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EULERIAN ¢-INTEGRALS AND FINITE MEROMORPHIC
CONTINUATIONS FOR ¢-APPELL AND THEIR
CONFLUENT FUNCTIONS

THOMAS ERNST

ABSTRACT. The purpose of this article is to continue our studies on mul-
tiple g-hypergeometric functions by proving more Fulerian g-integrals
for the g-Appell functions. By using the formula for reversion of a finite
g-hypergeometric series we can prove corresponding reversion formulas
for three finite ¢-Appell functions. These formulas are, in fact, mero-
morphic continuations, since g-hypergeomtric functions have an infinite
number of poles and zeros. First, however, we state the corresponding
Appell function reversion formulas. Also confluent forms with the Euler
g-exponential function are proved.
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CONTENTS

1. INTRODUCTION AND BASIC DEFINITIONS

The classical theory for the hypergeometric functions and basic hyper-
geometric functions (or g-series) are important and well-known. There are
many extensions of this classical theory, for example, by H.M. Srivastava [?]
and by H. Exton [?], [?].

This paper is part of a series of papers on multiple g-hypergeometric
functions. The other papers were about g-difference equations, g-integral
representations [?], meromorphic continuations [?] and other solutions to
corresponding systems of g-difference equations [?]. The general approach
by Karlsson for multiple hypergeometric functions leads to proofs with a
common notation, which simplifies the understanding of the long formulas.

The paper is organized as follows: In section 7?7 we repeat the definition of
the Kampé de Fériet function together with the necessary g-calculus from [?].
In section ?? we define the pertinent multiple ¢g-hypergeometric functions. In
section 77 we prove variants of Eulerian ¢g-integrals for ¢g-Appell functions. In
section 77 the reversion formulas for meromorphic continuation are proved.
Finally, in section ?? we shall state corresponding formulas for the confluent
functions.
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First, we repeat the definition of some confluent double functions and of
the Kampé de Fériet functions according to Karlsson. We now repeat some
notation from [?]. The sign = denotes a definition and = denotes a formal
equality. In many formulas we put B = )" | b; etc..

Definition 1. The Pochhammer symbol is defined by
n—1
an = H(a—i—kz). (1)
k=0
Definition 2. The confluent double hypergeometric functions are [?]:

o0

. — (a)m1+m2(b)m1 mi _mo
Babiconm) = 3 (rmytmgmrtmal 2 (2)

ml,m2:0
|$1| < 1, \x2| < 00,

o

. /. _ (a)m1+m2(b)m1 mi _.mao
\Ill(aa b,C,C,Il,Z‘Q) = Z (C)ml(C/)QOllmQ!xl Ty~

m1,ma=0 (3)
|.1‘1| < 1, ‘ZEQ‘ < 00,
= (a)
Uo(ase, s a1, 20) = Z i Mgl
T e (i (Dmgmalmal T T (4)

|z1] < 00, |x2| < 00.
Definition 3. [?, (24), p.38]. Denote by
A,B,G,H.
the lengths of the vectors

(a), (b), (9), (R)
Let
1+B+H—-A—-G>0.

Then the generalized Kampé de Fériet function is defined by

ac | (@) :(g);- 5 (gm) |=| — (@), ITj= ((gj))mj x;nJ
w0 i) ] = 2 ) T oy 1

The notation will be explained in the corresponding g¢-series definition.

()

Definition 4. Let 6 > 0 be an arbitrary small number. We will always use
the following branch of the logarithm: —m 4+ § < Im (logq) < w+§. This
defines a simply connected space in the complex plane. In the whole paper,
lq] < 1.

The power function is defined by

qa = ¢t log(q). (6)
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The following notation, similar to EXP for ¥, is often used when we have
long exponents, since otherwise the right hand side would be difficult to
read.

Definition 5.
QE(z) =¢". (7)

Definition 6. [?, p.19] The g-analogues of a complex number a, a natural
number n and the factorial are defined as follows:

1—¢%
{a}q = 1 _ q 9 q S C\{Oa 1}7 (8)
{n}q = qu_lv {O}Q = 07 q € C\{Oa 1}7 (9)
k=1
{n} ! = H{k‘}q, {0}, =1, ¢ € C\{0,1}. (10)
k=1
Definition 7. The g¢-shifted factorial [?] is defined by
n—1
(aiq)n = [J(1—q"™). (11)
m=0
Sometimes we also use
n—1
(a:)n = [] (1= ag™). (12)
m=0

There are three other types of ¢-shifted factorials [?]: in the equations (?7)
to (?7?7) we assume that (m,[) = 1.

