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Abstract

We build a continuous analogue for Young diagrams, thought of as
left-aligned stairs, following the line of research initiated by Diaz and
Cano on the construction of continuous analogues for combinatorial
objects.
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1 Introduction

In this work we continue our program to uncover continuous analogues for
combinatorial objects with the methodology introduced in joint work with
Cano [6, 9], and further developed and applied by Cano and Carrillo [5],
Diaz [8], Le, Robins, Vignat and Wakhare [13], O’Dwyer [15], Vignat and
Wakhare [16]. This methodology is based on four main ideas:

¢ It is often the case that a combinatorial object comes with a bijection
with the lattice points of a convex polytope. Of course such a bijec-
tion need not be unique, nevertheless, in some cases it does arise in
a seamless fashion. In any case, our construction of continuous ana-
logues depends on the choice of such bijections.

* There is a deep, albeit subtle, relation between counting lattice points
and computing the volume of a convex polytope. This remark has a
long history, and has been developed by several authors through the
years. For more on this topic the reader may consult Barvinok [2],
Beck and Robins [3], Brion [4], De Loera [7], Ehrhart [11], Guillemin
[12], and the references therein.

* Sometimes a combinatorial object comes with a bijection with the lat-
tice points of a finite family of convex polytopes of various dimensions;
in the construction of the continuous analogue it may be more natural
to consider countable families of such polytopes.
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* Thus, in the positive case where the above considerations apply, the
continuous analogue of the cardinality of a finite set turns out to be
the convergent infinite sum of the volume of polytopes of various di-
mensions depending on some continuous parameters.

In this work we focus on finding a continuous analogue for Young dia-
grams, which are combinatorial objects with applications in the theory of
numerical partitions [1], and in the representation theory of permutation
groups [14], among others. If one thinks of Young diagrams as left-aligned
staircases built with blocks of integral length and height 1, the continuous
analogue considered in this work is left-aligned staircases built with blocks
whose length and height are non-negative real numbers. It is clear that
there are an uncountable number of such staircases, however, we are going
to show that these continuous staircases come with enough structure that
their volume, rather than their cardinality, can be measured.

2 A Continuous Analogue for Compositions

We begin constructing a continuous analogue for compositions within the
settings outlined in the introduction. For the purposes of this work, this
case is of interest primarily as an illustration of the techniques and conven-
tions to be used in other sections.

For = € Ryg, k € Nog let the k-simplex A* C RF be the convex poly-
tope such that (z1,...,2%) € A’; ifand only if 0 <27 <--- <z < 2. The
simplex AF inherits a Riemannian metric from R*, which gives rise to
a volume form, and the computation of integrals. The k-simplex AF is
often given in affine coordinates as the set of tuples (z,...,2) € RE, such
that 2y + .-+ 2z; = z. In such cases we shall always work with C;rtesian
coordinates (zi,...,z;) given by z; = zy + -+ + z;_1. Affine coordinates
can be recovered from Cartesian coordinates as z; = ;41 — x; Where we set
9 =0, 2341 = 2. Welet AY be a single point, from the affine representation
we see that such point may be identified with {z}.

Recall [1] that a numerical composition of length k41 of positive integer
n is a sequence (lg,...,l;) of positive integers such that Iy + -+, = n.
Using Cartesian coordinates n; = lp+---+1;_;, we see that compositions are
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in bijective correspondence with tuples of integers 0 < n; < --- < ni < n.
In other words, compositions are in bijective correspondence with the in-
terior (not in the boundary ) integral points of the convex polytope AF C R*.
2k
We think of the volume vol(AF) = i of A as a continuous analogue
-1

for the number c;11(n) = (n K ) of compositions of length k& +1 of n.
The total number of compositions is given by

n—1

n—1

. . n—1\ .

)= St = (") =2
k=0 k=0

A continuous analogue x(x) for c¢(n) is built from the replacements n >

0 = >0, cpa(n) — vol(AR), SP=0 — S°2° . thus for = € Ry the

function «(z) is given by

= ivol(AlC i7— = " -1,
k=1 k=1 k!

i.e. the continuous analogue for the discrete exponential 2"~! turns out to
be the continuous exponential e* —1. Note that the exponential generating
function of the composition numbers ¢(n) also gives rise to the continuous
exponential function, indeed

(o]

x_" B lz 2x)” 1 (2 — 1) H(QI).

Mg

n'i

3
Il
—

3 Integrals on the k-simplex A

In this section we review some useful facts on integration on the k-simplex
Ak, Just as vol(AF) is though of as a continuous analogue for the compo-
sition numbers c¢;.1(n), we regard integrals of the form

N f(ml,...,xk)dml...dxk = / (/Ak 1f(l‘l,...,:L'k)dl‘l...dxk_1>dl‘k
0 e

as continuous analogues for sums of the form

Z f(ny,...,ng) = Z f(ny,...,ng).

kaAﬁ,open 0<ni<--<ng<n
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Notation: For a = (ai,...,a;), set z% = z{'---af*, dx = dxi---duy,

al = ay!---ag!, z@ = %: so z(@z®) = (ajb)m(‘”b). For 1 <i<k-1 set
la; = a1+ -+a;, and |a| = |alp = a1+ - -+ax. Let (2)®) = z(z+1)--- (x4+k—1)
be the raising factorial, and (z)) = #(z —1)---(z — k4 1) be the lowering
factorial.

