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ON MULTIDIMENSIONAL CYCLIC CODES OVER A FINITE CHAIN
RING

DISHA GARG AND SUCHETA DUTT

AssTrRACT. Multidimensional (nD) cyclic codes are a significant class of
error-correcting codes that find applications in communication systems,
data storage and systems involving multidimensional data. In this paper,
we present a structured method for determining the generators of an nD
cyclic code of arbitrary length over a finite chain ring. The key idea be-
hind our approach is the sequential construction of generators of higher-
dimensional cyclic codes based on the generators of lower-dimensional
cyclic codes. Specifically, using the generators of cyclic codes (1D), the
generators for two-dimensional (2D) cyclic codes have been determined,
which have been used as a foundation to determine the generators for
three-dimensional (3D) cyclic codes. This framework is extendable to
higher dimensions, allowing us to construct the generators for nD cyclic
codes from those of (n—1)D cyclic codes. The paper also provides a few
illustrative examples to elaborate the theoretical results.
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1. INTRODUCTION

The class of multidimensional (1nD) cyclic codes is an important class
of error-correcting codes. Cyclic codes, which are initially explored in the
one-dimensional context, have been extended to multidimensional arrays
to address the challenges posed by data structures in various applications
such as communication systems and data storage, where multidimensional
data representation is prevalent. One-dimensional cyclic codes, a founda-
tional class, are widely used in barcodes, where they ensure accurate data
scanning and error correction despite any physical damage. Extending to
two dimensions, cyclic codes become essential in QR codes, enabling data
recovery even when sections of the QR code are corrupted. As we move
to three dimensions, 3D cyclic codes find significant applications in fields
like medical imaging, where these codes help to maintain the integrity of
volumetric data, such as CT or MRI scans, during transmission or storage.
Beyond three dimensions, higher-dimensional cyclic codes are becoming
more important in upcoming technologies. For example, higher dimen-
sional cyclic codes have importance in virtual reality (VR), which uses mul-
tiple layers of data to create immersive real-time experiences. The growing
importance of multidimensional cyclic codes motivates us to study their
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structure over finite chain rings, as they provide a mathematical founda-
tion for addressing the challenges of modern data representation and er-
ror correction. In this paper, we propose a systematic method for deriv-
ing generators of nD cyclic codes of arbitrary length over a finite chain
ring. Our method is based on the construction of generators of higher-
dimensional cyclic codes from lower-dimensional ones. Starting with the
well-established structure of one-dimensional (1D) cyclic codes, we first
derive the generators of two-dimensional (2D) cyclic codes. The generators
of 2D cyclic codes then serve as a foundation for constructing the genera-
tors for three-dimensional (3D) cyclic codes. This framework is extendable
to higher dimensions, allowing us to construct the generators for nD cyclic
codes from those of (1 —1)D cyclic codes.

In the past few decades, many researchers explored nD cyclic codes over
finite fields. The basic theory of 2D cyclic codes was introduced by H.
Imai [1],in 1977. In 2016, Z. Sepasdar and K. Khashyarmanesh [2] charac-
terized 2D cyclic codes of length n = 52 over the finite field [, as ideals

of the quotient ring Fym[x,p]/(x* - 1,y2k —1) for an odd prime p. Using a
similar approach, Z. Rajabai and K. Khashyarmanesh [3] characterized the
algebraic structure of repeated root 2D constacyclic codes of length 2p*2k
over the finite field [F,». O. Prakash and S. Patel [4] determined the struc-
ture of repeated root two dimensional (y, v)-constacyclic codes of length
4p'2" over F,u. Subsequently, they [5] determined the structure of two-
dimensional cyclic codes of length 3/ and characterized the structure of
two-dimensional (1, A3)-constacyclic codes and their duals over Fyn. Z.
Sepasdar [6], determined the generator matrix of 2D cyclic codes of arbi-
trary length. R. M. Lalasoa et al. [7] generalized these findings to 3D and
nD cyclic codes. S. Bhardwaj and M. Raka [8] established a new form of
generator polynomials for multidimensional constacyclic codes of arbitrary
length using the concept of central primitive idempotents. Recently, D.
Garg and S. Dutt [10] have determined the structure of a two-dimensional
cyclic code of length mn over a finite chain ring, where m is arbitrary and
n is co-prime to the cardinality of the residue field.