C
Definition 8. In the following, Z will denote the space of complex numbers

modlgm . This is isomorphic to the cylinder R x 2™ § € R. The operator
g q

. C C
A
is defined by the 2-torsion
i
a—a+ ogq’ (13)
By (7?) it follows that
n—1
(@ahn = [0 +a"™), (14)
m=0

where this time the tilde denotes an involution which changes a minus sign
to a plus sign in all the n factors of {a;q),. Furthermore we define

—_—

(a;q)n = (@3 q)n- (15)
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The generalized tilde operator

=

Nl A
1
NI

is defined by

2mim

llogq’

We also need another generalization of the tilde operator.

a—+

(16)

N
—

n—1
n = qz(“+m) (17

m:0

@
Il
o

Formula (??) is used in (?7?).

The following, simple congruence rules [?] are easily proved. The first
formula follows because of the linearity in (??)). The second equation is a

consequence of the fact that we work modligiq. The third formula follows

since the left hand side is multiplicative and @ is a multiplication with %
The fourth formula follows by g-exponentiation of (?7)).

Theorem 1.

;Y-L\/ ’VYL/_\/ 2 )
Fatb=T(a+bh) <mod 10;), (18)

n —_—

2
T +ap = z:tak <mod 7”) (19)

— log ¢

m. o~ 7%(1\71/1 2m (20)
— xXa=2— |m
l l log q

QE(T%) = QE(a)e 1", (21)

Definition 9.
k—1 -
_ . B A+m. A+m.

We also use the notation A(g;k;\) as a parameter in ¢-hypergeometric
functions.

If A is a vector, we mean the corresponding product of vector elements.
If X is replaced by a sequence of numbers, separated by commas, we mean
the corresponding product, as in the case of ¢-factorials.

The last factor in (??) corresponds to k™.

With this notation, ¢-hypergeometric function- and hypergeometric func-
tion equations become very similar.
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Definition 10. The ¢-derivative is defined by

790@) — go(qx)’ when ¢ € C\{1}, z # 0;

(1—q)
(Dgp) () = g—i(x), when ¢ = 1; (23)
al—i(())7 when z = 0.

Definition 11. The g-integral is the inverse of the ¢-derivative.

b b a
/ £t ) d(t) = /O £(t,q) dg(t) — /0 f(tq)dg(t), abeR,  (24)

where
/0 " Ftq)dy() = a(l— ) S flag )" 0< gl <1, a R (25)
n=0

Definition 12. We shall define a g-hypergeometric series by

prdesr | 50 lasal) 0 | =
(@1 @k - - (ap; O [(_1)%(;)} v 1L k) (26)
o (Lbs k- (brs @k [1;9i(k)
where
Azavav%vkavA(q;l;A). (27)

In case of A(g;1; A) the index is adjusted accordingly. It is assumed that the

denominator contains no zero factors, i.e. by # —I + %Tg’;i, k=1,...,rl,mé€

N. We assume that the f;(k) and g;(k) contain p" and 7’ factors of the form

(a(k); @)r or (s(k);q)r respectively. In a few cases the parameter @ in (?7?)
will be the real plus infinity
(0 < |g| < 1). They correspond to multiplication by 1.

Theorem 2. (A g-analogue of [?, p. 42(3)] and of a corrected form of Slater
[?, p. 48 (2.2.3.2)]). Reversal of a finite q-hypergeometric series. Assume
that () and (B) are vectors of size A. Then

A+104 { (a)(:ggm 'Q;Z}

_ <(Oé)7 q>mq7m27m (_Z)mA+1¢A |: 1 _1 (_/3)((1_) T?T;m q; q1+m+2i /Bi_aiz—l

(28)
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2. DEFINITIONS OF MULTIPLE g-HYPERGEOMETRIC FUNCTIONS

The following definition, like in the one-varible case, allows easy limits for
parameters to Foo.