Lemma 1. For k€ N>y, a = (ai,...,a;) € NF, we have that

lal+k

a aj
2ty dry = —
/A’; [Ty (lali +1)

(@) (o) b fali+i—1
/N;xll...xk’“da:l...dwk _ H( 3 )xww

1=2

Proof. Both identities are equivalent and follow by induction on k. [ ]

Example 2. For k> 1, n > k+ 1, consider the numbers

Tem = E ny---n,  determined by the recursion
0<ny<---<ng<n
n2

—1
n .
Ty, = 5 73 and  Tii1, = _ E @ T -
1=k+1

From Lemma 1 the continuous analogue for 7T}, is given by

1,2k (ac_)k
/kwl...xkdxl...dxk = G ) = Qk' . Therefore
A i=1 <% '
Z/Akxl...:ckdxl...dmkzz ol = e2 —1.
k=1 T k=1

The following result follows from Lemma 1.

Theorem 3. Assuming sums and integrals can be interchanged we have

that
o0 fa
i =5 (5 e
/A-’é <a€ZNk o ;c |a|§_k I (el +9) )
/ <Z fax(a)>dx = i( Z ﬁ (|a|i+i_ 1>fa>:r(").
Ak \ o nok laf=n—kiz2 *
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Example 4. Consider the series ZGGN faxd for 1 <i <k fixed. We have

that
e
/ (Zfa )dl“ = Z " fn—kz™.  Similarly
aeN n=~k :
a 2 (n—k+i-1 -
/ (Zfa ))dm Z( i1 )fn—kl'( ).
A% aeN n=

In particular the % antiderivative of f(z) =),y f.z'® is given by

/Oz,,./on flz)dzy ---day, = / <Zfaa:1 >dq; = gfnkw(n)

Af aeN

Lemma 5. For k€N, a = (ay,...,a;11) € N**!1 we have that
a (a1)!-- - (ag41)! lal+k
2 (my — 21)%2 -+ (@ — 2p) i day . day, = KL plalt

/A’“ ! (la| + k)!

/ mgal)(xg — 1)) (= ) @) dry L day, = R
Af

Proof. Both identities are equivalent and follow by induction on k. |
The following result follows from Lemma 5.

Theorem 6. Assuming sums and integrals can be interchanged we have

that
s () Ve = S (a)t--(ars )t )
/m< e%ﬂfa% w2 (e=ot) )dw g(aznk (|a\+k)! fa>w
/ ( Z faxi e 332—xl)(a2)~~~(x—x;€)(“"‘+1))dw = Z( Z fa)x()
¢ N geNk+1 ek N ook

Example 7. For k> 1, n>k+ 1, consider the numbers

Ukn = Z ni(ng —mn1) -+ (ng —ng_1)(n —ng)  determined by

0<ny <---<np<n

n—1

and  Ugpip = Z (n— )Tk,
i=k+1

(n—1Dn(n+1)

Ul,n - 6
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The continuous analogue for Uy, are the functions

Vi(z) = /Ak z1(z2 — 1) -+ (g — 1) (x — xg)dzy ... dz,  determined by

.1173 T
Vi) =T and Vi) = / (x — DVi(t)dt.
0
22k
The functions Vj(z) = kT solve the desired recursion.

4 Lattice Paths versus Directed Paths

In this section we review some known facts on Young diagrams and numer-
ical partitions, and introduce directed paths as continuous analogue for
lattice paths. A Young diagram is a graphical representation for a partition
A= (Mg, M) ENEG of a =X+ + A where )\, > - > A > 0. We
assume that the southwesternmost point of a Young diagram X is placed at
the origin (0,0). The height h) of A is the number % of blocks, the width
wy of X\ is equal to )\;, the length of the longest block. The boundary of
the underlying region of X\ is given by the vertical segment from (0,0) to
(0,hy), the horizontal segment from (0,h)) to (wy,hy), and the east-north
lattice path p) from (0,0) to (wy,h)).

Figure 1-a) displays the Young diagram of the partition A = (6,5,3,3,1)
of 18 with h) =5, and wy = 6. Thus 18 is the area of the region bounded
by the segment from (0,0) to (0,5), the segment from (0,5) to (6,5), and
the 11-steps east-north lattice path p) € L(6,5,18) :

((07 0)7 (17 0)7 (17 1)7 (27 1)’ (3’ 1)’ (3’ 2)’ (3’ 3)’ (4’ 3)7 (57 3)7 (57 4)7 (67 4)7 (67 5))

Figure 1-b) displays a Young diagram using the stair convention. We learn
from this representation that Young diagrams can be thought of as stairs
built by placing square bricks on top of each other in a left-aligned fashion.

