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Abstract

In this article, we compute the orthogonal properties of a 3 -index
generalized Hermite polynomials due to their Rodrigue’s formulas in
suitable regions. Also, we apply them in expressing of the Fourier
series in terms of 3-index generalized Hermite polynomials. Also, we
derive other related results.
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1 Introduction

Recently, Pathan et al [9] introduced a new class of generalized Hermite poly-
nomials involving cubic Hermite polynomials to study a standard generating
function to derive certain results for example, integral representation, matrix
representations and differential equations not attempted by any researcher
so far. Application of Rodrigues’ formula and the integral representation at-
tempted herein produce first few polynomials of cubic Hermite polynomials
and some inequalities.

In the quantum physics, the classical Hermite polynomials, H,(z)Vn =
0,1,2,3,...; ([1], see also in [11, Section 105, p.189] and [12, Eqn. (16), p.74])
were used through Rodrigues’ formula
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Ho(z) = (—1)" exp («2) D7 {exp (—a?)}, DI = dd (1.1)

Bell [2] presented and studied a generalization of (1.1) as a class of poly-
nomials in form of exponential functions to use in quantum physics.

Gould and Hopper ([6, p.52], see also in [12, Eqn. (12), p. 77]) introduced
operational formulas connected with generalization of (1.1).

Lahiri [7] studied the generalized Hermite polynomials H,, . (z), Ve €
R,n=0,1,2,...;m being a positive integer, v > 0, x and ¢ being independent
variables, through generating function

xn

n

= t
Z Hn,m,v(x)ﬁ = exp (vt —t™). (1.2)

Recently, Pathan et al [9] introduced a standard exponential generating
function of a class of generalized Hermite polynomials denoted by H"(z)Vx €
R,n = 0,1,2,...;m being a positive integer, x and ¢ being independent
variables, defined by

ZH’” —", ~ exp ((_1)m+1 (’g)tm + (=)™ (T)tm_lx + (-1 (7;) {2
H(—1)m 2(3)tm 3 4 .. +( Til)mml)
= (| ()0 (7)o (5o
+<”§>( £)m=353 4 ( ) 2" 1+meexp(xm)

m(m—1)...(m—r+1) .
(m) — { r! ,OS’T‘STIL (13)

r 0,7 > m.

where,

The formula (1.3) can be written as

S H )y = exp (o™ exp (~ (o — 1)) (14)
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Specially, setting m = 2 in the formula (1.4) it reduces to the standard
Rodrigues’ formula (1.1) given by

M (2) = H,(z). (1.5)

It is noted that when m > 2, the generalized Hermite polynomials defined
in (1.3)-(1.4) often appear in problems involving non-Gaussian statistics,
higher-order differential equations, and quantum optics.

Also, it is observed that 3-index generalized Hermite polynomials do not
satisfy the orthogonal properties in the interval (—oo,00), when x — —oc.
Therefore, this becomes necessary to search the regions where the orthogonal
properties exists.

Then, in this paper we investigate those regions where the 3 -index gen-
eralized Hermite polynomials satisfy the orthogonal properties and use these
properties to compute the Fourier exponential series and other related results.

2 Computation of the orthogonal properties
via Rodrigues’ formula

In this section, we present to compute the orthogonal properties for 3 -index
generalized Hermite polynomials via the Rodrigues’ formula derived in [9]
given by:

Lemma 2.1 ([9]). For alln > 0,m > 2 the standard exponential generating
function (1.4) satisfies the Rodrigues’ formula

M (1) = (~1)"exp (a™) - exp (~a™) . (2.1)
Proof. Considering the standard exponential generating function (1.4) and
in its right hand side on making an appeal to the Taylor’s Theorem to find
the Rodrigues’ formula (2.1). O

Lemma 2.2 ([9]). For z andt being independent variables, m = 3, the Eqns.
(1.3) and (1.4) and (2.1), become cubic polynomials, H3(x)¥n > 0, and there
exists a standard generating function in the form

