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STAR EDGE COLORING OF GRAPHS WITH MAD(G)< %

KAVITA PRADEEP DAVEY

ABSTRACT. A star edge coloring of a graph G is a proper edge
coloring such that there is no bi-colored path or cycle of length
four. The minimum number of colors needed for a graph G to
admit a star edge coloring is called the star chromatic index

and it is denoted by )(;(G). The maximum average degree

of a graph G, denoted by Mad(G) is the maximum of aver-

age degrees of subgraphs of G (= mangG,lV(H)lzl{%})-

In this paper, we consider graphs of maximum degree A > 4
and show that if the maximum average degree of a graph is

less than % then )(;(G) < 2A.
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1. INTRODUCTION

For a simple graph G, with vertex set V(G) and edge set E(G),
a proper k-edge coloring is a mapping f : E(G) — {1,2,3,...,k} such
that f(e) = f(¢'), for any two adjacent edges e and e. A star k-
edge coloring is a proper k-edge coloring such that there is no bi-
colored path of length four or cycle of length four. The star chro-
matic index of G, denoted by x.(G) is the minimum number of
colors required for G to admit a star edge coloring. This coloring
was introduced by Liu and Deng [7] in 2008.

Dvorék et al. [13], found a bound for the star chromatic index
of complete graphs and gave a near linear upper bound for any
graph.
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They also showed that for a subcubic graph G (graph with
maximum degree at most 3), 4 < x.(G) < 7 and conjectured that
for such graphs x,(G) < 6. Xuling H. et. al. [3] gave a tight up-
per bound for the star chromatic index of cubic Halin graph G
and showed that x,(G) < 6. Pradeep K. et al. [4] proved that if G
is a subcubic graph with maximum average degree, Mad(G) < %,
then x.(G) < 6. Bezegovi L. et al. [6] obtained some tight bounds
for the star chromatic index of trees and subcubic outerplanar
graphs. Wang Y. et al. [12] showed that if G is a graph with A =4,
then x.(G) < 14 and if G is a bipartite graph with A = 4, then
x.:(G) < 13. Pradeep K. [5] showed that x,(G) < 2A + 1 for the
graphs G with A > 4 and Mad(G) < %. Lei H. et al. [2] proved
that it is NP-complete to determine whether x.(G) < 3 for an ar-
bitrary graph.

The list version of star edge coloring is investigated in [8], [9],
[10] and list star chromatic index ch,(G) is found for various graphs
in terms of their maximum average degrees. The maximum av-
erage degree of a graph G, denoted by Mad(G) is the maximum
of average degrees of subgraphs of G (= mangG,|v(H)|21{ﬂ,%g))|l}).
Kerdjoudj S. et al. proved that for a subcubic graph G,

(i) if Mad(G) < g, then ch,(G) < 5,
(ii) if Mad(G) < 3, then ch'(G) <6,
(iii) if Mad(G) < §g>, then ch,(G) < 7.

LuZar B. et al. [1] have shown that seven colors suffice for the
list star edge coloring of a subcubic graph G. Apart from subcu-
bic graphs, the following results were proved in [9] and [10] for a
graph G with maximum degree A > 4,

(i) if Mad(G) < §, then chy(G) < 2A -1,
(ii) if Mad(G) < %, then ch,(G) < 24,

(iii) if Mad(G) < 8, then ch,(G) <2A +1,
(iv) if Mad(G) < 14, then ch,(G) < 2A +2,
(v) if Mad(G) < 3, then ch,(G) < 2A + 3.

Using the concept of edge partitions, Y.Wang et al. [11] showed
that, (i) for a planar graph G with maximum degree A, x.(G) <
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2.75A+18, and (ii) for a planar graph G of girth at least 8, x,(G) <
[1.5A]+ 3.

In this paper, we consider the graphs G of maximum degree
A > 4 with Mad(G) < % and prove the following theorem.

Theorem 1.1. Let G be a graph with maximum degree A > 4 and
Mad(G) < $. Then x,(G) < 2A.