For n,m >1 let Y(m,n) be the set of Young diagrams with » blocks
such that each of its longest blocks has m boxes. Let Y(m,n,a) be the set
of Young diagrams in Y(m,n) with a boxes. Let L(m,n) (L(m,n,a)) be
the set of lattice east-north paths ( enclosing a region of area « ) that start
at (0,0), end at (m,n), proceed by steps of length 1 either in the east
or north direction, starting with an east direction step, and ending with a
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a) | b) c)

Figure 1: a) Young diagram X. b) Stair representation of A\. c) Conjugated
Young diagram M\’

north direction step. Paths in L(n,m) have length m+n. The map sending
a Young diagram )\ to its associated east-north lattice path p, establishes
a bijective correspondence between Y(m,n) and L(m,n), as well as be-
tween Y(m,n,a) and L(m,n,a).

Note that |Y(m,n,a)| is the cardinality of the set of numerical partitions
of a with n summands such that each largest summand is equal to m,
thus

nm

[Y(m,n)| = Z |Y(m,n,a)|.

a=m+n—1
Since a Young diagram ) and its dual )\!, see Figure 1-c), have the same
underlying area, and hy = wy, wy = hy, we have that |Y(m,n,a)| =
‘Y(n,m,a)’ and ‘Y(m,n)|:|Y(n,m)’.

To introduce our continuous analogues for Young diagrams we need the
notion of east-north directed paths, which is obtained from that of east-
north lattice paths by lifting the restriction of length 1 steps, i.e. directed
paths are allowed to take steps of arbitrary length, including steps of length
zero, but are constrained to move either in the east or north direction in al-
ternating fashion.

For (z,y) € R%, and n >1 let P,(z,y) be the set of 2n steps east-north
directed paths from (0,0) to (z,y). Thus a path p € P,,(z,y) is determined
by a 2n+1 tuple of points p = (po, ..., pon) € ]RQEO such that:

* po=(0,0) and po, = (2,y).
® poit1 = pai + (¢,0) for some t € Rxg.

® po; = poi—1 + (0,t) for some t € Rxy.

219
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Remark 8. The Young diagram from Figure 1 is bounded by an 11 steps
lattice path, however, it is bounded by an 8 steps directed path, namely

(0,0) = (1,0) = (1,1) — (3,1) = (3,3) — (5,3) — (5,4) — (6,4) — (6,5).

Let m, and m, be the plane projections onto the z-axis and y-axis,
respectively. We introduced Cartesian coordinates on P,(z,y) by noticing
that there is a bijective correspondence

Pu(z,y) +— AZ'xAp~'  given by

M (p07"'7p2n) S Pn($7y) is sent to ((wh'“vxn—l) ; (y17"'7yn—1)) S AZ’71 X
Ap~! where z; = my(pgi-1) and y; = my(py) for 1<i<n-—1.

* (1, 1) 5 (Y15 ¥n—1)) € AT X AP is sent to  (po, ..., pan) €
P,.(xz,y) where the points p; are given, for 1 <i <mn, by py_1 =
(l‘i?yifl) and P2i = (x’iayi)a Where To = 07 Tp =T, Yo = 07 Yn =Y.

Thus we learn that P,(z,y) may be identified with a top dimensional
convex polytope in R"~! x R»~!| and thus inherits differential structures;
for example, we get that

n—1 n—1

vol(Py(z,)) = vol(AZ™1 x A1) = vol(AZ Yvol(Ar—1) = (;_ Al (ny_ o

Integrals over P,(z,y) can be computed recursively as follows

/ f@1,n_1; Y1, Yn—1)dxy - dyp—1 =
Pn(z,y)

Ty
/ / </ f(l'h n—1 5 Y1, ~~yn—1)d:rl e dyn—2> dxn—ldyn—b
0 0 Pn—1($n—1:yn—1)

5 Continuous Diagrams

For easy reading of this section it is good to have Figure 2, Figure 3, and Ex-
ample 10 in mind. We are ready to define a continuous analogue for Young
diagrams. The diagram D, associated to a directed path p € P,(z,y) is
the planar region enclosed by the interval from (0,0) to (0,y), the interval
from (0,y) to (z,y), and the directed path p, together with the tessellation
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T

Figure 2: Underlying region of D, on the left, diagram D, in the middle,
vertical tessellation on the right.

of D, by the rectangles D,; with vertices (0,y;—1), (0,vi), (i, vi-1), (@i, i)
for 1 <4 < n. In other words (s,t) € Dp; ifand onlyif 0 < s < ; and
yi—1 <t < y;. Therefore, (s,t) € D, ifandonlyif y;_1 <t <y and 0<s<u;
for some 1 < i < n. The width and height of D, are given by w(D,) ==z
and h(D,) =y, respectively.

The area of the rectangle D,; is given by area(D,;) = zi(y; — yi—1)-
Therefore the underlying area of D, is given by

n
area(Dp) = > xi(yi — yi1)-
i=1

The sum above represents a continuous analogue for a decomposition of
area(Dy). These sort of decompositions come with extra structure since
each summand is itself a product as we are keeping track of the length z;
and the height y; — y;—1 of the rectangles D,;, while in the combinato-
rial setting for numerical partitions only lengths are allowed to vary while
heights are fixed to 1.