Z Hi(m)i—i = exp (t* — 3ut” + 32%t) = exp (2°) exp (—(z — 1)°), (2.2)
n=0

187



188

Hemant Kumar, T. Kim, J. Lopez—-Bonilla and S. Vidal-Beltran

and connect to Rodrigues’ formula given by

d" 3
Hilw) = (~1)%e” (). 2.3
)= (e (e (23
Proof. Consider the standard exponential generating function given in the
equations (1.3) and (1.4) and the Rodrigues’ formula (2.1) where on setting
m = 3, the formulae (2.2) and (2.3) are obtained. O

Theorem 2.3. If all conditions of Lemma 2.2 are satisfied, then for all
n > 0,C is any contour of a complex plane, the cubic Hermite polynomials,
H3(x), for all x € C,z = Re®, where, R,0 € R,V cos30 > 0, such that the

ray 6 € (—%, %) , R — o0, then there exists an orthogonal formula
7333 3 3 o 0, TL' % k,
/Ce H, (x)Hp(z)de = { gn2nl | e yrdem = k. (2.4)

Proof. Making an appeal to the formula (2.3) in left hand side of the equation
(2.4), we find

d’l’L
—x39/3 3 _(_1\n “ o —ad 3
/Ce H, (2)H;(x)dx = (1) /Cdx” (e >7—lk(x)dx
dn_l 3 d dn_l 3
_ (_1\n 3 -z _1\n+1 143 -z
= (-1) [Hk<x>dx”—1 (e >]ao+< 1) /Cdx";‘-[k(:c)dxn_l (e )dx,
(2.5)
where, 0C is a boundary of C'.
We are familiar that d‘f:n__ll ((3”3) = P";Té(z), where, P,_1(z) is a poly-

nomial of degree of n — 1. Now for all x € C,z = Re®, cos30 > 0,0 €
(drm=r ArmiT) vr = (0, 1,2, R — o0, here in the Theorem 2.1, taking r = 0 =
0 e (_7“, %), to get

’<—1>” {Hmdd;—ll <”3>]

where, Q(z) is a higher degree polynomial.
Then making an appeal to (2.6) in (2.5), we get

Q (Reie)

oR3e3?

: (2.6)

oC R—o0
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n n—1 _3 Rcos6
O (@) s () ]| = |

same process n— times repeatedly to get

— 0, and thus applying

R—o00

/ e H3 (a)H (2)de = / e‘ﬁd—?-[i(:z:)dx. (2.7)
C C dxn
By (2.7) for n > degree of H;(z), we find
/ e H3 (2)H3 (x)dx = 0Vn # k. (2.8)
c

Again for n = k£ making an appeal to (2.2) in (2.7), we write

3 ! 3
/6_”” {Hi(:ﬁ)}z dsz”Qi/ e " x"dx. (2.9)
C c

n!

Hence, the Theorem 2.1 is followed. O

3 Application of the Theorem 2.1 in compu-
tation of the Fourier series involving cubic
Hermite polynomials

In this section, we define a Fourier series involving cubic Hermite polynomials
given by

F(z) = Z A MY (ze™™)
n=0
where, p > 0 and the cubic Hermite polynomials, H2(x), are defined by
Rodrigues’ formula (2.3) for all n = 0,1,2,3,.. ..
Also, for all n =0,1,2,3,..., A, are the Fourier coefficients.
We state following theorems:

Theorem 3.1. If the polynomials H3(z) defined by the generating function
(2.2) and satisfies the Rodrigues’ formula (2.3) for log (i) = ipx,p > 0 in
the form

H3(2) = (—1)"e” " <e—23> : (3.1)

dzn
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Also, for all x € C,p > 0, if the Fourier series is given by

F(z) =) AM (ze). (3.2)

n=0

Then across the ray 0 € (’T’T,%) .z = Re? cos30 > 0,R — oo, the
Fourier coefficients are computed by