The structure of this paper is as follows: Section 2 introduces funda-
mental definitions and preliminary results on nD cyclic codes over a finite
chain ring, specifically for n = 2. In section 3, we derive the generators
of an nD cyclic code of arbitrary length over a finite chain ring for n = 2
alongwith illustrative examples. In Section 4, we extend these results to
nD cyclic codes of arbitrary length. Finally, in Section 5, we conclude our
work and summarize the key findings of the study.

2. PRELIMINARIES

Consider a finite commutative ring R. A linear code C of length m over
R is a sub-module of R™ over R. A linear code C of length mym,...m,
over R is called an nD cyclic code if its codewords are represented as n-
dimensional arrays [Ciliz---in]' 0<ig<m-1,0<k<n-1,c; i €Rand
C is closed under cyclic shifts along all the n dimensions. Specifically, for
n =1, a 1-D cyclic code C of length m; is the classical cyclic code, where
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codewords are closed under the usual cyclic shift operator o defined as
(10,715 s Tmy=1) = (Fjuy=1, 70,715+, 'y —2) for every (ro,ry,...,7,-1) € C. It
is well established that a cyclic code C of length m1; over R can be viewed
as an ideal of R[x]/(x™ —1). For n = 2, the codewords of a 2D cyclic code
of a length m;m, are m; x m, arrays of the form ¢ = [rij], 0<i<m-—
1,0<j<my—-1, rij € R and C is closed under both row and column cyclic
shifts. The row and column cyclic shift denoted by o0, and o, respectively,

o T -1
. r o -th
are defined by o,| . = .|, where r; denotes the i'* row of ¢ for
Ty -1 Ty -2

0<i<m;—1andoc(co,Cc1,---)Cm,-1) = (Cmy-1,€0s---»Cm,—2), where ¢; denotes

the j* column of ¢ for 0 < j < m, — 1 respectively. It is easy to verify that a

2D cyclic code of length mym, over R can be viewed as an ideal of the ring

R[x,y]/{x™ —1,y™ — 1) which is isomorphic to (R[x]/{(x™ - 1))[y]/(y™2 - 1)
my—1m;—1 my—1 my-1

under the map Z Z ai]-xiyj — Z ( Z a,-]-xi)yj. For a natural number
i=0 j=0 j=0 ' i=0

n, an nD cyclic code of length mm,...m, over R can be defined as an ideal

of the ring R[xl,xz,..,,xn]/<xT1 - 1,3ch2 —1,..,x" = 1).

Let C be an nD cyclic code of length mm;...m, over R. Then, the Ham-
ming distance between two codewords of C is the number of positions,
where the corresponding elements in two codewords differ. The minimum
Hamming distance dy(C) of C is defined as the smallest Hamming distance
among distinct codewords of C. The Hamming weight of a codeword is de-
fined as the number of non-zero elements in that codeword. The minimum
Hamming weight wy(C) of C is defined as the smallest Hamming weight
among all non-zero codewords in C. It is clear that wy(C) is always equal to
dy(C). The rank of C is defined as the cardinality of the minimal spanning
set of C. The code C is called MHDR if dy(C) = mym,...m, —rank(C) + 1.

A finite commutative ring R is called a finite chain ring if all its ideals
form a chain under the inclusion operation. A finite chain ring always has a
unique maximal ideal. Let R denote a finite chain ring and let () represent
its maximal ideal. Suppose v is the nilpotency index of y and R/(y) = [F,,
where g is the prime power.

Monika et al. [9] have determined the generators of a cyclic code C over
R. Let us recall the relevant results from [9], which are required for later
use.

Theorem 2.1. [9] A cyclic code C of length n over R is generated by C =
(po(x), p1(x),..., py(x)), where p;(x) = p*iq;(x) is the polynomial of minimal
degree among all polynomials in C whose leading coefficient is y*i for 0 <j <r.
Also, qj(x) € Fy+ y, +y?F +---+ )/V_Sf_IIFq[x]Kx” —1) is a monic polynomial
for0<j<r. Also, sg>sy > >s,and tg <t; <---<t, where t; = deg(p;(x)).

Corollary 2.2. [9] The maximum number of generators of C of length n over
Ris k =min{v,t, + 1}.
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Let us also recall the following result from [10], which is required for
later use.

