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PURE PSEUDOREPRESENTATIONS AS FIXED POINTS
OF AN AVERAGING PROCESS
FOR QUASIREPRESENTATIONS

A. 1. SHTERN

ABSTRACT. We prove that pure pseudorepresentations are fixed points of the

averaging process used in the definition of pseudorepresentations.

§ 1. INTRODUCTION

For the information concerning quasirepresentations, pseudorepresenta-
tions, and pure pseudorepresentations on groups and concerning the averag-
ing process defining a pseudorepresentation close to a bounded quasirepre-
sentation of a group, see [1]—[3].

§ 2. PRELIMINARIES

Thanks to 1988 theorem by B. E. Johnson [4] and its explicit form for
quasirepresentations of locally compact groups in dual Banach spaces [1],
the definition of a pseudorepresentation, of an amenable locally compact
group in a dual Banach space, close to a given bounded quasirepresentation
7 of the group uses the averaging process involving every cyclic subgroup H
of the given group G. The closure H of this group is locally compact and
commutative, and hence amenable.
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Applying some invariant mean on this subgroup to the function
ks w(hk)m(k™1), h,k € H,

in a special topology, we obtain an operator-valued function of h € H, which
is a pseudorepresentation of G. However, a pseudorepresentation need not
be a fixed point of this averaging process.

The main objective of this paper is to show that every continuous pure
pseudorepresentation is a fixed point of the averaging process defining a pseu-
dorepresentation approximating a given quasirepresentation.

This fact is of importance because continuous finite-dimensional quasirep-
resentations of connected Lie groups admit approximations by pure pseu-
dorepresentations.

§ 3. MAIN RESULTS

Theorem 1. Let G be a group and let m be a bounded continuous pure pseu-
dorepresentation of G. Then the averaging process used to define a pseu-
dorepresentation approrimating © gives 7 itself, i.e., w is a fized point of the
averaging process.

Proof. By the definition of the averaging process, we are to consider the
function

ko n(hk)m(k™Y),  hke H,

where H is the closure of a cyclic subgroup generated by some element a € G.
However, by the assumptions concerning the pure pseudorepresentation m,
namely, the fact that the restriction of 7 to every cyclic subgroup is an
ordinary representation, the pseudorepresentation 7 is bounded, and 7 is
continuous, we see that the restriction of 7 to H is an ordinary representation
of H.

This means that the function under consideration is constant and equal to
7(h) for all h € H. Hence, for every mean (which need not be invariant), the
mean value of this function is 7w(h) and, therefore, the value of the averaged
function at h is equal to w(h) for all h € H.

Since, by the continuity of 7, this holds for every h € G belonging to the
closure of an arbitrary cyclic subgroup, including the subgroup generated by
h itself, it follows that the averaging process in question leaves every bounded
pure pseudorepresentation fixed, as was to be proved.

This completes the proof of the theorem.
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§ 4. DISCUSSION

It should be noted that, for a sufficiently small defect, a bounded one-
dimensional pseudorepresentation is pure and an unbounded one-dimensional
pseudorepresentation is an ordinary representation of the group in question.

It looks probable that all fixed points of the averaging process under con-
sideration are pure pseudorepresentations.
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