2. DEFINITIONS AND NOTATIONS

For a graph G, let d;(v) denote the degree of a vertex v in G.
If G is clear from the content, we may omit the subscript. Let
N(v) be the set of neighbors of v. A vertex of degree k is called a
k-vertex. A k*-vertex is a vertex of degree at least k. A k-vertex
adjacent to a vertex v is a k-neighbor of v. A 3j-vertex is a 3-
vertex adjacent to exactly k (0 < k < 3) 2-vertices. A 3;-vertex
adjacent to two 3-vertices is called a bad 3;-vertex. A 2-vertex
adjacent to a 2-vertex is called a bad 2-vertex. An edge incident
to a vertex of degree one is called a pendant edge. For an edge
coloring ¢ of the graph G, ¢(v) denotes the set of colors used on
the edges incident with the vertex v € V(G), in the coloring ¢.
Similarly, for an edge uv € E(G), ¢(uv) denotes the color used on
the edge uv. We say that a color c is an available color for an edge
uv if ¢ is not assigned to any of its neighbors and there is no bi-
colored path of length four or cycle of length four involving uv
when uv is colored with c. Otherwise, it is said to be a forbidden
color for the edge uv. The set of forbidden colors for a given edge
uv is denoted by F(uv).

3. Proor oF THE THEOREM 1.1

The proof is by the method of contradiction. For some integer
k, let Gy be the class of graphs with maximum degree at most
k and maximum average degree less than %. Let for the small-
est k, H € Gy be a counterexample to this theorem minimizing
|[E(H)|+ |V (H)|. That is, Mad(H) < % and x,(H) > 2k and for any
edge e € E(H), x.(H\{e}) < 2k. By minimality of H, we can assume
that H is connected. Otherwise, we can star color independently
the edges of each connected component of H with 2k colors.
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Structure of minimal counterexample

Claim 3.1. H does not contain a vertex u adjacent to d(u)-1 vertices
of degree 1.

Suppose H contains a p-vertex u with N(u) = {uy,...,u,} and
d(u;)=1forie(l,..,p-1}(p <k). Let H = H\{uu;}. By minimal-
ity of H, H has a star edge coloring ¢ with 2k colors. As d(up) <k,
lp(up)l < k and [F(uuy)| < |p(u) U @(uy)l < (k—1)+(k-1) = 2k - 2.
So, there are at least three colors available for uu;. Hence, ¢ can
be extended to H, a contradiction.

Now, consider G' = H\ {v : v € V(H),dy(v) = 1}. If H does
not contain a 1-vertex, then G = H. It can be observed that by
Claim 3.1, G’ does not contain 1-vertices. Since G C H, we have,
Mad(G') < %.

Claim 3.2. For any integer p > 2, if G contains a p-vertex u adjacent
to p 2-vertices then u has no 1-neighbors in H.

Suppose G contains a p-vertex u adjacent to p 2-vertices u;,
1<i<pin G and a 1-vertex up,1 in H. The vertices uy, uy, ..., u,
may also have 1-neighbors in H. Let H = H \ {uupy,1} as shown
in Figure 1. By minimality of H, the graph H  has a star edge
coloring ¢ with 2k colors. For 1 <i <p, let u; be the neighbors of
u; other than u. It is easy to see that, |[F(uu,, )| < |(p(uz-u;-)U(p(u)| <
p+p=2pfor1<i<p. Since u has 1-neighbor in H, p < k. As
k > 4, there are at least two colors available for the edge uu,,.
The colors used on the pendant edges incident to u;, 1 <i <p
may also be available for uup,;. So, the coloring ¢ of H' can be
extended to a star edge coloring of H with 2k colors.

Up+1

Ficure 1. Configuration of Claim 3.2

Claim 3.3. If G’ contains a path xuvy, where u and v are 2-vertices,
then dy(u)=dy(v)=2and dy(x)=dg (v) = k.
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Suppose G contains a path xuvy, where u and v are 2-vertices.
If u and v have 1-neighbors in H, let them be denoted by u; and
v; respectively for i,j € {1,...,k — 2}. Let H =H \ {uu;} as shown
in Figure 2(a). By minimality of H, the graph H has a star edge
coloring ¢ with 2k colors. As |F(uuy)| < |p(x) U @(u) U @(v)| <
k+(k—2)+1=2k-1, at least one color is available for uu;. The
colors used on the pendant edges incident to v may be available
for uuy. Hence, dy(u) = 2. Similarly, we can show that dy(v) = 2.

Uy Uk—2 V1 Vg—2
Q- .

Ficure 2. Configuration of Claim 3.3

Now, suppose that d’(x) < k. The vertex x may have 1-neighbors
in H. Let H = H \ {uv) as shown in Figure 2(b). By minimality
of H, the graph H has a star edge coloring ¢ with 2k colors. Ob-
serve that |F(uv)| < |p(x) U @(p)|. Since dy(x) < k, |F(uv)| < 2k,
there is at least one color available for uv. The colors used on the
pendant edges incident to x or y may be available for uv. So, the
coloring ¢ of H can be extended to a star edge coloring of H with
2k colors. Hence, d/(x) = dy(x) = k. Using similar arguments, we
can show that d (v) =dy(y) = k.