Definition 13. [?, p.367 f]. Let the vectors £ and ¢ have lengths n. To
simplify notation for the g-exponential, let m denote m V k. In these cases,
m does not equal > m;. Let the vectors

(a), (b), (9:), (ha), (a'), (V). (gi), (h)
have lengths
A, B,G;,H;,A'", B",G}, H..
Let
1+B+B +H;+H —-A-A -G, -G, >0,i=1,...,n

Then the generalized g-Kampé de Fériet function is defined by

:(.QZI);‘”;(gn) |Cff|| ( ,) (gll) (g
S(ha)ee s (hy) T () s (R);e s (R

> {(); 0)m () (a0, 1) T2 (4095 5, () g R)25)
= () 0)m () (0. 8) Ty ((): 05 m, (1) (a5 ) {15 ), )

(= 1) g (W Hy 4 1= Gy =G+ B B/ A= Af

QE ((B+B’ —A-A) @)q())
j=1

A+A"G1+G;...Gn+GY,

<I>B+B’:H1—‘,-H{;.‘.;Hn—i—H,’L

) x

(29)
where
G=aVvaVvTaVeaVA(glN). (30)

It is assumed that there are no zero factors in the denominator. We assume
that (a’)(qo, k), (9})(g5, k5), (b')(q0, k), (1;) (s, k) contain factors of the form
(a(k); @)k, (550K, (5(k); @)x or QE (f(1)).

The numbers in front of the colon denote the number of ¢-shifted factorials
with index m + k in numerator and denominator. The numbers after the
colon denote the number of g-shifted factorials with index m; in numerator
and denominator. Equally, the numbers after the semicolon denote the
number of ¢-shifted factorials with index k; in numerator and denominator.
We can skip G if it is equal to G for two variables etc. Every oo corresponds
to multiplication with 1.
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Definition 14. The ¢-Appell functions are defined by [?]

<I>1(a-b b’.ClQ‘ZIIl [EQ) = i <a;q>m1+m2<b; q>m1 <b/;q>m2 xmlxg@
m1,mz=0 <1;q>m1<1;Q>m2<C;Q>m1+m2 ! (31)

max(|z1], |z2]) < 1.

2 (@ D mame (0@ my (V5 @
Po(a;b, b, d|q; w1, 22) = L2 ! 2 x"Mgpl?
2 (15 @)y (1 @mo (€3 Qs (5 Dy + 72

m1,m2=0
|$1| Dyq |ZL‘2| < 1.
(32)

{3 @) my (@5 @y (B3 @)y (V5 @)
(1)3(a7al; b7 b/;c|q;x1,x2) = : 2 : 2$m1$m27
Z (L) my (15 Qo (S Qi tms - 2

mi,ma2=0
max(|z1], |z2]) < 1.
(33)
- (a; q) (b; )
Dy(a; b; e, |g; 1, 1) = PAmatme AL Ay g gme
ml%;_o (L @) (13 @ (63 Doma (3 @y~ - 2

|\/ZL‘1| Dq |\/:E2| < 1.

(34)

Definition 15. Three confluent double g-hypergeometric functions [?], [?]
are defined by

o0

. b
Ti(a;bclgz,z2) = > T <>a’ qg{’fﬁmgcf Q§m1 aM ',
m1,ma=0 5 q mi yq mo ' 4 mi1+mo (35)
lz1] < 1, |(1 — q)z2] < oo,
oo
(@; @)my+ms (03 @)
Uy (a;b;c,c|q; oy, 22) = 1m2 1 Mg,
ml%;_o (1 @iy (13 Qo (63 D (5 @y + 2
lz1] < 1, (1 — q@)a2| < oo,
(36)
- (a;9)
Uo(a;c, d|g; a1, 22) = s Mg
ml%_o (15 @) (L3 @hma (65 @y (5 @)my + 2

(1= q)x1| < o0, (1 —q)za] < oco.
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3. VARIANTS OF EULERIAN ¢-INTEGRALS FOR ¢-APPELL FUNCTIONS

In this section we shall prove variants of Eulerian g-integrals for g-Appell
functions. Proofs are given by using the following formula for multiplicative
substitution in ¢-integrals

Lemma 3. [?, (6.64)] Linear substitution in a q-integral.

