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A SHORT NOTE ON THE KOMLOS - SOS
CONJECTURE.
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AsstrACT. For positive integers s and k such that
s>2and k > 120(s—1), a necessary and sufficient
condition for a graph G without K; s and with a me-
dian degree of at least k is given to contain every tree
T of order k+ 1. A special case of the Komlds- So6s
conjecture that states the following: Let k € N. If at
least half the vertices of a graph G have degree at least
k, then G contains as subgraphs, all trees of size k+1 is
then verified.
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1. INTRODUCTION

The famous Komlés- Sés conjecture states that

Let k € N. If at least half the vertices of a graph G have
degree at least k, then G contains as subgraphs all trees of size
k+1.
This is analogous to the well known Erdés - Sés conjec-
ture [9] that states that

Every graph of average degree at least k — 1 contains every
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tree of order k + 1.

While approximate versions of both conjectures were proved
by Ajtai et al. [1] using the Regularity Lemma, the Erdés
- S6s Conjecture has been verified for several classes of
graphs. In addition, papers by Fan [10], Fan and Sun
[12], Fan and Huo [11] verified the conjecture for Spi-
ders of large size, Spiders and Spiders with four legs re-
spectively. Dobson [8] proved both conjectures for graphs
whose complement has no K, ;. Brandt and Dobson [5]
showed that the Erd6s-S6s conjecture holds for graphs with
girth at least 5 and Haxell proved the conjecture for graphs
with no K,;, where s = L%J. The author and Dobson
[2] then showed that the Erd6s-Sés conjecture is true for
graphs with no K, ; for k > 12(s - 1).

Soffer [19] showed that the Komlés- Sés Conjecture holds
for graphs with girth at least 7 while Piguet and Stein [18]
showed that the Komlds- Sés Conjecture holds for trees of
diameter 5 and for certain Caterpillars. Cooley et.al. [7]
and Hladky and Piguet [17] verified the above conjecture
for dense graphs. Furthermore, in a series of four pa-
pers [13], [14], [15] and [16], Hladky, Komlds, Piguet, Sze-
merédi, Simonovitz and Stein proved an approximate ver-
sion of the above conjecture for sparse graphs using an
analogue of Szemerédi’s regularity lemma.

In this paper we use and or extend the ideas similar to
those found in the author and Dobson’s paper [2] to show
that for s > 2, k > 120(s — 1), every graph with median de-
gree at least k, having no K ; contains every tree of order
k+ 1. In the remainder of the paper, we will look at rel-
evant preliminaries and results based on the limits to the
maximum degree of the given tree T.
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2. PRELIMINARIES AND RESULTS

The terms defined below are relatively standard and for
the rest of the terms that are not defined here, refer to [4]
and [6]. A complete bipartite graph K,, , is a graph whose
m + n vertices are divided into two sets of vertices of size
m and n respectively such that no two vertices in the same
set are adjacent while every pair of vertices one from each
of the two sets are adjacent. For a graph G and x € V(G),
Ng(x) will denote the set of all neighbors of x in G. Let the
highest, second highest, and the smallest degree of a graph
G be denoted by A(G), A,(G) and 6(G), respectively. Let
t(G) and u(G) denote the average degree and the median
degree of G.

Lets>2and k>120(s—1). Let G be a graph containing
no K ; that is minimal with respect to the property that
w(G)>k.Let L={xe V(G): degs(x)>k}and S = V(G)-L.
By the minimality of G with respect to

(1) HG) =k,

S is an independent set. Also by the minimality of G with
respect to (1), if deg(x) > k, then Ng(x) C L.

In this paper, we will assume that since G contains no
K s, for distinct vertices x, y € V(G), INg(x)N"Ng(y)| <s-1
and this will be used throughout.

We need the following Lemma [2]

Lemma 2.1. Let T be any tree of order k+ 1. Then the length

of any path joining two distinct non-leaf vertices is at most
k—A(T)—Ay(T)+2.

We will also assume the following and fairly easy lemma
that can be proved using the greedy algorithm,
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Lemma 2.2. Let G be a graph with 6(G) > k and u € V(G).
Let T be a tree of order k+ 1 with v € V(T). Then there exists
an inclusion f: T — G such that f(v) = u.