Claim 3.4. G does not contain a 3-vertex adjacent to three 2-vertices.

Suppose G’ contains a 3-vertex u adjacent to three 2-vertices v,
w and x. By Claim 3.2, dy(u) = 3. If v, w and x have 1-neighbors
in H, let them be denoted by v;, w; and x; respectively, where
i,j,le{l,...k—2}. Let H = H\{uv,uw,ux,vv;, ww;,xx;} fori,j,l €
{1,..,k - 2). By minimality of H, the graph H has a star edge
coloring ¢ with 2k colors. Let v/, w" and x” be the other neighbors
of v, w and x respectively. By Claim 3.3, the vertices v, w and
x have degree greater than 2. To extend this coloring, we color
the edges uv, uw and ux in order. Color the edge uv with a color
cq such that c; ¢ (p(v’) U {(p(u/u/),(p(xx/)}. Then, color the edge uw
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with a color ¢, such that ¢, ¢ (p(w') U {(p(vv,),go(xx/), c1}. Clearly,
c1 and c; are available colors for these edges. Now, color the edge
ux with a color c3 such that c; ¢ (p(x’) U {(p(vv'), €1,C}. Tt can be
observed that, there is no bi-colored path or cycle of length four
involving the color c; of the edge ux, as qo(vv/) #c3and c3 ¢ qo(x,)
also (p(xx') #cyand ¢y ¢ (p(w').

\‘“ e

(5/ \ AN o Wiz

Ficure 3. Illustration of Claim 3.4

Next, we choose three sets of colors, say, A;,A; and Aj, such
that (i) each color in A; is not in @(v') U {c;,c3}, (ii) each color
in A, is not in (p(x’) U {cy,c3} and (iii) each color in Aj is not in
P(w)U{cy, cz). As p(ww') # ¢y, ¢, can be in A} and |A;| > 2k — (k+

2) = k-2, we color the edges vv;, i € {1,...,k — 2} with the colors
from A;. Asc3 € @(v), ¢y canbein A, and |A2| >2k—(k+2)=k-2,
we color the edges xx;, [ € {1,...,k — 2} with the colors from A,. As
¢y € @(x), c3 can be in A3 and |A3| > 2k—(k+2) = k—2, we color the
edges wwj, j € {1,...,k—2} with the colors from A3 This coloring is
depicted in Flgure 3. Hence, the coloring ¢ of H' can be extended
to a star edge coloring of H with 2k colors.

Claim 3.5. G’ does not contain a 3-vertex adjacent to two 3,-vertices.

Suppose G contains a 3-vertex v with N(v) = {u,v’, w}, where u
and w are 3,-vertices. Let N(w) = {v,x1,x,} and N (u) = {v, x3, x4}
For i € {1,...,4} let x; be the 2-vertices in G. Let z; be the other
neighbors of x;. The vertices u, v, w and x;’s may have 1-neighbors
in H. Let them be denoted by u;, v, w,, and vl respectively for
iefl,. 4}n€{ .ok—2}and j,m,lef{l,..,k-3}.

Let H = H\ {wwl} as shown in Figure 4. By minimality of
H, the graph H' has a star edge coloring ¢ with 2k colors. As
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[Flww)| <lp(@)U@(x) Up(x)Up(w)| <3+2+2+(k-4)=k+3
and k > 4, there is at least one color available for ww;. The colors
used on the pendant edges incident to the vertices v, x; and x,
may be available for ww;. So, we can extend the coloring ¢ of H’
to a star edge coloring of H with 2k colors. Therefore, dy(w) = 3.
Using similar arguments we can conclude that dy(u) = 3. Hence,
by Claim 3.3, any of the 2-vertices x;, i € {1,...,4} are not adjacent.

If x; = x3, then let y{, i €{l,..,k—2} be the 1-vertices adjacent
to x;. Consider H = H \ {x;p}}, which by minimality of H, has a
star edge coloring ¢ with 2k colors. As |F(x;9])| < (1) U @(w) U
@(x1)] <3+ 3+ (k—3)=k+3 and k > 4, there is at least one color
available for x;p!. So, the coloring ¢ of H can be extended to H.
Therefore, dy(x;) = 2.

