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ON A GENERALIZED RECURRENCE FOR DEGENERATE BELL
POLYNOMIALS ARISING FROM BOSON ALGEBRA

DAE SAN KIM, TAEKYUN KIM#*, KYO-SHIN HWANG, AND JONG-JIN SEO*

ABSTRACT. This paper presents a novel Spivey-type formula for degenerate
Bell polynomials, ¢, ,, 5 (), extending a foundational identity derived by Spivey.
We derive the generalized formula for the degenerate Bell plynomials using the
algebraic properties of Boson operators. This result generalizes both the Spivey-
type formula for standard Bell polynomials (as A — 0) and the original Spivey
identity (as A — 0 and 7 = 1), thus providing an alternative proof for an identity
recently established through generating functions and other operator methods.

1. INTRODUCTION

The Bell numbers, ¢,, count the number of partitions of a set with n elements
and hold fundamental importance in combinatorics, probability, number theory,
and quantum field theory. While several recurrence relations and identities exist for
these numbers, the derivation and establishment of effective new formulas remain
an active area of research. A cornerstone development in this field was the remark-
able identity derived by Spivey [17] using a powerful combinatorial method. This
identity relates the (n + m)-th Bell number, @4, to a double summation that in-
corporates the Bell numbers of lower order, ¢, and combinatorial weights derived
from binomial coefficients, Stirling numbers of the second kind, and exponents.
This identity is given as:

(l) ¢n+m = Z Z {}7} <Z>jn_k¢ka (m7l’l Z 0)

j=0k=0

Since its initial publication, the identity in (1) has spurred extensive follow-up re-
search, establishing an entire class of ‘Spivey-type recurrence relation’ [4,7,9,10].
Especially, for g-analogues of Spivey’s Bell number formula, we let the reader
refer to [2,3,13]. This resulting body of work has successfully extended the orig-
inal formula to encompass various generalized combinatorial objects, including
r-Whitney and degenerate Bell numbers, providing new sum formulas, combina-
torial interpretations, and proofs for these generalizations.

In this paper, we prove the following Spivey-type formula for degenerate Bell
polynomials using Boson operators a and a' satisfying the commutation relation
[a,a"] = aa" —a’a=1:

@ ouna0=L {7} (1) 0 mesarlas. el

k=0
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We note that (2) gives the Spivey-type formula for Bell polynomials as A — 0:

m n
w0 = X 3 {7 (1) 00000, ee 67,
=m0 L) \k
and the Spivey’s formula in (1) as A — 0 and r = 1. Recently, Kim-Kim derived
Spivey-type formula for degenerate Bell polynomials using other methods than the
Boson operators, namely from generating functions and the operators X and D
satisfying the commutation relation DX — XD = 1, where X is the multiplication
by x operator and D = ix As general references of this paper, the reader may refer
to [1,14,15]. For the rest of this section, we recall what are needed throughout this
paper.
For any nonzero A € R, the degenerate exponentials are defined by

oo k

G0 =Y Wagy el =eht). (seel7.8)),
k=0 :

where the degenerate falling sequence is given by
(®oa =1, ()2 =x(x=2)--(x=(n=1)4), (n=1),

and satisfies

L (n
® s =Y (1) Oz 020,
1=0
The degenerate Stirling numbers of the second kind are defined by
n
“4) (=Y, {Z} x)k, (n>0), (see[6,7]),
k=0 2
where

X)o=1,(x) =x(x—1)---(x—(n—1)), (n>1).

Note that
lim{H ="
o \kf, T kS
where {Z} are the Stirling numbers of the second kind given by

xn_i"{Z}(x)k, (n>0), (see[ll,12]).

k=0
The degenerate Bell polynomials are defined by
L [n
) 0 (0)=Y 1,1 & (0=0), (see[6,7]).
k=0 kfy

Whenx =1, ¢, = @, (1) are called the degenerate Bell numbers.
Note that

lim 9, (x) = 6, (x)

where ¢, (x) are the Bell polynomials given by (see [6,16])

90 (x) —kgo{’,j}x*
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When x =1, ¢, = ¢,(1) are called the Bell numbers.
From (4) and (5), we note that

x(ej (1)— 3 "
e (ea(r)=1) :,;)(pn,l(x)aa (See [677})

2. SPIVEY-TYPE FORMULA FOR DEGENERATE BELL POLYNOMIALS
REVISITED

The boson annihilation and creation operators a and a' satisfy the commutation
relation given by

(6) [a,a'] =aa’ —a'a=1, (see][5,8,11,12,14]).
The Fock space is defined by the basis {|n) | n=0,1,2,...} such that
alny=+vnln—1,) and a'|n)=vVn+1|n+1).
Thus, we get
dlalny=nln), n=0,1,2,..., (see[12]).
The coherent states |z), where z is a complex number, satisfy
alz) =zlz), zl|z)=1