| 0 o =a [ pata) a0, (39)
Definition 16. The I'; function [?] is defined by
idloo (1 _ g)1-= if0< g <1
Ty(z) = {g;;g&gi v o “ (39)
G (a=1) 72, if g > 1.
Definition 17. [?, (7.54)] The g-beta function is defined by
Ly(2)Tq(y)
B, (z,y) = L2 a\Y), 40
Theorem 4. [?, (7.55)] Let R(x) > 0. Then the g-Euler beta integral is
given by
1
By(,y) E/o " qt; q)y—1dy(t), y #0,—1,-2,.... (41)

Theorem 5. A new g-FEulerian integral transformation for the first q-Appell
function and a g-analogue of [?, (A.1.2.34)].
Bq(87 b— 8)(1)1(&7 S, blv C|Qa &£, y)

~ ! s—1 / (42)
=/ 7 (qt; @)p—s—1P1(a, b,b; clg; xt, y) dg(t).
0

Proof. Use formula (?7). d
Theorem 6. A g-analogue of [?, (3.13)]:

Bg(s,b— S w1 ® (a5 8,85 clq; uw, v)
(43)

w
= /0 5 w5 (gtw ™ @)1 @1 (a3 b, Vs c|q; ut, v) dy ().

Proof. By using the above formulas we have
By(s,b— s)wb%@l(a; s,V clg; uw, v)
by(?7) b—1 ! s—1 /

= w / 7 (qt; @)p—s—1P1(a, b, V'; c|q; uwt, v) dy(t) (44)
0

by(?7)

This equals the left hand side. O
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Theorem 7. A g-analogue of [?7, A.1.2.61].
1
/ t/ 71 (85 @)g—1P1 (a3 b, clg; b, ty)dyg ()
0

~ f9 91 | fra:bb
_Fq{fJFg P20 f+gc:-

Proof.

! a; @) mn{; Q) (V' @)n
/ tfil(tq;q)gfl Z { -q> + <1'Q> ( §> xmynthrndq(t)
0

by[?,(7.55)] i (a; @) mtn(D; @) (b

sOn mon f+n+m,g (46)
: xyrq{f+g+n+m]

by[?,(1.46)]
This equals the right hand side. ]

Theorem 8. A g-analogue of [?, (3.14)]:

By(s,a — s)w" 11 (s;b,V; c|g; uw, vw)
~ s s—1, a—s—1 -1 / (47)
= Tw (qtw™"; @)a—s—1P1(a; b, s clq; ut, vt) dy(t).

0

Proof. Use formulas (??7) and (?7). O

Theorem 9. A g-analogue of Feldheim [?, (14)] and Exton [?, A.1.2.60].

1
/tf_l(tq;q)g—1<1>1(a;b,b’;flq;t%ty)dq(t)
0

f (48)
~ ) /
o~ F (P . . . .
Q|:f+g:| 1(a7b7b7f+g|Q7x7y)
Theorem 10. A g-analogue of [?, (3.15)]:
By(c,s — )w* 1@y (a; b, b; 5|q; uw, vw)
~ v c—1, s—c—1 -1 / (49)
= / T w (qtw™"; q)s—c—1P1(a; b,b; ¢lg; ut, v) dy (t).
0
Proof. Use formulas (??) and (?77). O

4. FINITE REVERSIONS OF THREE q—APPELL FUNCTIONS

Earlier in [?], we proved meromorphic continuations of several non-terminating

g-hypergeometric functions. As usual in ¢-calculus, the finite function for-
mulas are different. Therefore, we shall prove three ¢-Appell function finite
reversal formulas, one of which is a g-analogue of a formula by Brychkov
and Nasser. First we present the two finite reversions of Appell functions
F1 and Fy. Their proofs are relegated to their respective g-analogues.
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Theorem 11. Finite reversion of Fy.

b) Ly
Fi(—n;b,b; ¢ :(—n— "Fi | -n;1l—c—n,b;1—b—n;—, =
1( n;o, 70,33;19) (C)n( ZL‘) 1( n; Cc n,o; n; I’ I’)
(50)
Finite reversion of Fs.
o _(b)n np2:0:1 | =y l—c—n:sb |1y
FQ(—n,b,b,c,c,x,y)—@(—x) Fl:O;l |: 1_b—TL,CI ;7_5
(51)
We need the following lemmas for the proofs
Lemma 12.
<b§ q>n—k _ <b (]> _1)k
1-b— k; 1-b—
< n+ 7q> < >k+l (52)

x QE <<;€) +k((1bn)> , n>k.
Lemma 13.