An alternative tessellation for the underlying region of D, is obtained by
considering the rectangles Dy, with vertices (2;—1,yi-1), (i, ¥i-1), (zi-1,9),
(ziyy), for 1 <i <mn, thus (s,t) € Dy, ifand only if z;_1 < s < z; and
yi—1 <t <y. The vertical tessellation leads

n

area(D,) = Z area(D;,”i) = Z(:pl —zi—1)(y — yi—1).
i=1

i=1

Just as in the combinatorial setting, there is a stair diagram D, for each
diagram D, with p € P,(z,y). The diagram D, represents a stair built in a
left justified fashion placing rectangular bricks on top of each other. The un-
derlying region of D, is enclosed by the interval (0,0) to (0,y), the interval
from (0,0) to (z,0), and the east-south directed path ¢ = (qo, - , ¢2,) Where
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)

Figure 3: Stair diagram D; on the left, and dual diagram D! on the right.

¢ = (mz(pi),y — my(pi)). The underlying region of D; comes with the tessel-
lation by the rectangles with vertices (0, my,(g2;—1)), (0,7y(g2i)), g2i—1, g2; for
1 <i < n. Clearly the underlying regions of D, and D, have the same area.

For p € P,(z,y) the dual diagram D; = D, of Y, is the diagram
associated to the directed east-north path p' € P,(y,z) given in Cartesian
coordinates by

t t t Lot t n—1 n—1
p = ('rlv"vxnfl ’ yla---vynfl) € Ay X Az

where z} =y —y,; and y; =z — z, ;. The underlying area of D} is equal

eSS

to the underlying area of D, indeed

n n

area(Dyt) = in(yzt —yi1) = Z(U = Yn—i)(@n—it1 — Tn—i) = area(Dp),
i=1 i=1

where the latter identity follows from the vertical tessellation of D,,.

Theorem 9. The dualmap ()!:D,(z,y) — D,(y,x) isavolume preserving
smooth involution. It preserves orientation if and only if n is odd.

Proof. Smoothness and involution properties follow from the fact that the
map
(O A x AP — APTUx AZT s given by
(#1515 Yoo Un1)' = (Y= Ynts s Y = Y1 ; T — Tp1, 0, & — T1),

The volume and orientation properties follow from the identities

dat ¢ ¢ ¢ _

Ty Ao ANdxy g Ady A Ay, =
(_1)2(n71)dyn_1 AN Ndyi Ndxp—1 A ... Ndx1 =

(n=2)(n=1) | (n=2)(n—1)
2 T2 dy A Adyp_i Adzi A Adap— =

(=1

(=D day A Adan_y Adyy A oo A diyn_1.
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Example 10. Let D, € D4(3.1,2.5) be the diagram with east-north directed
path p given by

(0,0) — (1.3,0) — (1.3,0.5) — (1.5,0.5) — (1.5,0.7) —

(1.9,0.7) — (1.9,2.3) — (3.1,2.3) — (3.1,2.5).

In Cartesian coordinates D, = (1.3,1.5,1.9 ; 0.5,0.7,2.3) € A3, x A3 .. The
area of D, is 4.61.

Figure 2 displays the underlying region of D, on the left, diagram D,
in the middle, and the vertical tessellation for D, on the right. Figure 3
displays the stair representation D, on the left, and the dual diagram D}ﬁ
of the diagram D, on the right.

The stair diagram of D, is given by the east-south directed path
(0,2.5) = (1.3,2.5) — (1.3,2) — (1.5,2) — (1.5,1.8) —
(1.9,1.8) — (1.9,0.2) — (3.1,0.2) — (3.1,0).
The dual diagram D; is determined by the east-north directed path
(0,0) — (0.2,0) — (0.2,1.2) — (1.8,1.2) — (1.8,1.6) —

(2,1.6) — (2,1.8) — (2.5,1.8) — (2.5,3.1).
with Cartesian coordinates (0.2,1.8,2; 1.2,1.6,1.8) € A3 x A3 .

Let P = |,50,50P@y) = Uuso (Uzzo,yzo P,(z,y) | be the set of all
east-north paths starting at (0,0). Note that we are formally introducing a
path ¢ of length zero from (0,0) to (0,0), and its corresponding diagram,
and that there are no other paths of length zero. Set

Dn(z,y) ={Dy | p € Pu(x,y)}, D(x,y) ={D, |p€P(z,y)}, D={D,|peP}

We introduce differential and geometric structures on D, (z,y) C D(z,y) C
D, from the corresponding structures on P,(z,y) C P(z,y) C P.

Proposition 11. The following properties hold.

a) D acquires a N-graded smooth convex monoid structure with unit <
and concatenation product D, * D, = D,.,, where

(Do, »on) * (90, s qm) = (Po>-** s PnsPr +qLs - 2 Pn + Gm).

223
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b) The map area:D — Ry>( satisfies
area(D, * Dy) = area(D,) + area(D,) + xz,
for D, € Dy(z,y), Dq € Dp(w,2).
c) Concatenation x: Dy (z,y) X Dy (w,2) — Dpym(z +w,y + 2) is given by
(T1y ooy Te1 5 YLy ooy Yne1) * (W1, ooy Win—1 5 21y ooy Zm—1) =
(T1y ey T 1, Ty T+ WLy ooy T+ Wine1 5 YLy ooy Y1, Y, Y + 215 o0y Y + Zm—1)-

d) Concatenation *:D,(z,y) X Dy(w,2) — Dpym(z +w,y + 2) is a convex
map:

(tDp+(1=t)Dy) % (tDg+ (1 —t)Dy) = tDpug + (1—1)Dp.y for ¢ e [0,1].