Theorem 2.3. [10] Consider a 2D cyclic code C of length mym; over R. Then
Cy1 = {f(xy) € Fyx, 9]/ (x™ - 1,9" — 1) such that YV f(x,y) € C}is a 2D
cyclic code of length mymy over ;. Also, wy(C) = wy(Cy1).

3. GENERATORS OF 2D CYCLIC CODES OF LENGTH m1Mny OVER A FINITE CHAIN
RING

In this section, we determine the generators of a 2D cyclic code of arbi-
trary length m;m, over a finite chain ring R.

Let C be a 2D cyclic code of length m;m, over a finite chain ring R.
Let f(x,v) € C be any element. Then, f(x,vy) can be uniquely written as

myp—1
Z fj(x)yj, where f;(x) € R[x]/(x" —1) for 0 < j < m; — 1. Define the sets,
=0
my—1-j
= { gj(x) € RIxJ/(x™ ~1)|3 g(x,y) € C such that g(x,p) = Y gmz_l_k<x>yk}
k=0
for 0 < j <mjy—1. It can be easily verified that each I;, 0 <j <m;—1,is an
ideal of the ring R[x]/(x™ —1) and therefore a cyclic code of length m; over
R. By Theorem 2.1, we can find a set of polynomials pg)(x), p(ll)(x) e p(,;)(x) €
R[x]/{x™ —1) such that

1= oy (x), Y (x)..., p ), 0<j<my—1.
Also, by Corollary 2.2, ri+l < min(v, tr]_ +1) foreach j, 0 <j<mjy—1, where
t,, = deg(py) (x)).
Theorem 3.1. Let C be a 2D cyclic code of length mym; over K. Then the set
{P‘(])(x,y) € R[x,y]10<i<r, 0<j<my—1}generates C where

1
, mp1-j
Pl-(])(x,y) = Z ag()(x)yk, forall 0<j<m,-1
k=0

and ag()(x) €1; for every 0 <k <mj—1-j. Also, af.{zﬂr]fj)(x) = p<j)(x), 0<i<

Ti 0<j<my,-1.

Proof. Let C be a 2D cyclic code of length m;m; over R. Let f(x,y) =
my—1

Z f]-(x)yj with fi(x) € R[x]/(x"™ 1), 0 <j < my~1, be any element of C.
=0

0)

o
Clearly, f,,,-1(x) € Iy. Therefore, f,,,_1(x) = Zpgo)(x)tgo)(x), where t; (x) €
i=0

R[x]/(x™ —1) forall 0 <i < ry. Also, pY(x) € Iy; 0 < i < ry, therefore by
my—1

definition of I, there exists Pl.(o)(x,y) € C such that Pi(o)(x,y) = Z ai.i)(x)yk,
k=0
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(0)

i(my—

Therefore, agg)(x) elpforall0<k<mp,—1, 0<i<ry. Let

where a 1)(x) = pz(-o)(x), 0 <i<ry.Since Cisanideal of R, yjPi(O)(x,y) eC.

e y) = Fley) =) P, )1 (x) (3.1)
i=0

my—2 Ty my—2

= Y Albopt =) 8% ) a0yt
k=0 i=0 k=0
my—2

=Y Wk B (x) € RExl/™ - 1),
k=0

Clearly, h;(x,p) € C since f(x,p), Pi(o)(x,y) € C for every 0 <i <rj. Also, by
T

1
definition of Iy, hgyllz)fz(x) €. So, nY (x) = Zpi.l)(x)t !

(.1)(x), where t; )(x) €

my—2 i
i=0
Rlx]/{x™ —1), for all 0 <i < r;. Now, pi.l)(x) € I;; 0 <i <rp, therefore there
my—2
exists Pi(l)(x,y) € C such that Pi(l)(x,y) = Z agllc)(x)yk, where ”5’(1;)112_2)(") =
k=0
pgl)(x), 0 <i <r;. Also, since C is an ideal of R, nyi(l)(x,y) € C. Therefore
agllc)(x) el forall0<k<my—-2,0<i<r.Let
L5
1 1
haxey) = (xy)- ) By @) (3.2)
i=0
my—3 o] my—3
1 1 1
= Y eyt =) i ) e k)
k=0 i=0 k=0
my—3
= Y HP s K ) € REx/rm - 1),
k=0