(b+niq)(l—=b—njqn k .
0—b-n—Tgrm ”QE<Q>+M®+ O. (53)

Proof. Use formula [?, (6.14)]. O

We start with the first ¢-Appell function.

Theorem 14. The reversion of the finite first q-Appell function and a q-
analogue of (77) is given by

b' n —n2_n
Dy (—n; b, 0 clg; . y) = b:g) (—2)"q
(¢ q)n
1 (54)
><‘I>1< 1 —c—n,b;1—b—n|gqgtetnb= ,ql_bg>.
T T
Proof. The left hand side equals
n
(=n, V5 9k 4 {b,—n—i—k ‘ }
TR q;T

;_0 (1,6 q)k ¥201 ct+k

n n—=k
by (?7) 5 (=1, 05 Qr(b; )n—r(—n+k,1—c—n;q)

== (Lagrlet kgni(l,1—b—n+kq)

B2+ (n—k
x ykr~l(—2)"FQE <l(1 +c+n—0>)— (n = k) ;_ (n )> (55)
n k
by(2?) (b5 @)n o NN
- <C'q> (—x) Zzy T
VA k=0 1=0

(=13 @)1V @) (1 — ¢ — m5q)
(L) e(159)(1 — b — 15 Q)

QE(l(1+c+n—0)+k(1—-0)).
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This equals the right hand side. O

Theorem 15. Reversion of the finite second q-Appell function and a q-
analogue of (77).

b' —n“—n
Dy (—n; b, 05 ¢, g 2,y) = écf Zi"(—x)”q
9 n
(56)
@2:0;2 —-n, l—c—n: 3 b/’ e ; _q1+c—b+n_ _ c—b—i—ny
1:0;1 1—-b—n:-c ’ x’ x|’

Proof. The left hand side equals

C

i (—n, b5 @)k b { b,—n+k

.
n

n n—k
bYQ?) Z <_n7b/aq>k<b7 q>n7k<_n+k71 —C—Tl—l—k, q>l
= (L On-n(lL,1—b—n+kq)

n2+k2—2nkz—|—n—k>

x yFrH(—z)" "k QE <l(1 +ect+n—k—0b)—

2
—k
by2x(77) (b; q)n e e I k
= () Y PR (=)
& d/n k=0 1=0

Vi )u(l —c—n;q)pp
Lg)i(l —b—n;q)kp

QE(l(1+c+n—>5)+k(c—b+n))

(57)
This equals the right hand side. (]

Theorem 16. Reversion of the finite fourth q-Appell function and a q-
analogue of [7, (3.8)]:

(b; @)n —n’=n
Dy(—n;b;c,dlg;a,y) = (—2)"q
(¢ @)n
2:02 | —N, l—c—n: E 200 . 1+c—b+nl c+2n—1£
X(b():l;l 1—b—n, J q;4 {L"q |

(58)
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Proof. The left hand side equals

C

Z <<n7b;q>k Koy [ b+k,—n+k

.

W §y b b+ ki @nr(=n+k1—c—n+kiqy
(Lsqrle; @)n—r(l, 1 —b—n5q)

x ¥z (—2)" QR <1(1 betn—b—2k - W; (n— k)>
k

Ol —=b—n—k; @) r(L;q)i (1, ;)

by2><:(??) (71_)” i ni ykx,k,l(il k <b, q>n+k<—n, 1l—c—n; (I>k+l
=0 =0 {e;q)

(n—k)?+ (n—k)
2

xQE(ll+c+n—b—2k) —0—k:(—b—k:+c)>

by (?7) (b; )n, n (g —'n. -n i —n,1 —c—n;q)
<qu> —0 1 1_b_n Q> <1vcl;q>k
k+1 l
XQE(I(14+c+n—>b)+k(-14+2n+c)+2(— 5 + 5) ]
(59)
Again, this equals the right hand side. O

5. CONFLUENT FORMULAS

We can now obtain corresponding formulas for the confluent (g-)functions
by a simple limiting process. For the g-functions this means letting some
parameters — co. We start with the formulas for 1.