Now, consider H = H \ {x;u}, which by minimality of H, has a
star edge coloring ¢ with 2k colors. As |F(xqu)| < |p(x4) U @(v)U
@(w)| <7 and k > 4, there is at least one color available for x;u.
Therefore, x; # x3. Similarly, we can show that x; # x4, x, # x3
and x; # x4.

>, S
Y1 Yi—2 ;z/% Illz,g

Figure 4. Illustration for dy(w) =dg(u) =3

Now, let H = H \ {wxy, wxy, x;vi}, for i € {1,2}, n e {1,...,k - 2}.
By minimality of H, the graph H' has a star edge coloring ¢ with
2k colors. Suppose we are not able to extend this coloring to all
the edges of H. In order to extend this coloring, we recolor the
edge vw as follows. Before recoloring, let (vw) =a. As dy(u) =
3, there is at least one color, say, b & @(u)U @(v'). If b do not
appear on any of the pendant edges incident to v, we set (vw) =
b. Otherwise, we swap the colors a and b. So, the edge vw is
colored with a color that do not appear in ¢(u)U (p(v’) U{p(vy))}
for I € {1,...,k — 3}. After this recoloring, let @(vw) = c¢;. Now, if
dy(v) = 3, we can easily extend the coloring to H. So, we assume

337



338

Kavita Pradeep Davey

that v is incident with pendant edges. (Situation (*))
We extend the coloring ¢ of H to H in following two cases.
Case 1: Either |p(v)N@(z1)| = 1 or |p(v)N@(z;)] > 1. By symmetry,
we can assume that [@(v)N¢(z;)| > 1. We first color the edges wx;
and wx, as follows.

(i) When |p(v) N @(z1)| > 1 and |@p(v) N p(z;)| > 1, (there is at least
one color unused at v and z; and at least two at v and z,) we
first color the edge wx; with a color ¢, such that ¢; € p(v)U @(z;).
Then, we color wx, with a color c3 such that c; ¢ p(v)Up(z,)U{c,}.
There is at least one such color for wx;.

(ii) When |@(v) N @(z1)] > 1 and |@(v) N @(z;)| = 1, (there are at
least two colors unused at v and z; and exactly one at v and z,) we
first color the edge wx, with a color c3 such that c3 € p(v)U ¢(z5).
Then, we color wx; with a color ¢, such that ¢, & p(v)Up(z1)U{c3}.
There is at least one such color for wx;.

(iii) When |p(v)N@(z1)| = 1 and |p(v)N@(z,)| = 1, (there is exactly
one color unused at v and z; and exactly one at v and z,) we color
the edges wx; and wx, as follows.

(a) If c; # @(x121) and ¢; # @(x,2,), we first color the edge wx;
with a color, say, ¢, such that ¢, € p(v)U @(z;). Then, we color the
edge wx, with any available color, say, c3. As ¢y € @(u)U (p(v') U
@(vy) for 1 € {1,....k =3}, Fl(wx;)| < |p(z2) U{cy,cp}l = k+ 2. Since
k > 4, there are at least (2k—(k+2) = k—2 > 2) two colors available
for wx,.

(b) If c; = @(x121) and c; # @(x,2;,), we color the edges wx; and
wx; in order in similar way as given in (a) above.

(¢) If c; # @(x121) and ¢ = @(x,2,), we first color the edge wx,
with a color, say, c3 such that c; ¢ ¢(v)U @(z;). Then, we color the
edge wx, with any available color, say, c,. As ¢; € @(u)U @(v')U
@(vvy) for l e {1,...,k =3}, Fl(wx)| < |p(z1) U{cy,c3}] = k + 2. Since
k > 4, there are at least (2k—(k+2) = k—2 > 2) two colors available
for wx;.

(d) If c; = p(x121) = @(x22,), then first we recolor the edge vw
with a color other than c;. If there is a color, say, ¢ € ¢(u) Ugo(v/) U
{p(vv)),cy} for I € {1,...,k — 3}, we set (vw) = ¢ and remove the
color of one of the pendant edge incident to v and color it with
color ¢y, so that the condition |p(v)N¢@(z1)| = 1 and |p(v)N¢(z;)| =
1 is not disturbed. Then, we proceed as in (a) above. Otherwise,
we swap the colors of one of the pendant edge incident to v and
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c1- So, p(vw) = @(x12z1) = @(x,2,) and appears on at most one of
the vertices u and v". Then, we color the edge wx; as it is colored
in (a) and the edge wx; is colored with an available color. After
recoloring, let the colors of vw, wx; and wx, be called as ¢y, ¢,
and c; respectively.