In addition, we shall be in need of the following lemma
[19] as well.

Lemma 2.3. Let k, n € IN and let G be a graph with n ver-
tices satisfying u(G) > k. Then G contains a subgraph H with

HG) > 2 and 5(H) > &.

The following Lemma [19] on bipartite graphs will be
useful.

Lemma 2.4. Let H be a graph with 6(H) > | and let S be an
independent set of vertices in H. Then; either H has a path of
length | with both endpoints outside S or H is bipartite with
one color-class S.

Clearly, any graph G satisfying (1) contains every star
of order k + 1. Hence, for all our purposes here, T is not a
star of order k + 1.

Lemma 2.5. Let s > 2, k> 18(s—1). Let G be a graph that is
minimal with respect to (1) such that G contains no K, ; and
o(G) > § Let P be any maximal path of length at most k in
G connecting vertices u, v € G. Then any vertex w € L that is
on P has at least 9 neighbors in G that are not on P.

Proof. Let s, k and G be defined as above. Let P be a maxi-
mal path of length at most k in G connecting distinct ver-
tices u, v € G. As deg(x) > k for every x € L, the maxi-
mality of P in conjunction with |P| < k implies that both
u and v are in S. Hence, all of the at least 6(G) > % +1
neighbors of u and v respectively are on P. As S is an in-
dependent set, there exists a vertex w € L that is on the
path P. Now, if at most 8 neighbors of w are on P, then
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at least deg.(w)— 8 > k — 8 neighbors of w are on P. As
G contains no Kj ;, the number of vertices on P is then, at
least

k-8+k/3+1+k/3+1-3(s—1)

k+2k/3-6-3(s—1)

> k+2(18(s—1))/3-6—3(s—1)
= k+9(s-1)-6
> k+1,

a contradiction to |P| < k. Hence w has at lest 9 neighbors
in G that are not on P. O

Lemma 2.6. Let s> 2, k> 18(s—1). Let G be a graph that is
minimal with respect to (1) such that G contains no K, ; and

o(G) > % Then G contains a path of length k.

Proof. Let s, k and G be defined as above. Suppose every
path in G has length at most k — 1. Let P be such a path
joining distinct vertices u, v that is of maximal length in
G.

Then, as P is a maximal path, all the neighbors of u
and v in G are on P. If either u or v are in L, then, as G
contains no K, ;, the number of vertices on P are at least
k+0(G)—(s=1)>k+k/3—(s—1)>k+18(s—1)/3—-(s—-1) =
k+5(s—1) > k+1, a contradiction to |P| < k—1. Hence both u
and v are in S. Since S is an independent set, there exists
an x € L, such that x is on the uv path P. Since u,v € S,
assume without loss of generality, that x € Ng(v) on P. By
Lemma 2.5, x has at least 9 neighbors in G that lie outside
P. Let x1, x;, be any two neighbors of x in G that are not
on P. If both x; and x; have all their deg;(x;), i = 1,2
neighbors on P, then as G contains no K, ; and 6(G) > k/3,
the number of vertices on P is at least deg(u) +deg(v) +
deg;(x) +degqs(x2)—6(s—1)>k/3+1+k/3+1+k/3+1+
k/3+1-6(s—1)>k+18(s—1)/3+4-6(s—1)>k+4>k,
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a contradiction to |P| < k — 1. Hence at least one of x1, x;
has a neighbor y; in G that is not on P. Assuming that x;
is the vertex, the path P = P —wx + xx; + x;y; is of length
|Pi| =|P|-1+1+1 > |P|, contradicting the maximality of P.
Hence G contains a path of length k. m]

Lemma 2.7. Let s > 2, k > 21(s—1). Let G be a graph that
is minimal with respect to (1) such that G contains no K
and 6(G) > % Then G contains a path of length k joining two
vertices in L or a path of length k joining a vertex in L and a
vertex in S.

Proof. Lets, k and G be defined as above. Then by Lemma
2.6, G contains a path of length k. If G contains a path of
length k joining distinct vertices u € L, v € L, or a vertex
u € L and a vertex v € S, then we are done.