Joexp (=) H3(2)F (ze7%(5) ) a2
An: 3 ,71207172,3,..._ (33)
3n(n!)~t(2n)! [, e~*"2ndz

Proof. To prove the Theorem 3.1, in the series (3.2) we consider ze®* =
z,p > 0, and make an appeal to the Theorem 2.1,to write the orthogonally
property as

/ M1 (2)HE(2)dz = S - (n!)13"(2n)!/ e 2. (3.4)
c

c

In the Fourier series (3.2) it is noted that xe® acts as a transformation
of the variable z, and in the orthogonally property (3.4), the exp (—2?) acts
as a weight function that ensures convergence and orthogonally across the
ray

0 e (%ﬁ, %) ,z = Re" cos30 >0, R — .

Again, multiplying by exp (—23) H2 (), where z = ze* p > 0, in both
sides of the series (3.2) and then integrating with respect to z, and on ap-
plying the orthogonally property (3.4), we find

/ exp (—2°) Hi(2)F <ze_1°g<§>> dz = An3”<2—n')!/ e 2dz, - e p > 0.
C n: C X
(3.5)
Therefore, making an appeal to the equations (3.5), we obtain the Fourier
coefficients given in the formula (3.3). O

Theorem 3.2. If all conditions of the Theorem 3.1 are satisfied then the
Fourier series is represented by
o | [oexp (=2%) Hi(2)F <zefl°g(§)> dz
F(x) =
(z) Z 3(nh)~1(2n)! [, e " 2ndz

n=0

HD (ze™) . (3.6)

Proof. Making an appeal to the equations (3.2) and (3.3) of the Theorem
3.1, we derive the exponential Fourier series (3.6). O
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4 Other application

In this section, some other results related to the cubic Hermite polynomials
are derived on using our above generating function of cubic Hermite polyno-
mials and concepts of the theory. We then solve a second order differential
equation on applying adjointness of a differential operator.

Making an appeal to the generating function (2.2) we derive a generating
function involving cubic Hermite polynomials in the form

Z Kg(x)g = exp (t° + 32°1) ,
n=0

where,

]
Kg(i’f) = (396)’“712_%

=0

Theorem 4.1. Ift € C,t = Re®, where, R,0 € R, such that the ray 0 €
(%, g) ,cos30 < 0, then the differential equation

(1_12 G%)z + 3a:2> Y(z) =0, (4.2)

Y(z) = / v(t) exp (32°t) dt,
c
where, C' is contour in the complex plane and
v(t) = exp (). (4.3)

Proof. We are familiar with that

1 /1d)\? ) ) 2 5 2
B\ + 3x exp(3xt):(3t +3x)exp(3xt)

z dx

—
N3

n!

) = (41)

=

has the solution

— (31&2 + %) exp (32°t) . (4.4)

By (4.4), consider that L, = (% (%%)2 + 3m2> and M; = (3t2 + %), the

adjoint of M, = M;* = (3t — 4).
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And again, consider that
K (z,t) = exp (32°t) = w.

Then we have

/o (vMy[u] — uMv]) dt = /C {% (v exp (31:215))} dt = [U exp (SIQt)}ac,

0C' is the boundary of the contour.
Therefore, we get a solution

Y(z)= / v(t) exp (3z%t) dt which satisfies
c

LY (z) = <1—12 (i%y +3:c2> /Cv(t) exp (32°t) dt

= /Cv(t) (3t + 32?) exp (32%t) dt = /Cv(t)Mt [exp (32°t)] dt

_ /C {exp (34°1) M; o) + < [vexp (3x2t)}}dt
-/ {exp (32%1) (3t2v - %) + 4 foesp (32%1) } it = 0,

which gives v = exp (t3), also for the ray 6 € (%, g) ,cos 30 < 0 we have

|eXp (t° + 3zt — 0 as R — oc. (4.5)

oc

Hence, the Theorem 4.1 is followed. O

5 Conclusion

The series defined by (3.2) consisting of generalized Hermite polynomials of
order three, denoted by H3(z),n = 0,1,2,3,..., is found in various fields
of sciences involving higher-order differential equations and non-Gaussian
statistics.