(iv) If |(v) N @(z1)| = 1 and |@(v) N @(z;)] = 0, (there is at least
one color unused at v and z; and no color unused at v and z,)
we extend the coloring ¢ to the edges wx; and wx, in order in
similar way as they are colored in (iii)(a).

(v) If |@(v) N @(z3)] = 1 and |@p(v) N @(z1)| = 0, (there is at least
one color unused at v and z, and no color unused at v and z;) we
color the edges wx, and wx; in order in similar way as they are
colored in (iii)(c).

Now, we color the pendant edges incident to the vertices x; and
X).

e In cases when the edge wx; is colored first, we choose two sets
of colors, say, A; and A, such that each color in A; is not in ¢(z;)U
{c2,c5} and each color in A; is not in @(z;)U{cy,c3}. Ascy € p(u)U
(p(v') and ¢; € @(zq),c; canbein A; and asc3 € Ay, c; canbein Aj.
Since |@(z1)U{cy, 3}l < k+2, A1 > k-2 and |@(zp)U{cy, c3}l < k+2,
|A,| > k — 2. So, we color the edges x;y,; with colors from A; and
the edges x,y2, n € {1,...k — 2} with colors from A,.

e In cases when the edge wx; is colored first, we choose two sets
of colors, say, A; and A, such that each color in A, is not in ¢(z;)U
{c2,c3} and each color in Ay is not in ¢(z1)U{cy,c3}. Ascy & p(u)U
(p(v') and ¢; € @(z;),c; canbein Ay and asc;3 € Ay, c3canbein A;.
Since |p(z3)U{cp, c3}| < k+2,]A1| > k-2 and |p(z1)U{cy,c3}| < k+2,
|A,| > k - 2. So, we color the edges x;} with colors from A; and
the edges x,v2, n € {1,...k — 2} with colors from A,.

In all the above cases, any bi-colored P5 or Cy4 is not created.
Hence, the coloring ¢ of H can be extended to a star edge color-
ing of H with 2k colors.

Case 2: When |@(v) N @(z1)| = 0 and |p(v) N @(z;,)] = 0.

In this case, we extend the coloring to all the edges of H, by
deriving key observations and recoloring certain edges, ensuring
that the edges incident to v satisfy the condition in Case 1. We
consider the same graph H and proceed from the Situation (*).
Observation 1: dg(z;) = dy(z;) = dg(v) = k.

If the degree of any one of the vertices v, z; and z, is less than k,
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then we get one of the following three situations.

(i) If d(v) < k, then there is at least one color unused at v and z;
and there is at least one color unused at v and z,. (ii) If d(z;) <k,
then there is at least one color unused at v and z; and no color
unused at v and z,. (iii) If d(z,) < k, then there is at least one color
unused at v and z, and no color unused at v and z;. Since here,
lp(¥) N p(z1)| = 0 and [p(v) N p(zo)] = 0, we have p(vw) = p(x,2)
and @(vw) # @(x22;). So, in all the three cases above, we can
easily extend ¢ from H' to H by using the coloring as given in
Case 1 (iii)(a), (iv) and (v) respectively. Therefore, we assume
that dH(Zl) = dH(Zz) = dH(V) =k.

Now, suppose that ¢ cannot be extended to H. As |@(v)N
@(z1)] = 0 and |p(v) N @(z;)| = 0, without loss of generality, we
can assume the following coloring. Let @(v) = {1,...,k}, ¢(z1) =
@(zp) ={k+1,..,2k}. Let p(vw) =¢; =1, (p(vv’) =2and @(uv) = 3.
In order to extend this coloring, we try to recolor the edge vw
with a color other than the colors 1,..., k. If we get this desired
color for vw, we can extend the coloring using Case 1. Otherwise,
all the 2k — 1 colors are forbidden for vw.

Note: On any path, say, v;v,v3vy, if v1v, is colored with color 1,
v,v3 is colored with color 2 and v;vy is colored with color 3, then
for our convenience we write that the path v,v,v3v4 is colored
with colors 1-2-3. In the figures, while recoloring an edge, we
strike out the existing color on the edge and show new color on
it.

Observation 2: dy(v') = k.