Clearly, hy(x,p) € C since hy(x,p), Pi(l)(x,y) € C; 0 <i <rp. Continuing in
this fashion, we obtain polynomials h(x,y), hy(x,),..., hy,-1(x,y), where

Tiny—2
-2 ) )
Bg1(5,9) = By a(5,9) = Y Py ) = 1P (). (3.me1)
i=0

Clearly, by definition of I,,,,_;, hgmz_z)(x) € I;,—1, which implies that hf)mz_?')(x) =
rmz—l

Z pgmrl)(x)t;mrl)(x), where t;mrl)(x) € R[x]/(x™ ~1); 0<i <1y, 1. Now
1=0

pgmz_l)(x) € I,,,_1, therefore there exist P,

(mz_l)(x,y) € C such that Pi(mz_l)(x,y) =
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pgmz_l)(x). Therefore,

Mg =hy" =) B ™ . Gam)

It follows from equations (3.1) to (3.m,) that

To r
flep =Y POyt @+ Y PN+ e ) R ™ )
i=0 i=0 i

Timy—1

-1 -1
+ ) P )™ ().
i=0

Thus, the set {Pi(])(x,y) € Rlx,p] |0<i<r, 0<j<m,—1} generates C,
where
. my—1-j )
PV (x,y) = Y aD(x)y*, forall 0<j<my—1
k=0
and a%()(x) €I for every 0 <k <mp—1-j. Also, aﬁ,)ﬂrlfj)(x) = plm(x), 0<
i<r, 0<j<mp-1. 0

The following result directly follows from Theorem 3.1 and Corollary
2.2.

Corollary 3.2. The maximum number of generators for a 2D cyclic code C over
my—1

R is kmy, where k = Z (rj+1).
j=0

Next, we present a few examples to illustrate our theoretical results.

Example 3.1. Let C be a 2D cyclic code of length mym; over the finite chain
ring R = By + yIFy, where y? = 0, m; = 8 and m, = 3. Consider the following
cyclic codes of length 8 over R given by

Iy = (PE)O)(X), Pgo)(X)) =(y(x®-3x2+3x-1), x* —4x3 + 6x% —4x + 1)
L = <p(01)(x)> = (y(x* - 4x3 + 6x> —4x + 1))
I, = (p((f)(x)) = <x6 —6x>+15x*—20x3 +15x% - 6x + 1)

By Theorem 3.1, the set {PO(O)(x,y), Pl(o)(x,y), Pél)(x,y), Péz)(x,y)} generates C,
where

Py (x,9) = pog (x) + Py (x)y + p (x° = 3x% 4+ 3x — 1)y
Pl(o)(xfy) = pg%)(X) + pgol)(x)y +(x* —dx® + 6x2 —4x + 1)p?
Pél)(x;lf) = PE)IO)(x) +y(t—dx® r6x? —dx+ 1)y

P (x,9) = (x — 6x° + 15x* - 20x% + 15x% — 6x + 1)
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0 0)
such that plo(x), 5)1( ) p

1
takingp(()%)( )= pm( X) = p%( ) = x* —4x3 + 6x2 —4x+1andp11( x)=yp(x
3x% +3x—-1), Poo x) = y(x* - 4x3 + 6x? —4x+1)weget theset{(x —4x3 +
6x? —4x+1)(1+y)+7/( 3 _3x24+3x— l)y J(xt —4x® +6x% —dx+ 1)+ p(x3 -
3x2 4+ 3x — 1)y + (x* —4x3 + 6x% —dx + 1)y2, p(x* —4x3 + 6x7 —dx + 1) + y(x* -
4x3 + 6x% — dx + 1)y, (x® — 6x° + 15x* — 20x> + 15x% — 6x + 1)}, which generates
a 2D cyclic code of length mym, = 24 over R.

(0) (1) e
( ), P11( x) € Iy, poo( x) € Iy. More specifically,
3_

Example 3.2. Let C be a 2D cyclic code of length mym; over the finite chain
ring R = Zg, where my = 3 and my = 2. Consider the following cyclic codes of
length 3 over R given by

Ip = (pi(x)) = B(x—1)
= <pg”(x)> —(x?—2x+1).

