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Abstract

In this paper, we presented two new (2 4+ 1) and (3 + 1)-dimensional
Clannish Random Walker’s Parabolic (CRWP) equations of nonlinear par-
tial differential equations (NPDEs). We will use a new method, namely,
the (%/g—,/,)—expansion method to conduct this analysis. Exact trav-
elling wave solutions are obtained and expressed in terms of hyperbolic
functions, trigonometric functions, rational functions.

Key Words: (%/%)— expansion method, Clannish Random Walker’s Par-

abolic equation, solitary wave solutions.

1 Introduction

Nonlinear partial differential equations (NPDEs) are used to simulate wide range
of complicated processes arising in real life and all fields of science. Exact so-
lutions of NPDEs can be implemented to produce significant predictions for
many applications related to nature and living. Modern theories of nonlinear
science have been highly developed over the last half century. Particularly, in-
tegrable nonlinear systems have attracted great interest among a number of
mathematicians and physicists. It is well known that the study of soliton gen-
erating nonlinear partial differential equations are of great interest in recent
years not only in (1 + 1)-dimensional systems, but also in (2 + 1)-dimensional
systems under certain conditions [1, 2]. Generally speaking, analyzing coher-
ent type soliton structures of (24 1)-dimensional systems are more complicated
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than (1 + 1)-dimensional systems. The study of higher-dimensional integrable
systems is one of the main themes in integrability theory. Several models in
the context of (2 + 1)- dimensional equations, which are integrable have been
developed by Toda and Yu [3]. So field of integrable equations is an active mul-
tidisciplinary area of research due to the fact that integrable equations describe
the real features and reveal the mysterious nature of the nonlinearity in science
and engineering applications [4]-[10].

In recent years, the study of integrable equations has become a hot research
area in nonlinear mathematical physics and wave propagations. This originates
from the fact that these equations give qualitative and quantitative features of
several scientific aspects of many unrelated phenomena such as plasmas, fluids,
lattice vibrations of a crystal at low temperature, propagation of waves in shal-
low water area, traffic flow, soliton propagation in nonlinear transmission lines,
ete [11]-[17].

The (1 + 1)-dimensional CRWP equation reads [18]-[20]

Up — Uy + Ugy + quuy, = 0. (1)
In this work, we aim to presentation two new (2+1)-dimensional and (3+1)-
dimensional CRWP equations, with constant coefficients. We first introduce a
(2 + 1)-dimensional CRWP equation the form
Up — Ug + Upy + (uay_lui)gg =0,

or equivalently

Up — Uy + Uz + a (uv), =0, 2)
Vy = Uy

We introduce a (3 + 1)-dimensional CRWP equation with constant coeffi-
cients takes the form

Up — Uy + Uy + ﬁumay_lum + 'yuzay_luz + € (quyy + Bugy + YUuzz) =0,
or equivalently
Up — Uy + QuUy + Soly + YW, + € (Qyy + Bz +YUszz) =0, 3)
Uy = Uy, Wy = Us.

Where «, 8, and ~ are constants.

2 New (& / %)-Expansion Method

. . . 4 .
In this section, we describe our new method, namely, the (% / %) expansion

method for finding travelling wave solutions of nonlinear evolution equations.
As preparations, consider the third order ordinary linear differential equation:
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G" +\G' +p=0, (4)
and defining for the simplicity

56 = @) = & )

and

¢’ (1 + A, (6)
¢ = M4 gy + L

Using the general solutions of the Eq. (4), we have the following solutions:
Case 1. when A < 0, the general solutions of the Eq. (4) is

G (€) = C, cosh (\/—_A (€ + h)) + Cysinh (\/—_)\ (€+ h)) - %g, (7)
and we have

-\
¢° = m (M/JQ + 2udp + 1), (8)

where Cyand Cy are two arbitrary constants and v = C5 — C?%.
Case 2. when A > 0, the general solutions of the Eq. (4) is

G (£) = C cos (\FA €+ h)) + Cysin (\FA €+ h)) - %g, 9)
and we have

A

2 2

=0 (M4 2ud + 1), 10
¢ /\3v—u2(¢ pg + 1) (10)
where Cjand Cy are two arbitrary constants and v = C3 + C%.

Case 3. when A = 0, the general solutions of the Eq. (4) is

1
G (&) = —%53 + 50152 + Cy¢ + Cs, (11)
and we have
1
2 _

where C1,Cy and C5 are arbitrary constants.