Proof. The unit axiom, associativity, and item c) follow since the product x
of east-north directed paths is given concatenation of paths after translating
the second path so that it begins where the first path ends. For item b) note
that the underlying region of D,., can be subdivided in three pieces, the
first one is the underlying region of D,, the second one is the underlying
region of D, translated by (z,y), and the third one is the rectangle of area
xzz with vertices (0,y), (z,y), (z,y+ 2), (0,y + z). Item d) follows from item
o). |

Next we introduce a partial order on the space of continuous diagrams
D. Intuitively D, < D, if the underlying region of D,, translated upwards
so that its upper left corner matches the upper left corner of D,, fits inside
the underlying region of D,. Path ¢ is the minimum of D.

Proposition 12. The following properties hold.

a) D admits a partial order where for D, € D,(z,y) and D, € D,,(w, z) we
set

D,<D, ifandonlyif y<z and D,+(0,z—y) C D,.

Note that (s,t) € Dy + (0,2 —y) if and only if thereis 1 <i <n such
that
Yic1i+2z—y<t<y;+z—y and 0<s <.
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b) D, < D, ifand only if (z;,y,-1+2—y) € Dy for1 <i<mn, i.e. D, <D,
if and only if foreach 1 < i < n thereis 1 < j < m such that
zj-1<yi1+z—y<z and 0<z; <w;.

n
c) D, < D, implies that in(yi—yi,l) = area(D,) < area(D;) =
i=1

m
Zwi(zi — 22;1).
=1

Proof. a) Reflexivity holds as y <y and D, C D,. Anti-symmetry holds
as we would have y < z <y and D, C D, C D,. For transitivity note
thatif y <z <w, Dp+(0,z—y) C Dy, and Dy + (0,w —z) C D,, then
Dp+(0,w—y) = (Dp+(0,z2—y))+(w—2) € Dg+(w—2z) C D,. Thelast part
of item a) follows from the characterization of the points in the underlying
region of a diagram given in the first paragraph of section 5, taking upwards
translations into account. To check that D, + (0,2 —y) C D, itis enough
to check that the vertical translation by (0,z—y) of the points py;—; of the
path p arein D, thus item b) holds. Item c) follows from the invariance
of area under translations. |

Proposition 13. Consider the posets (D,(z,y),<) with the partial order
< coming from Proposition 12. For r € D;(w,z), ¢ € Dy,(y,2) the maps

( ) *q: DTL(I7y) — Dn-&-m(xa Z) and r* ( ) : Dn(xay) — Dl+n(w>y)

are order preserving.

Proof. The partial order on D, (z,y) no longer uses translations, so D, < D,
ifand only if D, C Dy, thus D, < D, if and only if the path p is to the left
side of the path ¢. Using either of these characterizations, it is clear that
the statement of the proposition holds. |

6 Volume of the Space of Diagrams

Next we use the continuous diagrams introduced in the last section to build
continuous analogues for some quantities from the theory of Young dia-
grams. A diagram in YD(m,n) has height (and thus number of blocks) n
and width m. On the continuous side height and number of blocks need

225
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not be equal, so we are led to consider the spaces D, (z,y) with fixed width
x, height y, and number of blocks n. We have that

l,nfl ynfl

vol(Dy(z,y)) = (n—1!(n—1)!"

Note that vol(Dy+1(z,y)) < vol(Dn(z,y)) for n> . /zy.

Below we compute the volume of a disjoint union of manifolds as the sum
of the volume of each piece, even if the pieces have different dimensions.
Our continuous analogue for the number [YD(m,n)| of Young diagrams
with width m and height n is given by

vol(D Z vol(D

n=1

Note that height is fixed but the number of blocks is actually allowed to vary
from 1 to infinity.

Recall that the modified Bessel functions [, are given for v € N by

2k

- %szzok' 1/+k

The next couple of results follow from the definitions of vol(D(z,y)) and
I,(2).

Theorem 14. For z >0, y > 0 the following properties hold.

a) vol(D(z,y)) — ijzi and  vol(D(z,y)) = vol(D(y,)).
n=0

b) vol(D(az,a"'y)) = vol(D(z,y)) for all a € Rxy.
0 0
c) (mﬁ—ya—y>vol(D(x,y)) =0 and (aa—y - l)vol(D(x,y)) = 0.

d) vol(D(z,y)) = Io(2y/7y) and  Io(2) = vol(D(3,2)).

