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BOUNDARY CHROMATIC NUMBER IN GRAPHS

1G.PALANI MURUGAN, 2S. ANGALEESWARI, >R. SUNDARESWARAN,
AND 4V.SWAMINATHAN

AsstrACT. In this paper, we introduce and investigate new graph param-
eters based on boundary relationships among vertices. In a finite, simple,
connected and undirected graph G, consider any two vertices # and v. A
vertex v is a boundary vertex of u if the distance from u to v is greater
than or equal to the distance from u to the neighbor of v. A Partition
IT = {Vq,Vy,---, Vi} is called a boundary independent partition of G if
each V; (1 <i < k) is independent and for any two vertices u,v € V;, ei-
ther u is a boundary vertex of v or v is a boundary vertex of u. The min-
imum cardinality of a boundary independent partition of V(G) is called
the boundary chromatic number of G and it is denoted by x;(G). A sub-
set S of V(G) is called a boundary chromatic preserving bdom-setof G
if S is a bdom-setof G and xy({(S)) = xp(G). The minimum (maximum)
cardinality of a minimal boundary chromatic preserving bdom-setof G
is called the boundary chromatic preserving boundary domination num-
ber of G (upper boundary chromatic preserving boundary domination
number of G) and it is denoted by Vbehpb(G)- (Tpehpp(G))- In this paper,
we introduce and study the boundary chromatic number and boundary
Chromatic preserving boundary domination number in graphs. .
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1. INTRODUCTION

For the following basic definitions, refer [1-4]. Let G be a non trivial
connected graph. The distance d(u,v) between two vertices u and v of G
is the length of a shortest u —v path in G. A u —v path of length d(u,v) is
called a u —v geodesic, that is, it is a shortest path connecting the vertices u
and v in a graph G. Let u be a vertex in G. A vertex v is an eccentric vertex
of u if d(u,v) is denoted by e(u), if v is at maximum distance from u in G.
In this case, a vertex x is an eccentric vertex of G if x is an eccentric vertex
of some vertex of G. In this case, a vertex x is an ecc— vertex of G if x is an
ecc— vertex of some vertex of G. Therefore, if v is an ecc— vertex of # and w
is a neighbour of v, then d(u,w) < d(u,v). A vertex v is a boundary vertex
of u if d(u,w) < d(u,v) for all w € N(v). Further results, refer [5-7].

In this paper, the first section deals with the concept of boundary chro-
matic partition in graphs is discussed in the second section. In the second
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section, boundary domination (bdom) with respect to the vertex exchange
is studied. Boundary chromatic preserving boundary dom-set is discussed.

2. BouNDARY CHROMATIC PARTITION IN GRAPHS

Definition 2.1. Suppose G represents the simple connected graph. Let I1 =
{V1, Va,---, Vi} be an independent partition of V(G). Given any two vertices
u,v € V; (1 <i <k)one of the vertices u or v; serves as a boundary vertex form
the other. Then Il is called a boundary independent partition of V(G).

Remark 2.2. A partition in which every element is a singleton is clearly a
boundary independent partition of V(G).

Definition 2.3. The minimum cardinality of a boundary independent partition
of V(G) is called the boundary chromatic number of G and it is denoted by

xp(G).
Example 2.1. Let G =

Vs

I-J3 1}‘2
In the above graph G,I1 = {{vy,v3},{vy,v4}, {vs}} and x,(G) = 3.

Remark 2.4. Provided that G is a connected graph and u is a full degree vertex,
then every vertex of G different from u is a boundary vertex of u.

Theorem 2.5. Let G be a connected graph. x(G) = n if and only if G = K,,.

Proof. If G =K, then x;(G) =n.