Now consider the general nonlinear partial differential equations (NLPDESs),
say, in two variables,

P(u)uhumyuttvumt,uzm,'~~) :Oa (13)
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where u = u(z,t) is an unknown function, P is a polynomial in u(x,t) and
the subscripts stand for the partial derivatives.
We suppose that the combination of real variables x and ¢ by a complex
variable &
w(w,t) = ul€), €=az—ct (14)

where a is the wave number and c is the speed of the traveling wave. Now
using Eq. (14), Eq. (13) is converted into an ordinary differential equation for

w= u(e):

F (u,—cu/,av’,c*u”, —cau” a*u”,...) =0/ = (15)
Suppose that the traveling wave solution of Eq. (15) can be expressed by a
polynomial in ¢ and % as:

N N
w(@) = ap' +> b’ g, (16)
=0 =1

where G = G (§) satisfies the third order LODE (4), a;(i = 0,1,2,..., N),
bi(i=1,2,...,N),a,c, A and p are arbitrary constants, and the positive integer
N can be determined by using homogeneous balance between the highest order
derivatives and the nonlinear terms appearing in ODE (15).

Substituting Eq. (16) into Eq. (15), using Eq. (6) and Eq. (8) (or using
Eq. (6), Eq. (10) and Eq. (6), Eq. (12)) the left-hand side of Eq. (15) can
be converted into a polynomial in ¥ and ¢, in which the degree of ¢ is not
larger than 1. Compare the like powers of 1/JN and wN ¢ equal to zero, yields a
set of algebraic equations for a;(i =0,1,2,...,N),b;(i =1,2,..., N),a,¢, A\, i, Cq
and Cy. Solve the algebraic solutions with the aid of Maple. Substituting the
values of a;(i = 0,1,2,....,N), b;(i = 1,2,..., N),a,¢, A\, u, C; and Cs obtained
into Eq. (16), one can obtain the travelling wave solutions expressed by the
hyperbolic functions of Eq. (15) (or expressed by trigonometric functions and
rational functions).

3 (2+ 1)-Dimensional CRWP Equations

In this section, we aim first to apply the our new method for solve Eq. (2).
Substituting u(x,y,t) = u(),€ = ax + by — ¢t in Eq. (2) and integrating
once yields

a2a

—(e+a)u(§) + == (u(€)® +a’u () + k= 0. (17)

Balancing Eq. (17) give:

2N=N+1=N=1.
By the use of Eq. (16), we present the solution of Eq. (17) as:
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u(§) = ao + a1y (§) + b19 (€) - (18)

Case 1. When A < 0 (hyperbolic function solutions)

Substituting Eq. (18) into Eq. (17), using Eq. (6) and Eq. (8) the left-hand
side of Eq. (17) becomes a polynomial in ¢ and ¢. Setting each coefficient of this
polynomial to zero yields a system of algebraic equations in ag, a1, b1,a,b, ¢, a,
and \. After solving the algebraic equations by Maple we get,

set 1.
—bA —bu a(2acag — b)
ap = ag,a1 = —, b = €= b ’
set 2.
—bA b (—,u + A\/W) a (2acag — b)
ap =ag, a1 = 5 —,b1 = €= '
200 2a b

Putting the set (1) into Eq. (18), we get

bv/=X\ (01 sinh (\/—_)\ €+ h)) + C5 cosh (\/—_/\ &+ h)))
o (C’l cosh (\/—_/\ &+ h)) + Cy sinh (\/—_/\ &+ h))) ’

u, = ag +

aag  av/=X (Cysinh (V=X( 4 h)) + Cz cosh (V=X (£ + h))) '

v, = — +

! b e (Cl cosh (\/—_)\ (& + h)) + Cysinh (\/—_)\ &+ h)))
If Cy #0 and Cy =0,

u, = ag + —— tanh (\/—_A(§+h)),
-A
v, = %—i—a\{x_tanh (\/—_)\(§+h)>
If Cy #0and C; =0,
u, = ag + ——= coth (\/—_)\(f—i—h)>7

-A
v3:%+a - coth(\/—_A(§+h)>.

Putting the set (2) into Eq. (18), we get

b (Cyv/Rsinh (VR (€ + 1) + Cov/Rcosh (VR (€ + 1) F V(= S)N)

Uy 5 = ap+

2a (01 cosh (\/—_)\ &+ h)) + C5 sinh (\/—_/\ &+ h)))

b
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age @ (CrV=Xsinh (VEX(§ + 1) + Cav/=Xcosh (V=A(§ + b)) F v/~ (¢

>A).