Suppose dy(v') = k — 1. Since there is no desired color for vw in
H', it means all the colors that appear at v, v and u are forbidden
for vw. Therefore, p(uv) = 3 € @(x3) N @(x4). Let p(uxz) = cy
and @(ux4) = c5. Note that, cy,c5 € {k+1,...,2k}. Now, we uncolor
the edge vw. If we can recolor the edge uv with color 1 and then
recolor the edge vw with color ¢4 or c5, we are done. Otherwise,
we can assume that 1 € ¢(x3) or 1 € @(x4). If we can recolor the
edge uv with any of the color present on one of the pendant edges
vvy, I € {1,...k — 2}, say, ¢(vvy) and then recolor the edge vv,; with
color ¢4 or c5, we are done. Otherwise, we can assume that all the
colorsonvv;, I € {1,...,k—3} are present in ¢(x3) or in ¢(x4). It can
be observed that, out of all the colors 1, 3,4, ..., k at most two colors
that appear on the edges x3z3 and x4z4 may not be available for
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uv and the remaining colors are available for uv that appear on
the pendant edges incident to both x3 and x4.

In this situation, if color 3 appears on one of the pendant edges
incident to the vertex x3 and also on one of the pendant edges in-
cident to the vertex xy4, let (p(x3y13) = (p(x4yf) = 3. We choose the
path y13x3uv colored with colors 3-c4-3 and recolor it with the
colors c4-3-c4. If this recoloring of path does not create any bi-
colored P5 or C4, we are done. Else, choose another path yfx4uv
colored with colors 3-c5-3 and recolor it with colors c¢5-3-c5. Fi-
nally, retain @(vw) = 1. One possible coloring is depicted in Fig-
ure 5.

If color 1 appears on one of the pendant edges incident to the
vertex x3 and also on one of the pendant edges incident to the
vertex xy, let ¢(x393) = @(x4p}) = 1. Then, we choose the path
yfxguvw colored with colors 1-c4-3-1 and recolor it with colors
c4-1-c4-3. If this recoloring of path does not create any bi-colored
P; or C4, we are done. Else, we choose another path yfx4uvw
colored with colors 1-c5-3-1 and recolor it with the colors c5-1-
C5-3.

T 4 ’ P
vt Ye—2 dp(v) <k Y3 Yi—2

Ficure 5. Illustration for Observation 2

Otherwise, choose a color, say, cg € {1, 3} that appears on one of
the pendant edges incident to all the vertices x3, x4 and v. We
can always find such a color as there is no color available for
uv such that vw can be colored either with ¢4 or with c5. Let
(p(x3y13) = (p(x4yf) = @(vvy) = c¢. We choose the path y13x3uvv1
colored with colors cg-c4-3-c4 and recolor it with colors c4-cg-c4-
3. If this recoloring of path does not create any bi-colored P5 or
Cy4, we are done. Else, choose another path yfx4uvv1 colored with
colors cg4-c5-3-c4 and recolor it with colors c5-c¢-c5-3. Finally, set

pvw)=1.
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In all the above cases, we get either color ¢4 or c5 on the ver-
tex v. Hence, we can extend the coloring ¢ of H to a star edge
coloring of H using the coloring as in Case 1(iii). This is pos-
sible because of the assumption that dy(v') < k. Therefore, we
conclude that dy(v') = k.

Observation 3:

Consider the Situation (*). Suppose, we do not get any desired
color for vw. This means all the colors that appear on the vertices
v', u and v are forbidden for vw. The number of edges incident to
the vertices v’, v and u sum uptok+(k—1)+2=2k+1. Let V' =
{(p(vv'),(p(v'sp)}, p €{1,..,k — 1} be the set of colors used on the
edges incident to v.LetV = {p(vw), p(uv), p(vvy)}, 1 €{1,...k—3}
be the set of colors used on the edges incident to v (except on vv’).
Let U = {p(ux3), @(uxy)} be the set of colors used on the edges
incident to u (except on uv). As all the 2k —1 colors forbidden for
vw appear on 2k edges, we can observe that there is exactly one
color common among any two of the sets V', V and U.

Based on the observations above, we consider the following
three subcases.

Subcase 2.1: When |[UN V| =1.

Let UNV = {p(vv;) = @(uxy)}, for some I € {1,..,k - 3}. As
o) ={1,....k}, let (vv;) = {4,5,...,k}, for 1 <1 < k-3. Let for
=1, (vvy) =4 = @(uxy) and @(uxz) = cy4. As there is no color
available for vw other than 1, ¢(uv) = 3 € @(x3). It can be noted
that (uv) =3 & @(xy).

Subcase 2.1(A): When color 3 is on one of the pendant edges
incident to x3.