Otherwise, let P be a maximal path of length k joining
distinct vertices u, v € S. By the maximality of P, all of the
at least 0(G) neighbors of # and v are on P. Let u; € Ng(u)
and v; € Ng(v) be adjacent to u and v respectively on P.
Note that as |P| =k > 18(s—1) > 18, u; = v;. Also, as S is
an independent set, u;, v; € L. Hence, by Lemma 2.5, u,
and v; have at least nine neighbors in G that lie outside
P. Let x;, i =1,...,9, be the nine neighbors of v, that lie
outside P. If any one of the x;, i = 1,...,9, say xq isin L,
then the path P, = P —vvy +vyx; is a path of length |P|| =
|P|-1+1 = k joining vertices u € S, x1 € L, and we are done.
Otherwise, if each of these 9 neighbors have all of their at
least 6(G) neighbors on P, then, as G contains no K;;, G
has at least 2k/3+9k/3-55(s—1)+1 = k+8k/3-55(s—1) >
k+8(21(s—1))/3-55(s—1)+1 > k+ 1, a contradiction to
|P| < k. Therefore, there exists a vertex x; (say) that has at
least one vertex y; € Ng(x1), y1 # u, y; # v that lies outside
P. Hence the path P, = P—uu; —vvy +v;x; +x19; of length
k joining u; € L and y; € L or S and we are done. ]
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Lemma 2.8. Let s > 2, k > 18(s—1). Let G be a graph con-
taining no K, ¢ such that 6(G) > % Let T be a tree with
|V(T)| < k. Suppose f: T — H where H C G is a graph such
that 6(H) > %, is an inclusion. Then at most three vertices in
V(f(T)) can have all of their at least % neighbors in V(f(T)).

Proof. Suppose there are at least 4 distinct vertices w, x,
y, z in V(T) such that f(w), f(x), f(y) and f(z) have all
of their at least § neighbors in V(f(T)), Then, as G con-
tains no Kj ;, the number of vertices in V(f(T)) is at least
§+§+§+k—6(s—1) =k+§—6(s—1) > k, a contradiction
to the cardinality of V(f(T)). Thus, at most three distinct
vertices in V(f(T)) can have all of their at least % neigh-
bors in V(f(T)). O

Lemma 2.9. Let G be a graph that is minimal with respect to
(1) and 6(G) > k/3. Suppose T is a tree of order k + 1 such
that A(T) > % and Ay(T) > (s+1). Suppose f: T — G is an
inclusion. Then at most one vertex in V(f(T)) can have all
of its neighbors in any path joining two non leaf vertices in

V(f(T)).

Proof. Let G, T and f be defined as above. Suppose at least
two vertices have all of its neighbors on any path joining
two non leaf vertices in V(f(T)). Then, as G has no K

and 6(G) > %, the number of vertices on the path is at least

23—k —(s—1). As the number of vertices on any such path is

at most k—A(T)—A,(T)+ 2 (by Lemma 2.1), we then have

a contradiction. m]

433



434

Suman Balasubramanian

Lemma 2.10. Let s > 2, k > 36(s—1). Let G be a graph
containing no K, that is minimal with respect to (1) and
o(G) > % Let T be a tree of order k + 1 such that A(T) > %
Then G contains every tree of order k + 1.

Proof. Let G, T be defined as above. As y(G) > k, by Lemma
2.3, G contains every tree of order % As G is minimal with
respect to (1), G contains every star of order k + 1 and by
Lemma 2.7 a path of length k joining vertices in L or ver-
tices in L and S respectively as well.

Hence, let T’ C T be a maximal subtree with A(T’) = A(T)
such that there exists an inclusion f: T" — G with f(x) €
L, where deg;.(x) = A(T’) = A(T).

Assume without loss of generality that T’ = T. Let w €
V(T’) such that deg; (w) < degp(w). As T’ is maximal,
all of the deg(f(w)) neighbors of f(w)in G must be con-
tained in V(f(T’)). Choose y € V(f(T’)) such that yf(w) €
E(G) and distg1)(f(x),) is maximal. Let C be the com-
ponent of f(T’) -y that contains f(w). By choice of p,
all of the deg(f(w)) — 1 neighbors of f(w) in G except
v are contained in C. Let f(w;) € Ng(7/)(y) be such that
f(wq) lies on the unique yf(w) path in f(T’) (observe that
flwi) e V(O).