= T 20 (Cy cosh (V=X (€ + h)) + Casinh (V=X (€ + b))
If Cy #0 and Cy =0,

tanh (\/—_)\(f + h)) F azxfj sech (\/__A(f + h)) )

ug,7 = ao +

aag  av—\
Yo7 = b 2

If Cy #0and C; =0,

tanh (\/3(5 + h)) ¥ a;ﬁ? sech (\/j(ﬁ + h)) )

us,9 = ag + % (coth (\/——)\(f + h)) F csch (\/—_)\(5 + h)))

vgg = a;;o + a\gj (Coth (\/j(ﬁ + h)) F csch (\/j(f + h)))

Case 2. When A > 0 (trigonometric function solutions)

Substituting Eq. (18) into Eq. (17), using Eq. (6) and Eq. (10) the left-hand
side of Eq. (17) becomes a polynomial in ¢ and ¢. Setting each coefficient of this
polynomial to zero yields a system of algebraic equations in ag, a1, b1,a,b,c, o,
and \. After solving the algebraic equations by Maple we get,

set 1. A b D) b
ao:ao,al:—_’blz_ﬂ’cza( acag — )
o ! b
set 2.
Y b(-nENEFAN) 4 (20000 - b)
aO:aO,a1:—7b1: ,C= .
20 2« b

Putting the set (1) into Eq. (18), we get

b\ (—01 sin (ﬁ(& + h)) + Cy cos (ﬁ(ﬁ + h)))
o (Creos (VA(E+ 1) + Cosin (VA (E+D)))

u, =ag+

b = %0 | av/A (701 sin (ﬁ(§+h)) + Oy cos (\/X(£+h)))

b o (01 cos (\/X(S—Fh)) + Cysin (\/X(f—Fh)))
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If C; # 0 and Cy = 0,

u, :a0—¥tan(\/x(§+h))7

v, A
If C5 # 0 and Cy =0,

aag  av
@

tan (x/X €+ h)) .

u3:a0+¥cot(\/§(§+h)>,

usza—?+a‘fcot(ﬁ(§+h)).

Putting the set (2) into Eq. (18), we get

b (—clﬁsin (ﬁ (€ + h)) + CyV/ A cos (\A €+ h)) FVE+AD) )\)
2 (01 cos (ﬁ (€ + h)) + Cysin (\/X (€ + h)))

Uy s = ao+ y

aay a(—clﬁsin(ﬁ(§+h))+02ﬁcos(\/i(§+h))q: (cg+c§)x)

= 2 (01 cos (\/X(gm)) + Cosin (\/X(5+h)))

If Cy # 0 and Cy = 0,

Ug, = Gy — %X (tan (\/X(f + h)) F sec (\f/\(g + h))) ,

Vg.p = a—ZO - a2a)\ (tan (\/X(f + h)) F sec (\/X(f + h))) )

IfC’g;«éOandClzo,

Ug , = ao + % (cot (\/X &+ h)) F csc (\/X &+ h))) ,

Vg o = Q—ZO + a;f (cot (\/X(g + h)) T csc (x/X(f + h))) .

where £ = az + by — (w) t.
Case 3. When A = 0 (rational function solutions)

Substituting Eq. (18) into Eq. (17), using Eq. (6) and Eq. (12) the left-hand
side of Eq. (17) becomes a polynomial in ¢ and ¢. Setting each coefficient of this
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polynomial to zero yields a system of algebraic equations in ag, a1, b1,a,b,c, o,
and \. After solving the algebraic equations by Maple we get,

ap=0,a1 =0,by = _—,c: —a.
a
Putting the values of the constants into Eq. (18), we get

—bu
“ T a(“ulaz + by +at) + C)

' a(—plaz+by +at) + Cr)

ur(x,y,t) if A <0 ug(z,y,t) if A <0

ur(x,y,t) if A >0 us(z,y,t) if A >0
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ug(z,y,t) if A >0 ur(z,y,t) if A =0

Fig. 3D-plot for uy(z,y,t), ua(z,y,t) when A < 0, ui(z,y,t), us(x,y,t) and
ug(z,y,t), when A >0and a=a=b=a9g=1,¢1 =2,c0 =3,y = 1.5,h = 0.5.
ui(x,y,t) when A\=0,a=a=b=p=1,¢; =2 and y = 2.