Conversely, let x;(G) = n. Suppose G # K,,. Then there exist vertices u
and v such that u and v are not adjacent. Suppose w is an eccentric vertex
of u. Since d(u,v) > 2. d(u,w) > 2. Therefore Il = {{u, v}, {x;}}, where x; is an
element of V(G)—{u,v}, 1 <i <n-2.Ilis a boundary independent partition
of G. Therefore, x,(G) < n—1, which is a contradiction.Hence G=K,. 0O

Remark 2.6. A graph G is complete if and only if any two vertices of G are
boundary vertices of each others.

Proposition 2.1.

(i) If G = K,,—e then x,(G) =n—1. (ii) If V(G) = {uy,uy,---,u,} and uy is
not adjacent with exactly two vertices say u; and u; and the vertices V(G) -
{uy, u;} and V(G) —{uy, u;} from a cliques, then x;(G) = n—1. Conversely, if
X»(G) =n—1 then G is one of the types mentioned in (i) or (ii).
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Proof. Let the hypothesis hold. Then {{uyu;}, {us},---, {u;},--, {u,}} is a bound-
ary independent partition. Therefore, x;,(G) = n — 1. Since (n — 2) vertices
from a clique, x;(G) > n—2 . Hence x;(G) = n— 1. Suppose x;,(G) =n-1.
Suppose G is not one of the types mentioned in (i)and (ii). Then there exist
two edges u;u; and u,ug such that i, j,r,s are different then x;(G) <n-2,a
contradiction therefore G is of type (i)or (ii). |

Proposition 2.2. For any graph G, x(K, 0 Ky) = n.

Proof. Let V(K, 0 Ky) = {uy,up, -+, uy, uy, u},---, u,} where u; is the pendent
attached with u;. let IT = {{uy, uj, uj, -+, u,}, {uy,

uj}, {us},---,{uy,}} is a boundary independent partition. Therefore x;(K, o
Kj) < n. Since x(K, o Ky) contains a clique of order n, x;(K, o K;) > n. But
Xu(K, 0Ky) > x(K, 0 Ky) = n. Therefore x;,(K, o Ky)=n. |

Definition 2.7. Let G be the graph obtained from K,, by attaching a; pendent
vertices at u; Where V(K,,) = {uy, s, -+, u,}. G is denoted by K, (a1, a2, , ay,).

Proposition 2.3. For any graph G, x,(K,,(ay, a3, ,a,,)) = m.

Proof. 1t is a boundary independent partition of K,,(ay,a5,---,4,,). There-
fore, xy(K,,(ay,ap,--+,4,,)) < m. Since K,,(ay,ay,--,4,,) contains a clique of
order m, x(K,, (a1, a2, ,a,)) = m.

But Xb(Km(alrab"'ram)) 2 X(Km(al’ab"' ram)) 2 m.

Therefore, x,(K,,(a1,a,--+,a,,)) = m. O

Proposition 2.4. x;(G) for some known classes of graphs:
(1) Xh(Kl,H):ZI Vn>1.

(2) Xb(Kn) =n
(3) xp(Kinu) =2, Vm,n
(4) xp(Py)=n-2.

_ 151 ifn>4
) e = {1 70

241+1, ifn=0,1(mod 3)
(6) xo(W,) = {2131+ 1 I =

2151+2, ifn=2(mod 3)
(7) Xh(Dr,s) =2,Yr,5s>0.
(8) xp(P)=4,where P is the Petersen graph

Theorem 2.8. Let G be a connected graph with diam(G) = 2 then x,(G) =2 if
and only if G is bipartite.

Proof. Let G be a partite graph with diam(G) = 2. Let IT = {V}, V,} be such
that V; and V, are independent. Let u,v € V;(1 <i < 2). Let w € N(u). Since
diam(G) = 2 and u and v are independent, d(u,v) = 2. d(w,v) < 2, since
diam(G) = 2. Therefore, u is a boundary of v. Also v is a boundary of u.
Therefore, x;(G) = 2. The converse is obvious. m]

Theorem 2.9. Let G be a connected graph. Then x,(G) = 2 if and only if G is
bipartite with bi-partition V1, V, and for any two vertices u,v € V(1 <i < 2),
d(u,v) > d(w,v) for any w € N(v).