Let C; = f~Y(C)+ w;f~!(). Then there exists an in-
clusion g: C; — G such that g(u) = f(u) for every u €
Cy, degc, (w) = degc(w) — 1 and g(C;) contains all of the
deg;(g(w)) = degs(f (w)) neighbors in G.

Let T” be a maximal subtree of T contained in G such
that C; c T”. if T” = T, then there exists a w’ € V(T”),
such that every neighbor of w’ is a vertex of T”. As every
neighbor of f(w) is also contained in T” and f(x) has &
neighbors in T”, we must have that

)
)

—+—+-—-6(s—-1)<
3+3+2 6(s—1)<k,
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or, equivalently k < 36(s—1), a contradiction.Hence G con-
tains the required tree T.
o

Lemma 2.11. Let s > 2, k > 120(s—1). Let G be a graph
containing no K, that is minimal with respect to (1) and

o0(G) > § Let T be a tree of order k+1 such that £ < A(T) < %
and Ay(T) < K. Then G contains every tree of order k + 1.

Proof. Let G, T be defined as above. As G is minimal with
respect to (1), G contains every star of order k + 1 and by
Lemma 2.7, a path of length k joining vertices in L or ver-
tices in L and S respectively as well. Hence let T" C T
be a maximal subtree such that there exists an inclusion
f: T"— G. Assume without loss of generality that T" = T.
Let w € V(T’) such that deg, (w) < deg;(w). As T’ is max-
imal, all of the deg(f(w)) neighbors of f(w) in G must
be contained in V(f(T’)). Choose y € V(f(T’)) such that
yf(w) € E(G) and distgr)(f(w),y) is maximal. Let C be
the component of f(T’) —y that contains f(w). By choice
of v, all of the deg(f(w))—1 neighbors of f(w)in G except
v are contained in C. Let f(w;) € N¢(1/)() such that f(wy)
lies on the unique yf(w) path in f(T’) (note that f(w;) €
V(C)). Note that by the maximality of T/, f(w) € S which
then implies that y € L. Let C; = f~}(C)+wf~!(y). Then
there exists an inclusion g: C; — G such that g(u) = f(u)
for every u € Cy, deg¢ (wy) = degc(w;) -1 and g(C,) con-
tains all of the deg.(g(w)) = deg,(f(w)) neighbors in G.
Furthermore, degcl(w) =degr(w)+1. Let Ty C T be a
maximal subtree such that C; C T; and there exists an in-
clusion gy : T} — G such that g (u) = g(u) for every u € C;
and g;(x) € L, where deng(x) = A(Ty) = A(T). Suppose
there exists z; € {V(T;)—V(Cq)}U{w;} such that degT1 (z1) <
degr(z;). If there exists a y; € Ng(g1(21)) — Ny (1,)(81(21)),
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then the tree g1(T;)+g1(21)y; is a subgraph of G containing
g1(Ty) and is isomorphic to a subtree of T containing C;
larger than Tj, contradicting the maximality of T;. Hence
every neighbor in G of g((z;) is contained in V(g(Ty)).
Also by the maximality of T, g(z;) € L, and hence g(z;) #
g1(x). Let z5 € V(Ty) be such that gi(z;) € Ng (7y)(z1) is on
the unique g1(z1)g;(w) path. Let C’ be the component of
g1(Ty — z;) that contains g;(w). Note that by the choice of
z,, all the neighbors of g;(w) = g(w) and g;(x) are in C’.
As z; € L, by the maximality of Tj, there exists a neigh-
bor g;(z;) of g1(23) in G not in C’. Note that by the choice
of C’, all of the at least deg(g1(z1)) — deggl(Tl)(gl(zl)) +1
neighbors of g;(z;) are in C’. Also, by the construction of
C’, g1(x) has all of it’s A(T) neighbors in C’. Let T, C T
be a subtree containing C” where, C” is the component
of g1(T}) containing C’ together with the component con-
taining the neighbors of g;(z]) not in C’ such that there ex-
ists an inclusion g,: T, — G with g(u) = gy (u) for u = 2]
and deggz(Tz)(gz(zi)) < deggl(Tl)(gl(zl)). Note that all the
neighbors of g,(z;) in G are in C” and hence in g,(T).
As G contains no Kj;, and k > 120(s — 1), the number of
vertices in V(T,) is at least % + % + A(T) + deg;(g2(21)) —
deg, (1,(82(22) +1-10(s—1) 2 k+1+5-Ay(T)-10(s—1) >
k+1+ % —%— 10(s—1) > k+1, a contradiction to |V (T)| < k.
Hence degy, (82(2])) = deg, (7,)(81(21)) which then implies
that we have constructed a subgraph in G isomorphic to
a subtree T, C T that contains Tj, a contradiction to the
maximality of Tj. ]