The cubic Hermite polynomials H?(x) are the generalization of classical
Hermite polynomials H,(z) (corresponds harmonic oscillator). On the other
hand the cubic Hermite polynomials, H3(z), can appear in the study of



Properties and application of 3-index generalized Hermite polynomials

the systems governed by potential functions involving z?® corresponding to
the anharmonic oscillators or generalized Schrodinger equations of quantum
mechanics and mathematical physics.

In the Fourier series (3.2), the function F'(z) is consisting of the complex
term e*, p > 0 that suggests applications in wave propagation and diffrac-
tion theory. Also, the expansion of F(z) into these modes can represent the
evolution of a wave packet in a medium with third -order dispersion. This
form is also called generalized Fourier-Hermite expansion.

The orthogonal property (2.4) (implied by formula for A,, ) allows for the
approximation of complex functions F'(x) by a finite series of polynomials
which is applicable in spectral methods for solving differential equations in
numerical analysis.

The Theorem 4.1 is logically and mathematically proved in which it is
shown that a second order differential equation has the solution in terms
of the integral of the generating function 4.1 involving 3-index generalized
Hermite polynomials.

By motivation of this paper and the researches done in this field due to
the authors for example ([3], [4], [5], [6], [7], [8], [10] and others) may help to
develop the researches in the field of special functions.

References

[1] P. Appell and J. Kampé de Fériet, Fonctions Hypergéométriques et Hy-
persphériques: Polynomes d’ Hermite, Gauthier-Villars, Paris, France,
1926.

[2] E. T. Bell, Exponential polynomials, Ann. of Math., 35 (2) (1934), 258
277.

[3] R. C. Singh Chandel, Generalized Hermite polynomials, Jrnanabha, Sec.
A 2 (July 1972), 19-27.

[4] R. C. Singh Chandel, R. D. Agrawal and H. Kumar, Two variable ana-
logue of Gould and Hopper’s polynomials, Journal of Maulana Azad
College of Technology, 25 (1992), 63-69.

[5] R. C. Singh Chandel, R. D. Agrawal and H. Kumar, A class of polyno-
mials in several variables, Ganita Sandesh, 4(1) (1990), 27-32.

193



194

[6]

[10]

[11]

[12]

Hemant Kumar, T. Kim, J. Lopez-Bonilla and S. Vidal-Beltran

H. W. Gould and A. T. Hopper, Operational formulas connected with
two generalization of Hermite polynomials, Duke Math. J., 29 (1962),
51-63.

M. Lahiri, On generalization of Hermite polynomials, Proc. Amer. Math.
Soc., 27 (1971), 117-121.

M. A. Pathan, A new class of generalized Hermite-Bernoulli polyno-
mials, Georgian Math. J., 19 (2012), 559-573. DOI 10.1515/gmj-2012-
0019.

M. A. Pathan, R. C. Singh Chandel and Hemant Kumar, New Class of
Generalized Hermite Polynomials involving Cubic Hermite Polynomials,
Jranabha, 56(1) (2026), Accepted.

M. A. Pathan and H. Kumar, generalized three classes of mixed type
double Bernoulli-Gegenbauer-Gould and Hopper polynomials, South
East Asian J. of Mathematics and Mathematical Sciences, 20(2) (2024),
67-86. DOI: 10.56827/SEAJMMS.2024.2002.6.

E. D. Rainville, Special Functions, MacMillan, New York, 1960;
Reprinted by Chelsea Pub. Co. Bronx, New York, 1971.

H. M. Srivastava and H. L. Manocha, A Treatise on Generating Func-
tions, Halsted Press (Ellis Horwood)/Wiley, Chichester/New York,
1984.