By Theorem 3.1, the set { (x v), P (x,y)} generates C, where

PO (x,p) = pé&(x) +3(x-1)

1 1
Pé \(x,9) = pfm)(x) +(x% = 2x+1)y
such that pg%)(x) € Iyand pélo)( ) € I. More specifically, taking pé%)( )=3(x-1)
and pélo)(x) = 8(x? - 2x + 1) we get, the set {3(x D(1+y),(x2-x+1)(8 +y)}
which generates a 2D cyclic code C of length mym, = 6 over R. It is easy to
verify that the set {3(x — 1)(1 +v),3x(x — 1)(1 + ), (x* = 2x + 1)(8 + )} is the
minimal spanning set of C which implies that rank(C) = 3. Clearly, the set

{(x=1)(1+v),(x% - 2x +1)(2 +)} generates the 2D cyclic code C,,_ of length 6
over the residue field Z5. The generator matrix of this code is:

221100
G=|0 0 2 2 1 1]
21 21 21

The minimum Hamming distance of this code, computed using MAGMA soft-
ware, is 3. By Theorem 2.3, dy(C) = 3.

Example 3.3. Let C be a 2D cyclic code of length mym; over the finite chain
ring R = Zy9, where my = 3 and m, = 2. Consider the following cyclic codes of
length 3 over R given by

Io=(py () = (x* +x+1)
11 = (py (1) = (x—1).
By Theorem 3.1, the set { (x v), P )( x,v)} generates C, where
P (x,p) = pgo () +(x2+x+1)p
Py (x,9) = phg (x) + (x— 1)y

such that pg%)(x) €lyand pf)lo)(x) € I;. More specifically, taking pf)%)(x) = 48(x2+
x+1)and pf)lo)(x) = (x—1), we get the set {(x2+x+1)(48 +7), (x=1)(1 +y)}, which
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generates a 2D cyclic code C of length mymy, = 6 over R. It is easy to verify that
the set {(x*+x+1)(48+7v), (x—1)(1+v), x(x—1)(1+)} is the minimal spanning
set of C which implies that rank(C) = 3. Clearly, the set {(x> +x+1)(6 +), (x -
1)(1+ )} generates the 2D cyclic code C,,_y of length 6 over the residue field Z;.
The generator matrix of this code is:

6 1 6 1 61
G=|6 6 1 1 0 0}
0 0 6 611

The minimum Hamming distance of this code, computed using MAGMA soft-
ware, is 4. By Theorem 2.3, dy(C) = 4, which implies that C is a 2D MHDR
cyclic code over Z 49.

Example 3.4. Let C be 2D cyclic code of length mm, over the finite chain ring
R =2Z,s5, where m =5 and m, = 2. Consider the following cyclic codes of length
5 over R given by

Io = (0} (x)) = (5, (x— 1))
I = (p{(x))y = (x = 1).

By Theorem 3.1, the set {P(go)(x,y), PI(O)(x,y), Pél)(x,y)} generates C, where

0 0
PS )(x,y) = P(oo)(X) +5y

0 0
B (x,9) = pg (1) + (x= 1)y
1 1
By (x,9) = po () + (x = 1)y
(0) (0) (1) s o (0)
such that py, (x), pyo (x) € Iy and py, (x) € I;. More specifically, taking p,, (x) =
5(24) and p(l%)(x) = pélo)(x) = (x—1), we get the set {5(24+y), (x—l)(1+y)}, which
generates a 2D cyclic code C of length mmy = 10 over R. It is easy to verify that
the set {5(24+7v), 5x(24+7y), 5x2(24+y), 5x3(24+7), 5x4(24 + v), (x=1)(1+
V), x(x = 1)(1+7v), x*(x = 1)(1 +v), x3(x = 1)(1 + )} is the minimal spanning
set of C which implies that rank(C) = 9. Clearly, the set {(24+7),(x—1)(1 +p)}
generates the 2D cyclic code C,,_1 of length 10 over the residue field Zs. The
generator matrix of this code is:

41 0 000O0O0O0OTO
00 41000O0O0TO0TO0
000O0O4100O00Q0
00 0O0OOO04100
G=|/|0 0 0 0OO O OO0 4 1}
4 4110000 O0O0
0044110000
000O0441100
00 0O0OOO0M4411

The minimum Hamming distance of this code, computed using MAGMA soft-
ware, is 2. By Theorem 2.3, dy(C) = 2, which implies that C is a 2D MHDR
cyclic code over Zs.
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4. GENERATORS OF A MULTIDIMENSIONAL CYCLIC CODE OF ARBITRARY LENGTH
OVER A FINITE CHAIN RING

In this section, we determine the generators of a 3D cyclic code of length
mymyms over K. In addition, we generalize this result to determine the
generators of a multidimensional cyclic code of arbitrary length over R.