Lemma 2.12. Let s > 2 and k > 120(s —1). Let T be a tree
of order k + 1 such that A(T) < % and Ay(T) < % Let G be a
graph that is minimal with respect to (1) such that |V(G)| >
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k+1, 0(G) > k/3 and G contains no K, ;. Then G contains a
subgraph isomorphic to T.

Proof. For G and T defined above, since G is minimal with
respect to (1), G contains every star of order k + 1 and by
Lemma 2.7, a path of length k joining vertices in L or ver-
tices in L and S respectively as well. Hence let T" C T
be a maximal subtree such that there exists an inclusion
f: T"— G. Assume without loss of generality that T" = T.
Let w € V(T’) such that deg (w) < degy(w). As T’ is max-
imal, all of the deg.(f(w)) neighbors of f(w) in G must
be contained in V(f(T’)). Choose y € V(f(T’)) such that
vf(w) € E(G) and distsr)(f(w),y) is maximal. Let C be
the component of f(T’) -y that contains f(w). By choice
of v, all of the deg,(f(w)) — 1 neighbors of f(w) in G ex-
cept y are contained in C. Let f(w) € Ng(7/(y) such that
f(wy) lies on the unique yf(w) path in f(T’) (note that
flwi) € V(O)).

Let C; = f1(C)+wf~!(y). Then there exists an inclu-
sion g: C; — G such that g(u) = f(u) for every u € Cy,
degcl(wl) = deg-(w;) — 1 and g(C;) contains all of the
deg;(g(w)) = degs(f(w)) neighbors in G. Furthermore,
degc, (w) =degr(w)+ 1. Let T; C T be a maximal subtree
such that C; C T; and there exists an inclusion g;: T} —» G
such that g (1) = g(u) for every u € Cy.

Suppose there exists z; € {V(T;) - V(Cy)} U {w;} such
that degT1 (z1) < degr(z1). If there exists a y; € Ng(g1(21)) -
Ng,(1,)(81(21)), then the tree g1(T1) + g1(z1)y; is a subgraph
of G containing g;(T}) and is isomorphic to a subtree of T
containing C; larger than Tj, contradicting the maximal-
ity of T;. Hence every neighbor in G of g;(z) is contained
in V(g1(Ty)). Let C’ be the component of g;(T; —z;) that
contains g (w).

437



438 Suman Balasubramanian

Suppose that g;(z1) is adjacent to some vertex a € V(g;(T;))—
V(C’) € V(G) that is not a neighbor of g;(z1) in g(T}).
Choose such an a to be of maximal distance in g;(T}) from
g1(z1). Let T, be the subtree of T; —gl_l(a) that contains z;
(and hence w as well) and g; : T, — G be the inclusion in-
duced by g;. Note that degTQ(w) = degT1 (w) =degp (w)+1
and degr, (z1) = deng(zl). By choice of a, every neighbor
in G of g5(z1) = g1(2;) is contained in g,(T,) with the ex-
ception of a. Also, as a is not a neighbor of g;(wy) = f(wy)
in g1(Ty), we have that every neighbor of g;(w;) is also
contained in T,. Then the tree g,(T) + g»(21)a is isomor-
phic to a subtree of T’ contained in G. Let T3 C T be a
maximal subtree of T such that there exists an inclusion
g3 : T3 > G and g (T,)+ £2(2z1)a € g3(T3). Hence degTS(w) =
deng(w) = degr (w)+ 1 and degT3(zl) > deng(zl). Then
every neighbor of g3(z;) = g»(21) is contained in g3(T5) and
every neighbor of g3(w) = g¢>(w) is also contained in g3(T3).
If there is an x € V(T3) such that degTs(x) < degr(x), by
the maximality of T3, all of the deg;(g3(x)) in S C V(G)
is in g3(T3). Let g3(x1) € Ng,(1;)(g3(x) lie on the unique
23(x)g3(w) path. By the maximality of T3, there exists an
x, € V(T)—-V(T3), x # x5 such that there exists a maximal
subtree T; C T with an inclusion g5: T; — G such that
85(T5) contains the component g5(T5 — x1x + x5x). As G
contains no Kp, deggé(TS,)(gé(w)) > deg,,(1,)(g3(w) = (s— 1))
and degy 1 (g5(2)) > degy, 1 (83(2) — (s~ 1).

