elements with a specific Fy-Order. Let 7y be the characteristic
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function for elements with Fy-Order f. For any f € Fy[z] dividing 2™ — 1
and a € Fym,

(@) 1 if Fg-Order of a is f
o) =
0 otherwise.

Theorem 4.3. Let f(x) be a divisor of 2™ —1 of degree n over Fy[x]. Then,
for any o € Fgm

f) p(h)

g 2 2@

h\f glz"}—l hg
ged(h, =71 )=1

where the inner sum is running over all the additive characters of Fq-Order
hg.

Proof. Let k(z) be the Fg-Order of .
Case 1: k(z) = f(x)
Then, by using theorem 3.2,

( )~ H(h) gh ¢(gh)
i) = o 2\ geign = o
h|f g|zo—1 T ¢ ———m
ged(gh, =)
ged(h,Z f—l) 1
Since ged(h, 25 1) =1, ged(hg, 2%~L) = g. Thus the above equation re-
duces to,
u h b(gh)
h,lf g xrnf—l
ged(h w7;;1):1

By using lemma 4.1, the above expression becomes

¢>(f Z(u h))? T (h) = %qunz ((h))?

hlf hlf o(h)

_ ) mon d"
= m q
q o(f)
Case 2: k| fand k # f
Then, by theorem 3.2,

=1.

2)
u(h) h h
S S
h h 2™ _1 ng(gh’7 k ) 7}1
|f g‘T ¢) ged(gh, Ln Ly
ged(h, = =)=1
Let z™ — 1 = (p1(x)p2(x) .. -pr(x))a = PPy bk = pldpg D
and h = p1ps...p;. Since ged(h, zfg )=1,g=p"" S b’plfll coople

As k | f,Cl' sz Vi.
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_ wh) gh o(gh)
Let Sy, = (1) ;l 0 ( ’zmk1> ) ( " ) .

|2 T
ng(ghsz

ged(h, 2 )=1

Suppose ¢; < b; Vi, then ged(gh, %) = ged(pi~tt. T b’“p?_l:ll. e paer
T = g
Thus, by using lemma 4.1, S}, = % Z d(gh) = p(h)g™ ™.
gl=
7o )=

Now, for any u(x) # p;, 1 <4 <1, Sy + S, = 0. Thus, ny = 0.

Suppose c1 =by,c0=0bg,...,¢c;=0b; for 1 <7<, then
-1 —b d
ged(gh, ) = ged(pi” L e T p )
a— b1 a—b; a— bi+1+1 a—bj+1_di41 d, gh
=p .p; P --D p Py = -
1 Z(h) i+1 1 I+1 r¢( %1102 D
H g
Now, Sj, = w(pip2 - .. pi)
o(h) lzm:l Volpipa- .. pi)
9T

ged(h, 2 f;1)=1

_u(h)p(pip2 - .. pi)
— o(h)(pip2 - .- pi) ; ¢(gh).

1)
:U“(h):u(pIPQ -Di ) m—n
o(halpipa . p T

Now, for any u(x) # p;,1 < j <1, Sup =
—Sp. Thus, S + Sy = 0. Thus 7y = 0.

By lemma 4.1, S, =

p(uh)u(pips - . . pi)
d(uh)p(p1p2 - . pi)

P(uh)g" ™" =

Suppose, ¢1 = by, ca = ba,...c; = b; for | < i < r, then ged(gh ) =
b b+l d . b b 1 d
LI e g S S St
h
_ 9% Further simplifying as above, we get n; = 0.
pip2---pi
Case 3: k1 f

Then there exists an irreducible polynomial «(z) such that [ is the highest
power of u dividing k and u' does not divide f.