From Theorem 14 we see that vol(D(z,y)) can be extended to a sym-
metric entire analytic function, it satisfies a hyperbolic second-order linear
partial differential equation with constant coefficients, as well as a first-
order linear partial differential equation.
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Theorem 15. For = >0, y >0, z > 0 the following properties hold.

ak ol xn+kyn
a) /Ak wliD) dr = palDley) = 3 i
3k o xnyn+k
" v\ 2 o v\ ?
o gl = (L) e, 5o = () ey
oz 2 Fp(z =z
d) Ik(z) - w<§3§> - W(§7§)7 Where p(i&y)—VOl(D(.’E,y))

From Theorem 15 we see that vol(D(z,y)), its derivatives, and its an-
tiderivatives can be written in terms of the modified Bessel functions I,
for v € N, conversely, from Theorem 15-d) we see that the modified Bessel
function I,, for v € N, can be written in terms of vol(D(z,y)) and its
derivatives.

Let D'(z,y) be the set of continuous diagrams with width less than or
equal to z and height y; let D?(x,y) be the set of continuous diagrams
with width = and height less than or equal to y; let D3(z,y) be the set of
continuous diagrams with width less than or equal to z, and height less
than or equal to y.

The east-north path associated to a diagram in D!(x,y) can be extended
in a unique way, by adding a last east step, so that the path actually ends
up at (x,y). From this, and related observations, we obtain that

oo o0
D'(z,y) = [[ Di(z,v) = J[{Dy | pe€Pi(z,y)}, where
n=1 n=1
* Adirected path p isin PL(z,y) ifit has length 2n+1, begins at (0,0),
ends at (z,y), moves in alternating fashion east or north, starts and
ends with an east step. Thus P} (z,y) ~ A7} x Ap~1

e Adirected path p isin P2(x,y) ifit has length 2n+1, begins at (0,0),
ends at (z,y), moves in alternating fashion east or north, starts and
ends with a north step. Thus P} (z,y) ~ A" x A7

n

e Adirected path p isin P3(x,y) ifit has length 2n+2, begins at (0,0),
ends at (z,y), moves in alternating fashion east or north, starts with

a north step and ends with an east step. Thus P?(z,y) ~ A" x A
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Theorem 16. With the preceding notation we have for = >0, y > 0 that:

a) vol(D(z,y)) — /0 " vol(D(s, y))ds = \/g 1(2(/9).
b) vol(D2(z,y)) — /O ! vol(D(, ))dt = \/g 1(2v/77).

© z y
c) vol(D3(x,y)) = / / vol(D(s, t))dtds = vol(D(z,y)) — 1.
0o Jo
Proof. Other items being similar, we just prove item a). In the last equation

below we use Theorem 15-a) and d), we have

vol(D!(z,y)) = vol(P'(z,y)) = vol(][ Ph(z,y) =
n=1

Y vol(Ph(z,y) = > vol(AF x Ap~l) =" vol(A)vol(Ay~") =
n=1

n=1 n=1

n

O pntl z —
Zm% - /0 vol(D(s, y))ds = \/gmm—y).

n=0

Next we collect some additional properties of the function vol(D(z,y)).

Theorem 17. For z >0, y > 0 the following properties hold.

a) For zy — oo, kK > 0, there are constants ¢, € Q such that we have the

asymptotic behaviour

8k Cp k_1 k_1

G ol(D(.v)) ~ 5Ta i iy i A
Bk O 2/ ’
ak

Sovol(D(e,y)) ~ o=t hy e,
Y

b) The following integral representations hold

k L
%VOI(D(,CE,y)) = l(g) ’ / e2VTIeos0) cog(k0) db,
x 0

TA\T

oF 1/z\2 [7 .
—vol(D(z,y)) = — (—) / e2VTeos(0) cos (k) df.
Sme) = ~(2)" (k6)



A continuous analogue for Young diagrams 229

c) For k£ >1 the following formula holds

0 2 n, n
vol(D(z,y))* = Z( Z (m n nk) )%, in particular

n=0 “ni+--+nr=n

vol(D(z,y))* = 2(; (Z)2 )% - g})(?) f:'i?

d) The following formula holds

s~ n (X () )

=1 “ni+-+ng=n
E>1, ni>1

Proof. Items a) and b) follow from known properties of the Bessel functions
[10]. Items c) and d) follow from standard techniques for power series. W

A continuous analogue for the binomial coefficients x} was built in

[6, 9] using the techniques summarized in the introductiosl, and has been
further studied in [13, 15, 16]. Next result writes these coefficients in terms
of vol(D(z,y)). Conversely, vol(D(z,y)) can be obtained from the continu-
ous binomial coefficients via a differential equation.

Theorem 18. Set p(z,y) = vol(D(z,y)). For 0 < s < z the continuous
binomial coefficients are given by

{‘T} = 2(s,x—5) + — 8—5(57%5).