Suppose b € T; such that degTS;(b) <degr(b). If b = x,,
then by the maximality of T}, all of the deg(g5(x2)) neigh-
bors of gj(x;) are in T;. Moreover all of the deg(g3(x;)) —
degg3(T3)(g3(x1)) + 1 neighbors of g3(x1) are in gj(T5). As G
contains no K 5, the number of vertices in g;(T;) is at least
deg;(83(x1)) — degg (1,)(83(x1)) + 1 + degs(g3(w)) — (s — 1) +
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deg, 1,)(83(2) —(s— 1)+ 5 —4(s—1) 2 k+1+5-6(s—1)-
deg,. (r,)(g3(x1)) = k+1+ E_6(s—1)-Ay(T3) > k+1+5-

6(s—1)— % >k + 1, a contradiction.
If b # x,, then by the maximality of T3, all the neighbors
of gj(b) € S C V(G) are in g5(T;). As G contains no K ;, the
number of vertices in gj(T;) is at least deg(g3(w))—(s—1)+
deg, (r,)(83(2))—(s—1)+ 5 +deg(gs(x1))—deg,, (r,)(83(x1))+
1+ % + % —8(s—1)>k+1, acontradiction.
Thus in either case, we arrive at a contradiction to |V (T5)| <

k +1 which then implies that we have constructed a max-
imal subtree T; C T containing T; that is isomorphic to a
subgraph of G contradicting the maximality of T3.

i

Assume that in general, T(k,[,c) is the class of all trees
with k edges that is obtained from a path P of length k-1
and two stars S; and S, whose centers are at distance ¢
from each other on P. We also assume that a caterpillar is
a tree T where every vertex is of length at most 1 to some
central path P.

For the rest of this paper any Caterpillar T = C(a, b,c,d, e)
is a tree connecting at most two vertices vy, v, of degree at
least 2 by a path P such that

(1) Phaslengtha+c+e,
(2) vy and v, are the (a+1)th and (a+c+1)th vertex on
P and have respectively b, d neighbors outside P.

Here, we let T(k,[,c) denote the class of all Caterpillars
C(a,b,c,d,eywithb+d =1, anda+b+c+d+e=k. We
need the following Theorems [3], [18] respectively regard-
ing Caterpillars.
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Theorem 2.13. Let k,l,c € N, and let T = C(a,0,c,d,e) be
a tree from T(k,1,c). Let G be a graph that is minimal with
respect to (1). Then T is a subgraph of G.

Clearly if T is a tree of order k + 1 such that A(T) <
%, % < Ay(T) < A(T) and T(k,I,c) contains all caterpillars
with stars S; and S; of orders A(T) and A,(T) respectively,
then, by the above theorem, any graph G that is minimal

with respect to (1) contains T as a subgraph.

Theorem 2.14. Let k,I,c,n € N such that | > c. Let T
T(k,l,c), and let G be a graph of order n so that at least
vertices of G have degree at least k. If c is even or I + ¢
[n/2]+1 (or both), then T is a subgraph of G.

\YANIEW

CONCLUSION

We now are in a position to provide a partial solution to
the Loebl-Komlds-Sés Conjecture as follows. Combining
Theorem 2.13 with Lemmas 2.11 and 2.10, we have:

Corollary 2.15. Let s > 2 and k >120(s—1). If G is a graph
with no K, that is minimal with respect to (1), then G con-
tains as subgraphs all trees of size k + 1.
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