As|lUNV| =1, let p(vv)) = 4 = p(uxy). Let ¢(x3p7) = 3. We
uncolor the edge x3y;. If we get an available color for the edge
x3y; other than 3, then we can uncolor vv; and recolor it with the
color ¢4 and we are done. Otherwise, all the colors that appear on
the vertices z3, x3 and u are forbidden for x3y13. Therefore, we
choose the path x3uvv; colored with colors c4-3-4 and recolor it
with colors 3-c4-3 as shown in Figure 6(a). Now, since 3 ¢ ¢(xy),
IF(x397)| < l(23)U@(x3)U@(u)| = k+(k—2)+1 = 2k—1. Therefore,
there is at least one color available for the edge x3y;. So, we get
the color ¢4 on the vertex v.
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STAR EDGE COLORING OF GRAPHS WITH MAD(G)< § 13

Figure 6. Illustration of Claim 3.5, (a) Subcase
2.1(A) (b) Subcase 2.1(B)(i)(a)

Subcase 2.1(B): When ¢(x3z3) = 3.

Here, we uncolor the edge vw. If color 1 is available for the edge
uv and c4 for vw, we are done. Otherwise, we have one of the
following three situations:

(i) 1 € p(x3) but 1 € @(xy).

(a) If (p(x3yf) =1 and 1 ¢ @(z3), we uncolor the edges x3y13, UX3
and vw. Then, set p(ux3) =1 and @(vw) = c4. Since 1 ¢ @(xy),
1 ¢ @(v) and color 3 is a common color on the vertices z3 and u,
IF(x397)| < l@(23) U @(x3) U (u)| = k + (k= 2) + 0 = 2k — 2. So, there
are at least two colors available for the edge x3y;7. Hence, we get
the color c4 on the vertex v as shown in Figure 6(b).

(b) If ¢(x3y;) = 1 and 1 € ¢(z3), we uncolor the edges x3y7, uv
and vw. As 1 ¢ @(x4), we set @(uv) =1 and @(vw) = ¢4. Since
color 1 is a common color on the vertices z3 and u and color ¢4
may be present on xy, |F(x39})| < @(23) U @(x3) U @(u)| = k + (k -
2)+1 =2k—-1. So, there is at least one color available for the edge
x3y13. Hence, we get the color ¢4 on the vertex v.

(ii) 1 € p(x4) but 1 € @(x3).

(a) If color 1 is on one of the pendant edges incident to x4, let
@(x4y}) = 1. Here, we uncolor the edges uv, vv; and vw. Since
1 ¢ @(x3), we set p(uv) =1, p(vw) = 3, and @(vvy) = ¢4 and we
are done.

(b) If @(x4z4) =1, we uncolor the edges ux3, vvy, vw and all the
pendant edges incident to x3. Now, if there is an available color
for the edge ux3 other than ¢y, say, ¢y, then we set ¢(ux3) = c; and
@(vvy) = c4. Since color 3 is a common color on the vertices z3
and u, there is a set A of colors such that each color in A & ¢(z3)U
{uxs, uxg}. As|A| > 2k —|p(z3) U{uxs, uxy}| = 2k —(k+2) =k—-2, we
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color all the pendant edges incident to the vertex x3 with colors
from the set A and we are done.

Otherwise, it can be observed that all the colors in @(z3)U@(v)U
{p(uxy), @(x4z4)} are forbidden for ux; and we can assume that
color 4 € ¢(z4) and c4 € @(z3). Also note that, ¢4 do not appear
at v'. So, we remove the color of the edge uv and then assign
Q(uxz) =2, p(uv) = ¢4, p(vw) = 1 and ¢(vvy) = 3. Now, we color
the pendant edges incident to x3. If 2 ¢ ¢(x4), then we use all
the colors & ¢(z3) U {uxs, uv} for coloring these edges. As |p(z3) U
{uxs,uv}| < k + 2, there are (2k — (k + 2) > k — 2) enough colors
to color these pendant edges. So, we are done. Else, when 2 €
@(x4), it can only be on one of the pendant edges incident to xy,
as @(x4zq) = 1. Let (p(x4yf) = 2. We uncolor the pendant edge
x4yiL and color the pendant edges incident to x3 with colors from
the set A as above for case 2 ¢ ¢(x4). Then, recolor the edge x4yil
with a color other than 2. Since color 4 is a common color at
the vertices z4, and u and after recoloring, 4 ¢ @(v), IF(x4yf)| <
lp(z4)U@(xg) Up(u) <k+(k—3)+1=2k-2. So, there are at least
two colors available for the edge x4yi}. Therefore, we get the color
c4 on the vertex v.

