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ABSTRACT. We exhibit that the Faddeev-Sominsky’s algorithm gives the Gower’s
pseudoinverse for any non-defective singular square matrix. If the matrix under
study is symmetric, then this pseudoinverse coincides with the Moore-Penrose
generalized inverse matrix.
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1. INTRODUCTION
For any matrix Ay, x, = (A;) its characteristic equation [1-3]:

(1) AN+ a N+ L+ an A+ a, =0,

can be obtained, through several procedures [1, 4-7] directly from the condition
det(Aj — Adj) = 0. The approach of Leverrier-Takeno [4, 8-13] is a simple and in-
teresting technique to construct (1) based in the traces of the powers A", r =1, ..., n.

On the other hand, it is well known that an arbitrary matrix satisfies (1), which
is the Cayley-Hamilton-Frobenius theorem [1-3]:

(2) A"+ A" P+ +ap_ 1A +a,I=0.

If A is non-singular (that is, det A # 0), then (2) gives the inverse matrix:
1

(3) Al=—— (A"*1 +a A" 4 L+ an,ll)
an

where a,, # 0 because a, = (—1)" det A.

Faddeev-Sominsky [13-19] proposed an algorithm to obtain A~! in terms of A"
and their traces, which is equivalent [17] to the Cayley-Hamilton-Frobenius identity
(2) plus the Leverrier-Takeno’s method to construct the characteristic polynomial
of a matrix A, to see Sec. 2. The condition det A # 0 means p = rank A = n, then
it is immediate the quest of an inverse of A when 1 < p < (n— 1), in fact, in Sec. 3
we exhibit a pseudoinverse AT with the properties [20, 21]:

(4) AATA =A,

(5) ATA AT = AT,
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which coincides with the Gower’s generalized inverse matrix [22, 23].

2. LEVERRIER-TAKENO AND FADDEEV-SOMINSKY ALGORITHMS
If we define the quantities:
(6) a=1, sp=trA* k=12 ....n

then the technique of Leverrier-Takeno [4, 8-13] implies (1) wherein the a; are de-
termined with the recurrence relation:

(7) Tar + $10,-1 + 20,2+ -+ sp_1a1 + 5, =0, r=1,2,....n
therefore:

ay = —s1, 2las=(s51)% —s9, 3laz= —(s1)> + 35182 — 253,
(8) 4 ay = (s1)* — 6(s1)%s2 + 85153 + 3(s2)? — 654, etc.

in particular, det A = (—1)"a,, that is, the determinant of any matrix only depends
on the traces s,, which means that A and its transpose have the same determinant.
In [24, 25] we find the general expression:

s1 k-1 0 .. 0
(71)k S9 S1 k—2 0
(9) ag = %l : : : B k=1,..,n,
Sk—1 Sk—2 1
Sk Sk—1 e 81

The Faddeev-Sominsky’s procedure [13-19, 26] to obtain A~! is a sequence of
algebraic computations on the powers A”™ and their traces, in fact, this algorithm is
given via the instructions:

B, =A, ¢ = tr By, Ci1=B: —ql,
1
By =Ci A, Q2= tr Bo, Cy =B — ¢,
(10)
1
Bn—l = Cn—2 A7 qn—1 = 1 tr Bn—la Cn—l = Bn—l - Q'n—lIa
1
B,=C, 1 A, an = n tr By, Cn =B, —aq.l,
then:
1
(11) JQ_1 = — Cn—1~
qn
For example, if we apply (10) for n = 4, then it is easy to see that the corresponding
¢ imply (6) with ¢; = —a;, and besides (11) reproduces (3). By mathematical

induction one can prove that (10) and (11) are equivalent to (3), (4) and (5), showing
[17] thus that the Faddeev-Sominsky’s technique has its origin in the Leverrier-
Takeno method plus the Cayley-Hamilton-Frobenius theorem.
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From (10) we can see that [26]:
(12) Cr=AF+a A" AR 2 4 pap A+, k=1,2,...,n,
and for k =n — 1:
Cro1 =A" "+ e A"+ A" P+t ag2A 4 a1l = —a, AT

in harmony with (11) because a, = —¢,. The property C; = 0 is equivalent to
(2). If A is singular, the process (10) gives the adjoint matrix of A [2, 3], in fact,
Adj A = (-1)"HC,_;.