4 (3 + 1)-Dimensional CRWP Equations

In this section, we apply the our new method for solve Eq. (3).
Substituting u(z,y, z,t) = w(§),& = z+ay+bz—ct in Eq. (3) and integrating
once yields

_ 1 é 7_b2 2 2 2\ /1 _
(c+Du(@) + 5 (ae+ —+— ) ()" +e(ad” + B+10°) u' (§) +k =0.
(19)
Balancing Eq. (19) give:
2N=N+1=N=1.
By the use of Eq. (16), we present the solution of Eq. (19) as:
w(§) = ao + a1y (§) + b19 (£) - (20)

Case 1. When A < 0 (hyperbolic function solutions)

Substituting Eq. (20) into Eq. (19), using Eq. (6) and Eq. (8) the left-
hand side of Eq. (19) becomes a polynomial in ¢ and ¢. Setting each co-
efficient of this polynomial to zero yields a system of algebraic equations in
ag,a1,b1,a,b, ¢, 8,7y, p and A. After solving the algebraic equations by Maple
we get,

set 1.

a’aag + b*yag + Pag — a
a b)

ag = ag, a1 = —2aXe, by = —2aue,c =
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set 2.

w = e = o = (-uE /- (G- D).

a’aag + b*yag + Pag — a
. )

Putting the set (1) into Eq. (20), we get

C =

2aey/=X (Cysinh (V=X (£ + h)) + Cy cosh (V=X (£ + h)))
C1 cosh (V=X (£ + h)) + Cosinh (V=X (£ + b)) ’

u, =ag+

_ @ N 2ev/ =X (C1 sinh (\/—_)\ &+ h)) + C5 cosh (\/—_)\ &+ h)))
"o Cycosh (V=X (£ + h)) + Casinh (V=X (£ + h))

b

_ bao n 2eby/—X (Cy sinh (V=X (£ + h)) + Cz cosh (V=X (£ + h))) .

! a Cy cosh (V=X (§ + h)) + Cysinh (V=X (£ + h))
If Cy # 0 and Cy = 0,

u, =ag + 2aev/— X tanh (\/—_)\ &+ h)) 5

v, = % + 2ev/— X tanh (\/j)\(éJr h)) )

w, = 2% | 9chy/ "X tanh (\/7)\ (€ + h)) .
a
If Cy #0 and Cy =0,

u, = ag + 2aev/— X coth (\/—_/\ &+ h)) )
v, = % + 2ev/— ) coth (\/j &+ h)) )

ws bag + 2ebv/— X coth (\/j &+ h)) .

T a
Putting the set (2) into Eq. (20), we get

ae (mc1 sinh (VA (€ + 1)) + vV=AC2 cosh (VA (€ + b)) F /= (& — &) )\)
Cy cosh (V=X (€ + h)) + Cysinh (V=X (€ + h)) ’

U, , = ap+

B 5 (\/f_ACl sinh (V=X (£ + R)) + V=ACacosh (V=X (£ + h)) F/— (3 — cF) )\)
Vis =t Cy cosh (V=X (+ h)) + Cysinh (V=X (£ + h)) '
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bag < (\mc1 sinh (VX (€ 4 1)) + vV=ACh cosh (VA (€ + 1)) F /= (& — &) /\>
w,, = —-+ .

48 a Cy cosh (V=X (€ + h)) + Cysinh (V=X (£ + h))
If Cy #0 and Cy =0,

ug7 = ap + ag (\/—_Atanh (\/—_)\(g + h)) + VA sech (\/__)\(5 + h)))
Vg7 = % +e (\/——)\tanh (\/—_)\(,f + h)) F v Asech (\/__)\(g + h)))

We,7 = % + be (\/—_)\tanh (\/—_)\(g T h)) + VAsech (\/__)\(5 + h)))

IfC’gséOandC&:O,

Uug.g = ap + asv—\ (coth (\/—_)\(g + h)) F csch (\/__)\(g + h)))
V8,9 = %) +evV=A (coth <\/j)\(§ + h)) F csch (\/j)\(g + h)))

wg9 = b(jTO + bev/ =X (coth (m(ﬁ + h)) F csch (\/—_/\(5 + h)))

Case 2. When A > 0 (trigonometric function solutions)

Substituting Eq. (20) into Eq. (19), using Eq. (6) and Eq. (10) the
left-hand side of Eq. (19) becomes a polynomial in 1 and ¢. Setting each
coefficient of this polynomial to zero yields a system of algebraic equations in
ag,a1,b1,a,b,c,a, 8,7y, 1w and \. After solving the algebraic equations by Maple

we get,
set 1.
to = 0,41 = —2are. by = —ape, ¢ = L00F bQWZo +hw—a
set 2.
ay = ag,a1 = —aAe, by =ae <—Mi)\ (c2 _,_c%))\) 7

a’aag + b*yag + Bag — a
. )