S

Proof. Use Theorem 15 above, and Definition 6, Identity 7 from [6]. [ |

Corollary 19. For z >0, y > 0 the function p(z,y) = vol(D(z,y)) satisfies
the first order non-homogeneous linear differential equation

ap r+y
Y)— 21 — = .
(:c+y)ax + 2yp y{ . } 0
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7 ¢ and In(q) Generating Functions

The cardinality of finite sets can be generalized for finite sets with weights in
a commutative monoid w:x — A as |(z,w)[a =) ., w(i). An important
case is the ¢-cardinality for N-graded finite sets w : 2 — N which is given
by
o0
@wwly = 3¢ = 3w )" € Ng
1€x n=0
Choosing an element ¢ € A, then |(z,w)|, may be regarded as taking
values in A. The usual choice is to let 0 < ¢ < 1 be a real number, but
other choices are also interesting. For a subset z C N the grading w is
just the inclusion map, for example for » > 1 we have that
1—4"
1—q°

g = HO,on =1} = 14 4¢"" =

As a second example, consider the group of permutations S,, as a finite
set with N-grading inv: S, - N sending a permutation « to the number
inv(a) of inversion of «. The g¢-cardinality of (S,,inv) is the g-analogue
[n]4! of the factorial number n!, namely

n

(S, inv)lg = > ¢™ = ]k, = Il

€Sy k=1
Note that ¢-cardinality may often be applied to infinite sets, for example, it
can always be computed for subsets of N. As an example we have that

INl, 1+-+¢"+..- 17 1

IN|, T ol4 gt 1 [l]q'

The substitution ¢ = e * transforms polynomial identities in ¢ into iden-
1—q"

1-¢

tities involving power series in z, for example for 1+4---+¢" ! = we

get

—zZn

= n 1)k (_Z)k _ 1—e
1+kz_%(1+ +(n 1)) o = T

i.e. we obtain an identity for the generating series for the power sum num-

bers in the variable —z. For infinite sums the substitution ¢ = ¢~ may be
problematic, for example setting ¢ =¢* in 14---+¢" +--- does not yield
a power series in z.

In summary, the z-cardinality of a finite N-graded set is given by

\(z,w)\z _ Z|w—l(n)|e—nz _ Ze—w(i)z _ Z <Zw(z)n) (—Tj)" c ZHZ]]
n=0 ’

€T n=0 *icx
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For z € R, the usual convention is to take z > 0, the sum above produces
a real number, however, we emphasize that z-cardinality makes sense as
a power series, i.e. |(x,w)|, is an entire analytic function in the variable
—z, furthermore |(z,w)|o = |z|, thus |(z,w)|. is a one-parameter analytic
deformation of |z| with higher order coefficients |(z,w")|.

Example 20. Y(m,n) is a N-graded set with the map area: Y(m,n) — N.
The g-cardinality of (Y(m,n),area) is given by

mn

|Y(m7n)‘q = Z qarea()\) = Z ‘Y(mvn7 a’)‘qa'

AEY (m,n) a=m+n—1

The polynomials |Y(m,n)|;, € N[g] are determined by the recursion

m
Y(m,D)lg=¢" and |Y(m,n+1)lg=q" Y Y0
=1

On the other hand the z-cardinality of (Y(m,n),area) is given by

A% _ —area(N)z _ — )\k (72)1c
[Y(m,n)|, Z e Z Z area(\) T

AEY (m,n) k=0 “Xe€Y(m,n)

thus [Y(m,n)|. is the generating series, in the variable —z, of the sum of
powers of the areas of Young diagrams.

We call z-volume our continuous analogue for the notion of z-cardinality,
it is a one parameter deformation of the notion of volume of a manifold built
as follows. Let (M,dz, f) consist of an oriented finite dimensional compact
manifold with corners M, a volume form dr on M compatible with the
orientation of M, and a smooth map f : M — R>o. The z-volume of
(M,dz, f) is given by

vol, (M) = /N 1 e @y = i)( /M f(;z;)"d:c) (*:!)n e R[[2]l.

For z € R the integral above yields a real number, however, we emphasize

that these numbers come from a power series, i.e. vol,(M) is the generat-
ing series for the integrals of powers of f(x), itis an entire analytic function
on the variable —z, furthermore voly(M) = vol(M), and vol,(M) < vol(M)
for z € R>o. Note that f is bounded since it is continuous and M is com-

0 n
pact, therefore, the power series ¢ */(*) = Z ﬂ is absolutely and
n:
n=0

231
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uniformly convergent. Likewise, the power series for vol,(M) is absolutely
convergent.

Recall that area: D(z,y) — R>o assigns to each diagram the area of its
underlying region.

Lemma 21. For (n,l) € N>; x N consider the rational number

1
dn,l = — : where ZZ. .
11+~Zr:ln=z [Ty (h+ -+ 1+ 1)

The numbers d,,; are determined by
1 1 1 !
dn,O = a, dl,l = l—}——l’ and dn+1,l = 7Zdn,i-

n+l+1i:0

- RN
We have that d,; < L (l+n=1\ _ M
Tl n—1 nl(n — D!

Proof. For the latter statement we have that

1 1
< _ =
2 [T o+t lti) 2 |JURY

A It =l

1 1 /l+n—-1
o =gt

Theorem 22. For z > 0, y > 0 the z-volume of (D,(z,y), dzdy, area) is
given by
vol,(D1(z,y)) = e ™%,

= (I +n)dny
lz Dn . — n—1,n-1 oL l fi )
vol. (D (2, y)) "y ; 4(1 I 1)!( xYz) or n € Nsg

Proof. The space D;(z,y) has a unique point, namely, the diagram of area
xy associated to the path (0,0) — (z,0) — (z,y). Integration is evaluation,
thus vol,(Di(z,y)) = e *¥*. Using Lemmas 1, 5 and 21 we get, for n € N>,
that

vol,(Dp(z,y)) = / e ¥ drdy = / eiz(zzlzlm"(yfyi“»dxdy =
n(,y) A txAay!
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5 ()6 L T ([ T woran) S5 -

1=0 Iy +++ln=
Z 3 yxn(/ Hmdm)(/ H )@ dy>)( o) _
= ()l 4 +l - An 1 An 1
Z Z l+n—1 lernfl (712)1 _
e Ay R | F Sl ) b = 1

xn—l n—1 — 1 <_xyz>l _
> ZJH P i) =1

1=0 Iy +++1n,

l+n)d
nlan( nl 713 l
yz)'.