If the roots of (1) have distinct values, then the Faddeev-Sominsky’s algorithm
allows obtain the corresponding eigenvectors of A [6]:

(13) Al = Ay, k=1,2,...,n,
because for a given value of k, each column of:
(14) Qr= N+ A2C 4.+ Cpy

satisfies (13), and therefore all columns of Qy are proportional to each other, that
is, rank Q. = 1 [22, 27].

3. GOWER’S PSEUDOINVERSE

Here we consider the situation 1 < p < (n — 1) with the condition a, # 0, thus
the multiplicity of the eigenvalue zero is (n — p) and from (1) we deduce that [22]:

(15) a; =0, j=p+1,...,n,

(16) Ai—l—al)\ZA—|—«~~+ap,1)\k+ap:0, k=1,...,p,
which allows to show the property:

(17) AP AP 4 b a, 1A% +a,A =0,

if A is non-defective [1], that is, it has n independent eigenvectors.

From (10) and (12) we observe that (17) means:

(18) C,A=B,;1=0
that is:
(19) BJZC]:(L j:p+1,,n
Thus, from (18) we have that:
1
0=AC,=A(B,+7Cp+al) .. A{_ a_(ci"*l "”VCI")}A =4
P
whose comparison with (4) suggests the pseudoinverse:
1
(20) AT = ——(Cp1+1Gy)
ap

and we must determine the parameter ; thus:

1
(21) AAT=ATA=-—-B,
ap
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Then from (4), (5), (12), (18), (20) and (21):

1

AT =ATA AT = __A+A(Ap—1 + alAp_2 4o _|_ap72A+ap71j[>
ap

(22)

1 1 1
— At (Ap+a1AP*1+. : -+ap_2A2+ap_1A) — At (cp—apl) —AT—ZATC,,
ap ap Gp

hence from (12), (18), (20) and (22):

1 1
0=A"C, = - (Cp,1 + 70,,) C, = - (ap,1 + ’yap> C,,
P P

therefore v = —(ap—1/ap) and (20) gives the Gower’s pseudoinverse verifying (4)
and (5) [22, 23]
1 ap—1
23 A*zf—(C, _ Wi )
(23) ap p—1 a, P

We emphasize that (23) was obtained under the constraints 1 <p < (n—1), ap # 0
and A non-defective.

Remark 1.- The Leverrier-Faddeev’s technique, according to Householder [28, 29],
was rediscovered and improved by Souriau [30] and Frame [31].

Remark 2.- If p = n then C,, = 0 and (23) implies (11).

Remark 3.- If A is symmetric, then (23) also satisfies the conditions:
T T

(24) (A+A) — A*A, (A A+) —AA*

thus (4), (5) and (24) are the four properties of Penrose [20, 21, 32, 33] and therefore
the Gower’s inverse coincides with the corresponding Moore-Penrose pseudoinverse
[34-41].

Remark 4.- From (10) it is immediate that ¢tr Cr = (n — k)ag, then (23) implies
the relation:
(25) trAt = — =L

ap

Remark 5.- (Ben-Israel)-Charnes [42] and Decell [43] construct the polynomial:

1
(26) P = = (W@ gy o)t ap),
P
which generates a pseudoinverse via the following expression [36]:
(27) AT = p(A) +(0)[A p(A) - 1],
then:

1 1 Ap—1
p(A)=-—Cp1,  Ap(A)-T=-—Cp  ¢(0)=-—"—
ap ap ap
thus (27) gives the Gowers matrix (23).

)
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