Theorem 17. Four g-integral formulas for Y1 are given by

Bq(37 b— S)Tl(av S5 C|qa €, y)

v (60)
g/ 7 (at; @)o—s—1T1(a, b clg; wt,y) dg(2),
0
By(s,b— s w1 (a, s clg; uw, v)
Y oeml, bes—1 ~1 (61)
= [Tt gt g Yo bl ut ) dy 1),
0
By(s,a — s)w" Y1 (s, b; c|q; uw, vw)
(62)

w
= / ™ (qtw ™t q)ams—1 Y1 (a, bs el ut, vt) dg (2),
0
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A g-analogue of [?, (3.17)] is given by

B,(c,s — c)w* T (a, b; s|g; uw, vw)

R 1 1 (63)
%/ W (gtw  q)s—e—1T1(a, b; clg; ut, v) dy(t).
0

Proof. Let b’ — oo in (77). O
Theorem 18. Finite reversion of the hypergeometric function ®1 is given

by

Oy (—n,b;c;z,y) = %(—x)"@l (—n,l —c—n;1—b—mn; é, %) . (64)

Theorem 19. The finite reversion of Y1 is given by

(b3 @)n ( yn =22
<C;q>n( \'a

x Ty <—n,1—c—n;1—b—n

Yi(—n,b;clg;x,y) =
(65)

1 Y
q;ql-l-c—i-n b_’ql b_) )
x xr

We continue with the formulas for ;.

Theorem 20. Finite reversion of the hypergeometric function Vq is given

by
. L. _ (O)n . \n}2:0,0 -n,l—c—n ) l Yy
\Ill( nabaCaC,l‘7y)_ C)n( 37) F1:0;1|: 1—b—n : J .’L" x
(66)
Theorem 21. The finite reversion of ¥y is given by
b' —n2-n
i (—n,bie,d|g;z,y) = M(—m)"q 2
(¢;q)n (67)
% $20:2 -n,l—c—mn:+200 | _q1+cfb+nl _qcfb+ng
1:0;1 1—b—’I’LZ';C/ 3 ‘T’ - .

Finally, we state the formulas for Wy, which is obtained by letting b — oo
in @4.

Theorem 22. The finite reversion of the hypergeometric function Vo is
given by

(—l‘)n 2:0;0 —n, l—c—mn: °
(C)n 0:0;1 . . C/
Theorem 23. The finite reversion of Wy is given by

— n —n2-n

(ca)" e

(c;q)n
2| —n,l—c—n: -; 200
1 :

2:0
X ®qo /
0:0 5

3

1
\IJQ(—T[,; C, Cl;x7 y) = ) g:| . (68)

r T

Wo(—n;e,d|gz,y) =
(69)

1
49" =, q
X

c+2n—1Y
T
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6. CONCLUSION

We managed to present our formulas in a systematic way, which has not
been done earlier. It may be pointed out that all three reversions for ¢-
Appell functions begin with the same factor. The third Appell function was
not discussed because of its lack of symmetry. The reversion formulas for
n large do not converge for large values of the variable z, which indicates
analytic or meromorphic continuations. This was not pointed out in [?].

7. DISCUSSION

There is a double Euler integral representation of the second (¢-)Appell
function, which is proved by manipulation with (¢-)I" functions. However,
the limit (in the g-case) b, b’ and ¢ — oo does not work out well. This
formula is therefore not adaptable to these confluences. Our formulas com-
plement the single g-integral formulas from [?]. Observe that the more sym-
metric function, like @1, the more confluent function formulas. We could
have included many formulas for g-derivatives, these were published in our

paper [?].

8. STATEMENTS AND DECLARATIONS

Competing Interests: There are no competing Interests. There are no
financial interests and no funding. There is no Data Availability Statement,
since this is pure mathematics.

REFERENCES

[1] Appell, P., Kampé de Fériet J., Fonctions hypergéométriques et hypersphériques. Paris
(1926)

[2] Brychkov, Yu. A., Saad, Nasser, Some formulas for the Appell function
Fi(a,b,b;c;w, z) . Integral Transforms Spec. Funct. 23 (11)(2012), 793-802 corrigen-
dum ibid. 23 (11) (2012), 863.