(l+n-—

Theorem 23. For =z > 0, y > 0 the z-volume of (D(z,y), dzdy, area) is
given by

k
T
voL.(D(z,y)) = ¢~ + Z k+1>(2dk (=) )2
Proof. By Theorem 22 we have that

vol,(D(z,y)) = volZ(H Dy (z,y)) Zvol (z,y))

n>1 n>1

e"”yz—i-ZVol Dy(z,y)) —1+Z"1"121+n (—zyz)! =

e TE 4 ZZ(l+n+1 n+1lIl+nyl+n( Z)l.

n=11=0 l+n

By Lemma 21 the sum above is absolutely convergent since

(I+n+ 1)dn+l,lxl+nyl+nzl < ((+n+1)

((+n)! < S @) (ay) = (et )

Setting k£ =n +1[ in the series above we get that

> k
vol.(D(z,9) = ¢ + 3 (b+1) (de =) ) 2
k=1
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Finally, we note that vol,(D(z,y)) may alternatively be written as

VOlZ(D(.’I,’7 y)) I + i (i (l +n+ 1)dn+l,l($y)n+l> (—Z)l .
=0

ot I+ 1)) 1l
|
Corollary 24. For = >0, y >0, z > 0 the following inequalities hold
vol.(D(w,y)) < h(2y7y) and  voL(D(3,3)) < lo(@).
Proof. We have that
vol.(D(x.y)) = vol.([[ Du(.)) = Y vol.(Du(a,y)) <
n>1 n>1
> vol(Da(z,y) = vol(D(x.y)) = Io(2\/79).
n>1
|

8 Open Problems

A diagram in YD(m,n,a) represents a partition of ¢« with width m and
height (and thus number of blocks) n. On the continuous side height and
number of blocks need not be equal, so we are led to consider the spaces
D, (z,y,a) with fixed width z, height y, number of blocks n, and area a.

Proposition 25. For x >0, y > 0, n > 2 the smooth map area : D, (z,y) —
R>o has a unique critical point (z,...,z; 0,..,0) € At x APl = D, (z,y).

Proof. Recall that area = >, z;(y; — yi—1), thus we have that

n—1 Harea n—1 Harca n—1 n—1
d(area) = ; o, dx; + 2oy dy; = ;(yz —yi—1)dr; + ;(% —Tiy1)dy;.
Thus d(area) =0 ifandonlyif z1=---=z,.1=2 and y; = =y,_1 =
0. |

Note that area~'(0) = Jj=, area; '(0) where

(T1, - Tp-1; Y1, --Yn—1) € areal_l(()) if and only if



A continuous analogue for Young diagrams

Yn—-1=1Y, r; =0 if i <, and Yi = Yi—1 if i>1

So area”!(0) is included in the codimension n boundary of D,(z,y).
Furthermore the critical point (z,...,z ; 0,...,0) lies in area=!(0).

Similarly area !(zy) = (] area; '(zy)  where
(T1y ooy Te1 5 Y1y ooy Yn—1) € areal_l(:py) if and only if

r,=x if i>1 and vy, =y if i<l

So area”!(zy) is included in the codimension n —1 boundary of D, (z,y).

For 0 < a < zy, since there are no critical points in D,(z,y,a) =
area”!(a), this set is the closure of a smooth codimension one subman-
ifold of D,(z,y) in the open part, and as such it acquires a Rieman-
nian metric and an orientation. Thus vol(D,(z,y,a)) measures continu-
ous diagrams of fixed width, height, area, and number of blocks. Within
our settings an analogue for |YD(m,n,a)| should be given by the sum

vol(D(z,y, a Z vol(Dy,(z,y,a)), however, whether this sum is convergent

or not is left open

For 0 < w < ay set D, (z,y,w) = area~'[0,w]. Note that D, (z,y,w) is the
closure of the open region area™'(0,w) in D,(x,y), therefore

n—1 n—1

T y
(n—1)!(n—1)

vol(Dy (2, y,w)) < vol(Dy(z,y)) =

and the following function is well defined

vol(D(z,y,w)) = vol([] Du(w,y,w)) = Y vol(Du(w,y,w)).
n=0
Note that vol(]S(x7 y,w)) may be regarded as continuous analogue for

a

Z |Y(n,m71)|7

l=n+m—1

the number of partitions of integers less than or equal to «, with width
n, and largest block m. A detailed study of vol(D,(z,y,w)), vol(D(z,y,a)),
vol(D,,(z,y,w)) and vol(D(z,y,w)) is left for the future.
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