C =
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Putting the set (1) into Eq. (20), we get

2aevV/\ (701 sin (\f)\ &+ h)> + Cycos (ﬁ &+ h)))
C cos (\/X &+ h)) + Cssin (\/X &+ h))

u, =ap+

a0 2evV/A (—C1 sin (\/X (€ + h)) + C5 cos (\/X &+ h)))

v, = —

a C1 cos (\/X €+ h)) + Cy sin (\/X €+ h))

ba 2ebvV/ A (—C’1 sin (\/X &+ h)) + Cs cos (\/X &+ h)))
o C cos <\/X(€+h)) + Cysin (\/X({Jrh)) '

If C; #0 and Cy =0,

u, = ag — 2aeV/ A tan (\/X(é + h)) ;
v, = % — 2V A tan (\/X(ﬁ-i— h)) )

w, = % — 2ebV/ A tan (\/X(f—i— h)) .

If Cy # 0 and Cy = 0,

u, = ag 4 2aeV/Acot (\/X €+ h)) ,

v, = % +2evV/\ cot (\/X(erh))a

. bao

3

wy, ==+ 2ebV/\ cot (\f)\ &+ h)) .
Putting the set (2) into Eq. (20), we get

ae (—\/XCl sin (\/X €+ h)) + VACs cos (\/X €+ h)) F (B +3) )\)
C cos (\/X &+ h)) + Cysin (\/X &+ h)) 7

Uy 5 = ap+

. @+s (—\/XC& sin (\/X(ﬁ + h)) + VACs cos (\/X(g + h)) F/(E+ D) )\) |

a C1 cos (\/X €+ h)) + Cy sin (\/X €+ h))
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bag +sb (—\/XCl sin (ﬁ (€ + h)) + V/ACs cos <\/X (€ + h)) F/E 1) /\)
a C1 cos (\/X €+ h)) + Cysin (\/X €+ h)) .
If C, # 0 and Cy = 0,

Uy, = ag — asV\ (tan (\/X &+ h)) F sec (\/X &+ h))) ,

4,5

Vg %) ) (tan (\/X &+ h)) F sec (\/X(f + h))) ,

bao

w,, = — — bV (tan (\5\ &+ h)) F sec (\A &+ h))) .

a
If Cy #£ 0 and C; =0,

Ug o = Qo + asVA (cot (\F)\(f + h)) F csc (\A &+ h))) ,
Vgo = C%O + eV (cot (\/X &+ h)) F csc (\/X &+ h))) ,

Wy = % +ebV/A (cot (\/X(f + h)) Fcsc (\/X(& + h))) :

— 2aap+b2yao+Bag—
Where§_$+ay+bz_ (a aag 'Lao aop a) t.

Case 3. When A = 0 (rational function solutions)

Substituting Eq. (20) into Eq. (19), using Eq. (6) and Eq. (12) the
left-hand side of Eq. (19) becomes a polynomial in ¢ and ¢. Setting each
coefficient of this polynomial to zero yields a system of algebraic equations in
ag,a1,b1,a,b,c,a, 8,7y, u and \. After solving the algebraic equations by Maple

we get,

ap =0,a1 =0,by = —2aue,c = —1.

Putting the values of the constants into Eq. (20), we get

—2aep

U 9

Yo—p(ztay+bz+t)+Ch

—2ep

v, = ,

—pu(z+ay+bz+t)+Ch

—2bep

w, =

1

—p(x+ay+bz+t)+C
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ui(z,y,2,t) if A <0 ug(z,y,2,t) if A <0

ur(x,y,2z,t) if A >0 uz(x,y,2,t) if A >0

Fig. 3D-plot for ui(z,y, 2,t), us(x,y, z,t) when A < 0, ui(x,y, z,t), us(x,y, z,t)
when A >0ande=a=b=qgy=y=1l,a=8=v=2,¢c1 =2,¢c0 =3,z =
0.5,h = 0.

5 Conclusion

In this paper, we established two equations, namely, the (2 + 1)-dimensional
Clannish Random Walker’s Parabolic equation and the (3 + 1)-dimensional Clan-
nish Random Walker’s Parabolic equation, which we believe that these two
equations are introduced to the first time. The (% / %)—expansion method
has been successfully implemented to find the new two traveling waves solutions.
The results show that this method is a powerful Mathematical tool for obtaining
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exact solutions for our equations. It is also a promising method to solve other
nonlinear partial differential equations.
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