Let C’ be a 3D cyclic code of length m;m,m; over a finite chain ring R.
Then, C’ can be viewed as an ideal of the ring R[x, y, z]/{(x"™ —1, "™ —
1,2 — 1) which can be easily seen to be isomorphic to R[x, p]/{(x"™ —
1, p™ —1)/{(z™ —1). Let f(x,9,z) € C’ be any element. Then, f(x,y,z) can

mz—1

be uniquely written as Z fe(x,9)z5, where fi(x,v) € R[x, p])/(x™ —1,p™2 —
k=0

1) for 0 <k <mj3—1. Define the sets, I, {gk(x, ) € R[x, p]/{(x"™ -1, p"2—-1) |

m31

3 g(x,,2) € C’ such that g(x,v,z) Z Simy—1-t (v }, 0<k<mz—1.1It

can be easily verified that each I, 0 < k < m3—1, is an ideal of the ring

Rix,v]/{(x™ —1, p™2 — 1) and therefore a cyclic code of length mm, over
R. By Theorem 3.1, I; is generated by a set {P( oY) |0<i<rE, 0<j<
my —1}.

Theorem 4.1. Let C’ be a 3D cyclic code of length mym,ms over R. Then the set

{Di.j’k)(x,y, )€ R[x,,2]|0<i<rjy, 0<j<my—1, 0<k<ms3—1}generates
C’, where

Di.j’k)(x, 9,2) = Z ag'k)(x,y)zt, forall 0<k<m;—1

and a(j'k)( ) € I} for every 0 < t < m3—1—k. Also, X

i<t k,0<]<m2—1 0<k<msz-1.

Proof. Let C’ be a 3D cyclic code of length mmym; over R. Let f(x,y,z) =
msz—1
Z fk(x,y)zk with fi(x,p) € Rlx, p]/(x™ - 1,9 - 1), 0 <k <m3—1, be any
k=0

my—1 Tjo

element of C’. Clearly, fm _1(x) € Ij. Therefore, fm 1 ( Z ZP

where 1/"%(x,9) € R[x,y]/(x™ — 1,9 ~ 1) forall 0< i < 1,0, 0<j <my—1.

Also, Pi(j’o)(x,y) € Ié; 0<i< ri0, 0 < j<mp-1, therefore by definition
. . m3_1 .
of I}, there exists DEJ’O)(X, ,z) € C’ such that TDS]’O)(x, v,2) = Z ai.]t’o)(x,y)zt,
t=0

y ’0)(x,y) O<1<r0,0<]<m2—1 Since C’ is an

,0
where ai(mifl)(x,y) - Pi(]

ideal of R[x,y,z]/(x™ — 1,9 - 1,2 - 1), ZkDi (x,y,z) € C’. Therefore,

(7 (jk)
ai{ma—l—k)(x’y) =P""(x,9), 0

481

<

'(y)
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ag’o)(xy)el forall0<t<m3-1,0<i<rjo 0<j<mp—1.Let

my—1 Tj0

m(xy2)=fopa-) ) Pyt wy) (4.1)
0 i=0
m3—2 " my—1 71, my=2
=Y st Y3 () i)
t=0 j=0 i=0 t=0

my=s .
= Z h(t]'l)(x,y)zt; hij’l)(x,y) € Rlx, pl/(x™ -1, - 1).

Clearly, hi(x,y,2) € C’ since f(x,v,z ),DiA' (x,y, ) € C’ for every 0 < i <

10, 0 < j <my—1. Also, by definition of I}, hm’ )z(x,y) el. So, hm'l)z(x,y) =

_] 1’]