Proof. Obvious. o
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Definition 2.10. A subset S of G is called an independent boundary set of G if
S is independent and for any u,v € S, either u is a boundary vertex of v or v is
a boundary vertex of u. The maximum cardinality of an independent boundary
set of G is denoted by Bi,(G).

n
Theorem 2.11. For any graph G, (0

Proof. Let x,(G) = k. Let Il = {V{,V,,---, Vi} be a boundary, independent
partition of G. Then n = Y5, |V;| < kB;;(G) (Since |Vj| < Biy(G).) Therefore,
m < k = x(G). Let S be a maximum independent boundary set of G.
Consider H = (V = S). Let x;(H) < xp(G) - 1. Let [T = {V;, V5,---, V;} where
Xp(H) =t be a boundary, independent partition of H. Then t < x;(G) — 1.
That is, t < x,(G) — 2. Let I = {Vi,V5,---, V4, S}. Then IT" is a boundary,
independent partition of G. Therefore, x;,(G) < t+1 < x,(G)—2+1 = x,(G)—
1, a contradiction. Therefore, x,(H) > x3(G)— 1. Since H has n — 8;;(G)
vertices, xp(H) < n—Bip(G). Therefore, x,(G)-1 < xp(H) < n—pB;(G). Hence
xp(G) <n—Bip(G) + 1. o

< xp(G) <n—PBi(G)+ 1.

Conjecture: x;(G) < 1+max{Deltay(H)}, where H is an induced subgraph
of G.

3. BOUNDARY CHROMATIC PRESERVING bd0#-SET IN GRAPHS

Definition 3.1. A subset S of V(G) is termed as boundary chromatic preserving
set of G if xp({S)) = xp(G). The smallest possible size of a boundary chromatic
preserving set of G is symbolized by bepn(G) (boundary chromatic preserving
number of G).

Definition 3.2. Let R C V(G). Then R is called a boundary chromatic preserv-
ing bdom-set of G if R is a bdom-set of G and xp((R)) = xu(G). The smallest
(largest) size of a minimal boundary chromatic preserving bdom-set of G is
called the boundary chromatic preserving boundary domination number of G
(upper boundary chromatic preserving bdom-number of G) and it is denoted by

Voehpb(G)- (Tpenpp(G))-
Proposition 3.1.

Vbehpy(G) for some known graphs:
(1) Vbchpb(Kl,n) =2,Yn>1.

B

(5) Vbchpb(cn) = fal Vn>4,3ifn=3.

4, ifniseven
{3, if nis odd
rs) =2, ¥ 1,5>0.

=4, Where P is the Petersen graph.
m(ay,az, - Jam)) =m

=

W) =

(6) 7/bchpb(

)

(7) Vbehpn(
(8) Vbehpb(
(9) Voehpn(

Remark 3.3. For any graph G, the following holds:

=~
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(1) bepn(G) < yypchpb(G).

(2) Boundary chromatic preserving bdom-set exists in any graph. Since
V(G) is a trivial boundary chromatic preserving bdom-set.

(3) If S is a Yucnpu(G) set of G then each vertex in V =S is not adjacent with
atleast one vertex of S. For : Suppose there exists u in V —S such that u is
adjacent with every vertex of S. Then x,(G) > x,({(S)), a contradiction.

Proposition 3.2. A boundary chromatic preserving bdom-set of a graph is a
dominating set of G.

Proof. Let S be a boundary chromatic preserving bdom-set of G. Then for
any vertex u in V — S there exist a vertex v € S such that v is not adjacent
with u. Therefore v is adjacent with u in G. Therefore, S is a dominating
set of G. O

Remark 3.4. (i) ¥(G) < Ypenpp(G).
(ii) If S is a boundary chromatic preserving bdom-set of G which is also domi-
nating then S is a global dom-set of G. Hence y¢(G) < Vljchpb(G)'

Example 3.1. Consider G = K, ,. Let V1,V be the partite sets of G. Let u € V;
andv € V. Then S = {u,v} is a boundary chromatic preserving bdom-set which
is also dominating. Therefore, Vlfchpb(Km»n) =2,7,(G)=2,y(G) =2, y(G)=2.