To show a connection to coherent states, we recall that the harmonic oscillator has
Hamiltonian 7 = a’a (neglecting the zero point energy) and the usual eigenstates
|n) (n € N) satisfying

Alny =n|n) and m|n) = S,
where 8,,, is the Kronecker’s symbol (see [12]). From (6), we have

) (@'a),, = Z {Z} (@ Ydk, (n>0), (see[5.8,11,12,14]).
k=0 A

For k € N, by (6), we get
[a,(a")] = a(a") — (a")'a
=a(a)* = (a"aa" + (a")* taa" — (a"ra
® ,
= (a(aT)k*1 — (aT)kfla) a +(a")* Y aa" —d'a)
= [a, (@’ a" + (a") 1
From (8), we note that
la, ("] = [a, (@'} "]a" + (a") ! = [a, (") ?)(a")? +2(a")*!
©) =[a,(a") 7))’ +3(@") " = -
= [a,a’) (@) + (k= 1) (@) = k(a")
For k € N, by (9), we get
(10) [a,(a")] = k(a")* 1.
We note that
an al0) = 0.
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By (11), we get
[a. (@")10) = a(a")* — (a")*al0)
(12) = a(a")*|0) — (a")"a|0)
= a(a")k0).
From (10) and (12), we have
(13) a(a")|0) = [a,(a")"]|0) = k(a")*"110), (ke N).
Thus, by (13), we get
d“(a")'|0) = a*a(a")'|0) = 1"~ (a")""1|0)

(14) =1(1—-1)d"*(a")7210) = 1(1 = 1)(1 = 2)d" (") |0) =
I
)

-1 I—k+1 K10y = ———(a") 0
= U= 1) (ke ) a!) H0) = @) ),
where [,k € N with [ > k.
Remark 2.1.
d“(a"'0) =0, ifk > 1.
From (14) and Remark 2.1, we have
o ] o [ |
koxa oy — N Xk gy - v yI—k

(15) .
:xkz (@ Hj0) = xke™ |0).

=0
By (5) and (15), we get

M:

(a+a)n,/l e |0) =

~
Il
=}

T
(=]

16)

I
M=

I
7=
—

~
Il
=3

Therefore, by (16), we obtain the following theorem.

Theorem 2.2. For n > 0, we have

a7 9 (xa")e'|0) = (aa), 2 |0).
From this, we get

9,,1(1)¢']0) = (a"a),,2¢'10).
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For k € NU {0}, by (10), we get

(a'a)(a")* = a'(a(a")) = a' ((a")'a+k(a") ")
= (a"*(a'a+k).

From (3), (7) and (18), we note that

(18)

(@' @y = (a'a—mA) 2 (@' @)z = (a'a—mi)uy Y {’"} (@Yo
A

I
™=

~.
Il
o

{m} (a'}'a —mA), 2 (a"')jaj
J) '
(19)

I
™s

~
Il
=}

{”?} (@Y (a'a+j—mA), 1/
il ’

£2 {1, (1),

0k=0

3

Therefore, by (19), we obtain the following theorem.

Theorem 2.3. For m,n > 0, we have

20)  (a'@)yinp = ZZ{ }l()J mA)—ia(a’) (a'a)pal.

j=0k=0
By (15), (17) and (20), we get

T xa®
(@'a)pimae™ |0)

N Z Z{ } ( )(] mA )i (") (@ta) ale |0)
(), (=i anse'o

2n

uMs HMS |

i1
LET ()0 sataVoasate o,

On the other hand, by (17), we get

¥ i
22) (a"@)4m2 € |0) = Grimp (xa")e™ |0).
Therefore, by (21) and (22), we obtain the following theorem.

Theorem 2.4. For m,n > 0, we have

Ouima (xa")e™ |0)

S5 R {0 (2)u-mhcatoa o ae o,

j=0k=0

(23)

From (23), we get

rinaloa) = 3 3 {7 } (1) m)n-a oV a.
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From this, we obtain the Spivey-type formula for degenerate Bell polynomials:

m

dama@)= LI} (1) =m0 ceele )

3. CONCLUSION

The derivation of the Spivey-type formula for degenerate Bell polynomials us-
ing Boson operators successfully demonstrates a powerful application of quantum
mechanical formalism to problems in enumerative combinatorics. This approach
provides a unique and effective algebraic framework for generalizing established
combinatorial identities. The resulting formula encompasses key existing results
for Bell polynomials and Bell numbers as special cases, reinforcing the identity’s
significance. This work not only complements recent derivations by other methods
but also establishes the utility of Boson calculus as a versatile tool for proving and
discovering new Spivey-type recurrence relations for generalized combinatorial se-
quences.
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