Let a be the highest power of u dividing ™ — 1, r be the highest power of
u dividing f and h, g be fixed with u { g, h square-free. Let,

gh P(gh)

Sg_u(gcd(gh, a:mkl)) < gh )
¢ ]

xm—1
ged(gh, &

d’f‘_

)_
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i=0 i=0 __ulgh
ged(utgh, “"771 )

Suppose p 1 h then, ged(u'gh, I";;l) = ulged(gh, zmkfl) for0 <i<a-—1
and ged(u'gh, zmkfl) = uged(gh, zmkfl) for a =l < i <a—r. Thus,

a—rTr a—r i h i h
Consider the sum, S = Z Syig = Z” ( T uz ﬂn_l)) p(u'gh) '
ged(ugh, Tk d) ( J )

a—l .
_ o(u')p(gh)
S_ZZ(;M (gcd(gh o ‘1)> s oh
ged(gh, £571)

+ ety gh > 6(u)p(gh)
az:l 1 . (ng(9h7 ) j—a+l gh
et olu ) ged(gh,Z5=1)
¢(uafl+1)

_ gh ¢(gh) u W) uoly
M(gcd(gh,f”{l)> y —— [+ 400 4+ ™) - 2y

ged(gh, £571)

By lemma 4.2, we get S = 0.
Suppose u | h, as ged(h, %) = 1,u*"" must divide g, but u{ g,7 = a, a
contradiction as 7 is the highest power of u dividing f and r < [.

Thus, ny = 0.
Also, suppose u | g, then g = w/t. Then we replace g by t and by same
procedure as above we get ny = 0. g

Theorem 4.4. Consider the field Fgm, for any o € Fgm, and non-negative
integer k < m,

— f) p(h _J1  dfais k—normal
Grl) = Z Z h) |zzm:1 thX(a) - {0 otherwise
g

flam—1 hlf
deg(f)=m—k

ged(h,E==1)=1

’fg

is the characteristic function for k-normal elements.

We use the fact that an element o € Fym is k-normal if and only if degree
of Fg-Order of « is of degree m — k, and the theorem 4.3 for proving the
above result.

We now present a result that relate the Fy-Order, additive characters,
and the Euler phi function, in analogy with the integer setting discussed in
[13].

Proposition 4.5. Consider the field Fyn overFy, for any divisor g of x™—1,

S 1Y x(fea) =g D o)W (g),

f€Fq[z] 9
deg(f)<m

where a is normal element over the field and inner sum is running over all
the additive characters of Fy-Order g.
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Proof.
g ?(g)
X(foa)|= 1
fG]FZq[w] |§ el fE]FZq[w] | (ng(g’f))|¢(gcdf]g,_f))
deg(f)<m deg(f)<m
2
(Gatip)
=dg) >, g
JEF,[x] ¢<gcd(g,f))
deg(f)<m
(1(%))”
DI D DR
dlg d heF,[z]
deg(h)<m—deg(d)
ged(h, 9)=1

By applying division algorithm for h and 4, h is of the form 9s + ¢ with
ged(k,t) =1 and deg(s) < m — deg(g), then

o= Y 1=9¢ (%) g™ des(s)

heFq[x] g5+t
deg(h)<m—deg(d) (4,6)=1
ged(h,g)=1 deg(d)<m—deg(g)
2
n(d) m—de
Ths, 3 | atoa) = ol 3 D 6 (4) g
J€Fq[2] 9 dlg d
deg(f)<m )
= 0(9)g" DY (u(D))” = élg)g" W (g). O
dlg
CONCLUSION

In this work, we explored the sum of additive characters over finite fields
by organizing them according to their Fg-Order. We derived a general for-
mula for such sums, which serves as an additive analogue of known results
involving multiplicative characters. As direct applications, we obtained a
formula for the Mobius function of polynomials and constructed a char-
acteristic function for k-normal elements. Additionally, several identities
traditionally formulated for integers were successfully extended to the poly-
nomial case, demonstrating the depth of analogy between number-theoretic
and polynomial-theoretic structures. These results offer new tools and per-
spectives for further study in finite field theory and its applications in coding
theory and cryptography.
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