Proposition 3.3. For a xy - critical graph, V is the only boundary chromatic
preserving bdom-set of G.

Proof. If G is a x; - critical graph (that is, x;(G — u) < x3(G) for any u in
V(G,)) then for any minimum bdom-set D of G,SD is a proper subset of G
and hence x;((S)) < x5(G). Therefore, xpcipp(G) =V (G)|- O

Proposition 3.4. In the case of a connected graph G, it follows that xpcppp(G) =
p —q is necessary and sufficient condition for G = K.

Proof. If G =K then p=1,9 = 0. Therefore, p—q = L.ypeppp(k1) =1 =p—q.
Conversely, suppose Vycpp(G) = p — . Since Vyepp(G) 2 1,p—g > 1. As G is
connected, g > p — 1. Therefore g = p — 1. That is, G is k;. ]

Definition 3.5. Let v € V(G). The boundary degree of v in G is the number
of vertices u such that v is a boundary of u, and it is denoted by deg,(v). Also
Ny(v) ={u e V(G): v is a boundary of u}.

Proposition 3.5. Let S be a x; - preserving bdom-setof G. Then |V -S| =
Y. degy(u) if and only if G = p.Ky,p > 1.
ues

Proof. Suppose G =pky ,p>1then S =V.and deg,(u) =0 for every u € S,
|V-S|=0.Since S=V.}) ,.sdeg,(u)=0. Hence |V -SD|= ) deg,(u).
ues
Conversely, suppose |V -S| = ) deg,(u) = k (say).
ues

Claim: k = 0. Suppose k > 1.

Case (i): G is connected. Since k > 1,9 > 1. Therefore x;(G) > x(G) >
2. Let V- S = {uy,up,---,ux}. Since S is a bdom-set, each u; is boundary
dominated by some vertex of S and hence contributes atleast one to the
boundary degree of D. Since x,(|S|) > 2, in a boundary chromatic partition
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of S, there exists atleast two independent sets, where in each set any two
vertices are such that one is the boundary for another or vice versa. Hence
in S, there exists two vertices say u1, #, and another two vertices us, 14 such
that u; is a boundary vertex of u, or vice versa and u3 is a boundary vertex
of uy or vice versa. Hence these vertices contribute to Nj(S). Therefore

Y degy(u) > k+2, a contradiction, since )_,.qp degy(u) = k. Therefore k = 0.
ues
Case (ii): Suppose G is disconnected.

Subcase (i): G is totally disconnected. Therefore S = V and hence V - S
is empty. Therefore |V — S| = 0. Therefore k = 0.
Subcase (ii): G is not totally disconnected. Therefore, G has a non-trivial

component. This non-trivial component contributes atleast 1 to ) deg,(u).
ues
That is, k > 1. Using case (i), we get a contradiction. Therefore k = 0. Hence

the claim. Therefore |V —D| = 0 therefore D = V and ) deg,(u) = 0. There-
ues
fore, deg(u) = 0 for every u € D. Therefore G is totally disconnected. Hence,

G:pKl. m]

Corollary 3.6. For any non-trivial connected graph with a boundary chromatic
Preserving boundary dominating set D,
Y degy(u)>|V —S|+2.

uesS
Proof. Suppose G is x; - critical. Then V = D. Therefore |V — S| = 0. Since
((V)) is connected and non-trivial, there exists two vertices u,v such that

1 is a boundary vertex of u and v; is a boundary vertex of v. Therefore,
Y degy(u) > 2. Suppose G is not x;, - critical. Since G is non-trivial, x(G) >

ues

2. Therefore, x,(G) = 2. Using case (i) of previous theorem, ) deg,(u) =
ues

|V - D|. m|

Proposition 3.6. For any graph G, Lmj < Viehpy(G) and equality holds if
and only if G = pky, p > 1.