Z ZP ’ 1 (x,p)t it ( x,7), where t;j’l)(x,y) € Rlx, y]/{(x™ —1,y™~1), for all

j=0 i=

0<i<rj;, 0<j<mp—1. Now, P, V’”(x,y)ell’; 0<i<rj;, 0<j<mp-1,
my—2

therefore there exists Di]'l)(x,y, z) € C’ such that ng’l)(x, V,2) = Z a(j’l)(x,y)zt

it

=0
where ai{iiiz)(x,y) = PZ.(]’l)(x,y) 0<i<rj;, 0<j< m2 —1. Also, since C’ is

anideal of R[x, y, z]/(x™ -1, y"" 1,23 1), Zsz‘ (x, y,z) € C’. Therefore

ag'])(x,y) €l forall0<t<m3-2,0<i<rj;, 0<j<m;—1. Let
my—1 71,
ha(vy,2) = (69.2)= ) ZD (%32 (x,y) (4.2)
0 i=
m3—3 " my—1 Tj1 ms;—3
=Y )t - ) ) al )
=0 j=0 i=0 =0

— Zhgle)(xxy)Zt} h(t],2)(x,y) c R[X,y]/<xml _ 1,ym271 ).
t=0

Clearly, h;(x,v,z) € C’ since hy(x,y,2), Dg-j'l)(x,y, )eC50<i<r;, 0<j<
my — 1. Continuing in this fashion, we obtain polynomials h3(x, y, z),
hy(x%,9,2),..., hms,l (x,v,2), where

mz—l jm3=2

-2
g1 (%,9,2) = hyyy 2 (%,,2) Z ZD”’“ (9,20t (x,9)

= h{" ) (x,y). (4.m3—1)

Clearly, by definition of 17'113_1, hg’m3_2)( x,y)el’

n-1’

therefore hy {omis= )(x,y) =

tmy—17j,mz-1

Z Z Pi(j’m3_1)(x,y)tgj’mrl)(x,y), where t;j’mrl)(x,y) € Rlx, p]/{(x™ —1,y"2—
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1); 0 <i <1j,-1- Now P(j'm3_1)( y) € I’ _,, therefore there exist ?Di.j’mrl)(x, y,z)€C’

n 1’

such that Di-j’m 2 (x,9,2) =P, pUmaT 1)( ) Thus, we have

my— 11‘] m3—1

Hon1(x,,2) = hY"™ Z Y P (20t (), (4amg)

j=0 i=0
It follows from equations (4.1) to (4.m3) that

my—1 Tj0 my—1 Tj1

f(xv,2) ZZD’O %, 2)t"° \(x x,9)+ ng’l)(x,y,Z)tfj’l)(x,y)

my—1 r],rn3—2

ims—2 j,ms—2
+...+Z ZD? 3 )(x,y;Z)tfj } )(X;y)

i=0 =0
mzfl rj,m3—l
—_ Gt
Y A g ),
i=0 =0

Thus, the set {D (x,y, €R[x,p,2] [0<i<rj 0<j<my-1,0<k<
ms — 1} generates C’, where

Di" (x,9,2) Z a’ (x,v)z', forall 0 <k<mz—1

(k)

and a(j’k)( ,v) € I forevery 0 < t <mj3—1-k. Also, ai(m3_1_k)(x,y) = Pi(j’k)(x,y), 0

1<rk,0<]<m2—1 0<k<mz-1. O

The following result directly follows from Theorem 4.1 and Corollary
3.2.

Corollary 4.2. The maximum number of generators for a 3D cyclic code C’ of
n-1

length mymyms over R is kmyms, where k = Z(rj +1).
j=0

Remark 4.3. Clearly, an nD cyclic code viewed as an ideal of R,, = R[x1, X, ... ,xn]/(x;”1 -

1,9(3”2 —1,..,x0m - 1) over a finite chain ring R. Therefore, continuing in
the same fashion as above, suppose that we have obtained the generators of
ideals of R,_1. Using the generators of ideals of R,_; and the fact that R, =
R,_1[x,)/{xn" = 1), the generators of ideals of R,, for any natural number n can
be obtained.

CONCLUSION

This paper presents a systematic framework for constructing generators
of multidimensional (1D) cyclic codes of arbitrary length over a finite chain
ring. Specifically, using the generators of 1D cyclic codes, we obtain the
generators for two-dimensional (2D) cyclic codes and use them as a foun-
dation to determine the generators for three-dimensional (3D) cyclic codes.
This process can similarly be extended to higher dimensions, offering a
scalable methodology for constructing generators of nD cyclic codes based
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on those of (n —1)D cyclic codes. The inclusion of illustrative examples
highlights the practical significance and utility of the proposed methods to
obtain some optimal codes.
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