[3] Brychkov, Yu. A., Saad, Nasser On some formulas for the Appell function
Fa(a,b;c, c;w, z) Integral Transforms Spec. Funct. 28, (9)(2017), 629-644.

[4] Erdélyi, A. (ed.) Higher transcendental functions. Vol. I. Based, in part, on notes left
by Harry Bateman and compiled by the Staff of the Bateman Manuscript Project.
(Repr. of the orig. 1953 publ. by McGraw-Hill Book Company, Inc., New York)

[5] Ernst,T., A comprehensive treatment of q-calculus. Birkhauser 2012

[6] Ernst, T. Convergence aspects for g-Lauricella functions 1 Adv. Studies Contemp.
Math. 22 (1) (2012), 35-50.

[7] Ernst, T., On the symmetric ¢-Lauricella functions. Proc. Jangjeon Math. Soc. 19 (2)
(2016), 319-344.

[8] Ernst, T. On Eulerian g-integrals for single and multiple g-hypergeometric series Com-
mun. Korean Math. Soc. 33 (1) (2018), 179-196.

[9] Ernst, T., On confluent g-hypergeometric functions, Proceedings Srivastava 80 years,
Applied Analysis and Optimization 4 (3) (2020), 385-404.

[10] Ernst, T., Three algebraic number systems based on the g-addition with applications,
Ann. Univ. Marie Curie, Sect. A 75 (2) (2021), 45-71.



q—Appell functions

[11] Ernst, T., Aspects opérateurs, systemes d’équations aux g-différences et g-intégrales
pour différents types de g-fonctions multiples dans I’esprit de Horn, Debiard et Gaveau,
Operator aspects, systems of g-difference equations et g-integrals for different types of
multiple g-functions in the spirit of Horn, Debiard and Gaveau (French). Algebras
Groups Geom. 39(1) (2023)

[12] Ernst, T., Meromorphic continuations of multiple g-hypergeometric functions. Proc.
Jangjeon Math. Soc. 26 (4) (2023), 443-454

[13] Ernst, T., Formal (¢-)Euler integrals over the unit hypercube and over triangles
in higher dimensions for multiple (¢-)hypergeometric functions. Matematiche 79 (1)
(2024), 3-26.

[14] Exton, H.,Multiple hypergeometric functions and applications. Mathematics and its
Applications. Ellis Horwood Ltd., Chichester; Halsted Press [John Wiley & Sons, Inc.],
New York-London-Sydney 1976

[15] Exton, H., Handbook of hypergeometric integrals. Theory, applications, tables, com-
puter programs. Chichester; Halsted Press [John Wiley & Sons, Inc.], New York-
London-Sydney, 1978.

[16] Feldheim, E., Contributi alla teoria delle funzioni ipergeometriche di piu variabili.
(Italian) Ann. Scuola Norm. Super. Pisa (2) 12 (1943), 17-59

[17] Slater L.J., Generalized hypergeometric functions. Cambridge 1966.

[18] Srivastava, H. M., The sum of a multiple hypergeometric series. Nederl. Akad. Wet.,
Proc., Ser. A 80 (1977), 448-452.

[19] Srivastava, H. M.; Kashyap, B. R. K. Special functions in queuing theory. And related
stochastic processes. New York etc.: Academic Press, A Subsidiary of Harcourt Brace
Jovanovich, Publishers. XII, 308 p. (1982).

[20] Srivastava, H.M., Manocha H.L., A treatise on generating functions. Ellis Horwood
Series: Mathematics and its Applications. Ellis Horwood Ltd., Chichester; Halsted
Press [John Wiley and Sons, Inc.], New York, (1984)

[21] Srivastava, H. M., Karlsson, P.W., Multiple Gaussian Hypergeometric Series, Hal-
sted Press (Ellis Horwood Limited, Chichester), John Wiley and Sons, New York,
Chichester, Brisbane, and Toronto (1985)

DEPARTMENT OF MATHEMATICS, UPPSALA UNIVERSITY, P.O. Box 480, SE-751 06
UPPSALA, SWEDEN
Email address: thomas.ernst9480@gmail.com

253