Proof. Inany graph G, | m——=+ 1+A J < Vu(G) < Vpenpp(G). Therefore, | 1+A )J <
ybchpb(G) Suppose | 752 an 1+Ab J thhpb(G) = k. (say)
Cuase(i): G is connected. Let S be a Ypenpy(G) set of G. If k > 2, then G has
atleast two vertices. By corollary ) deg(u)>|V —S|+2. Therefore, |V -S| <
ueD
Y uepdeg(u)—2. Therefore, |V-D| <} ,sdeg(u). Thatis, p—k < Y deg,(u).

ueD

Therefore, p—k < k.Ay(G). Therefore, p < k+k.Ay(G). P <k(1+A4(G ) Hence
m < k. Therefore, |-(1+A J < k. But by the hypothesis | 1+A ))J =
k, a contradiction. Therefore k = 1. That is, pcnpp(G) = 1. Smce D is Xp
presering, x;(G) = x3({S)) = 1. Therefore, G is disconnected unless p = 1.
Since G is connected, G = Ky = 1. Ky = p.Kj, since p = 1.

Case (ii): G is disconnected. Suppose G is totally disconnected. ypp,(G)
|[V(G)| = p.Ap(G) = 0. Therefore, L%J = P = Vbehpb(G). Suppose G is
not totally disconnected. Then G has atleast one non trivial component. By
proceeding as in case (i), a contradiction arises. Therefore, G = pK;. ]
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Proposition 3.7. A boundary dominating boundary chromatic preserving set
S is minimal if and only if for each u € S, any of the following holds.

(i) x((S — {)}) < x3(G).

(ii) S —{u} is not a bdom-setof G.

Proof. Boundary dominating boundary chromatic preserving property is
super hereditary. Let S be a boundary dominating boundary chromatic
preserving set of G. Let T be a super set of S. Then T is boundary dom-
inating, since for any vertex u in V —T,u € V — S and hence there exists
v € § such that v boundary dominates u. Since S € T,v € T and hence
v boundary dominates u# in V — T. Since S is boundary chromatic pre-
serving, x((S)) = x3(G). Since S C T C G, x,({S)) < x»({T)) < x»(G). But
x5({(S)) = xp(G). Therefore, x,(T) = xp(G). Therefore T is boundary chro-
matic preserving set of G. Since boundary dominating boundary chromatic
preserving property is super hereditary, a boundary dominating boundary
chromatic preserving set S is minimal if and only if it is 1-minimal. That
is, S is minimal iff S — {1} is not a boundary dominating boundary chro-
matic preserving set of G for every u € S. Suppose S is minimal. Let u € S.
Then S —{u} is not a boundary dominating boundary chromatic preserving
set of G. Therefore S — {u} is not a bdom-setor S — {u} is not a boundary
chromatic preserving set or both. That is, (S — {u)} is not a bdom-setor
X0((S = 1)) < x4(G).

Conversely, suppose for any u € S, condition (i) holds. x;((S —{u)}) <
X»(G). That is, S — {u} is not a boundary chromatic preserving set. If con-
dition (ii) holds then (S — {u}) is not a bdom-set. Therefore, S is a minimal
boundary dominating boundary chromatic preserving set of G. ]

CONCLUSION

In this work, we defined boundary chromatic partition set as well as

boundary chromatic preserving bdom-setin the non trivial connected graphs.

There is a structural dependency between x;(G) and Ypcpp(G). While they
measure different aspects (partitioning vs domination), they intersect con-
ceptually through how coloring constraints are preserved in boundary-
dominating subsets. In practice, understanding one can help constrain or
lestimate the other.

Future Work

The future work is to Exploring how x;(G) relates to classical chromatic
number x(G), domination number y(G), and other variants like total dom-
ination or independent domination could help unify boundary-based con-
cepts within broader graph theory.
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