(iii) 1 € @(x3) and 1 € @(xy).

(a) If @(x42z4) = 1, then one of the pendant edges incident to x3,
say, (p(x3y13) =1 as ¢(x3z3) = 3. So, in this case, we can proceed in
the similar way as given in Subcase 2.1(B)(ii)(b).

(b) If color 1 is on one of the pendant edges incident to x4, let
(p(x4yf) = 1. Here, since ¢(x3z3) = 3, we have (p(x3y13) =1. If
there is an available color for the edge x3y; other than 1, we color
it with that color and then proceed in the similar way as given in
Subcase 2.1(B)(ii)(a). Otherwise, color 1 ¢ ¢(z3). So, we uncolor
the edges x3y3, ux3, vv; and vw and recolor these edges so that
@(ux3) =1, p(vvy) = ¢4 and p(vw) = 4. As @(x4z4) =1, 1 € @(v)
and 1 € ¢(z3) so, 1 is available for ux;. As 3 is a common color at
the vertices z3 and u, |F(x3y13)| <|p(zz)U@(x3)U@(u)| < k+ (k-
2)+1 =2k —-1. So, there is at least one color available for x3y13.
Therefore, we get the color ¢4 on the vertex v.

Note: In the above subcase, if UNV = {1} and p(vw) =1 = p(uxy),
let @(vvy) = 4. First, we swap the colors of the edges vw and vv;.
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Then, we follow the above coloring except that everywhere we
use color 1 for color 4 and color 4 for color 1.
Subcase 2.2: When |V nU|=1.

Let (p(v’sl) = @(ux4) = cg € V' NU. Recall that, there is no color
for vw other than 1. This means that p(uv) = 3 € @(x3).
Subcase 2.2(A): When color 3 is on one of the pendant edges
incident to x3.
Let (p(x3y13) = 3. We uncolor the edge x3y13. If we get an available
color for this edge other than 3, we color x3y; with that color and
then we uncolor the edge vv; and recolor it with color ¢4. So,
we are done. Otherwise, we can choose the path y3x;uv colored
with colors 3-c4-3 and recolor it with colors c4-3-c4. So, we get
the desired color on the vertex v as shown in Figure 7(a).

3 1 3 3 1
Yi Y2 yi Yi—2 Y1 Yi—2 yi Yk—2
.. PR . PR

.p ..p
\ / AY ’
A4 A4
2 Z1 1 Lo 21 1
w »
SoT2 22 SoT2 22
Y Y
’ \ / \
AR 2‘..,32 ARy 2‘....2
Y1 Yk—2 () h Yi—2 Y1 Yk—2 (b) Y1 Yie—2

Figure 7. Illustration of Claim 3.5,(a) Subcase
2.2(A) (b) Subcase 2.2(B)(i)

Subcase 2.2(B): When ¢(x3z3) = 3.

We uncolor the edges vw and uv. If 1 is an available color for uv
and ¢4 for vw, we are done. Otherwise, we have any one of the
following situations.

(i) 1 € p(x3) and 1 € @(xy).

Let ¢(x3y;) = 1. We choose the path y;x3uvw colored with col-
ors 1-c4-3-1 and recolor it with colors c4-1-c4-3. So, we get the
desired color on v as shown in Figure 7(b).

(ii) 1 ¢ @(x3) and 1 € p(xy).

(a) If color 1 is on one of the pendant edges incident to x4, let
(p(x4yf) = 1. We uncolor the edges uv, vv; and vw and recolor
these edges such that p(uv) =1, p(vvy) = ¢4 and p(vw) = 4.

(b) If ¢(x4z4) =1 and cg  @p(z4), we can easily extend the color-
ing as given in Subcase 2.2(B)(ii)(a). When ¢4 € ¢(z4), if 4 is an
available color for the edge uv and c, is an available color for the
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edge vv, we are done. Otherwise, we can assume that 4 € ¢(x3).
Let x3y; = 4. We uncolor the edge x3y; and set ¢(uv) = 4 and
@(vvy) = c¢4. Now, if we get an available color for the edge x3y13,
we are done. Else, we can choose the path p?x3uvv; and recolor
it with the colors c4-4-c4-3. It can be easily checked that, this re-
coloring does not create any bi-colored P; or C4 and we get the
desired color on the vertex v.

(iii) 1 € @(x3) and 1 € @(xy).

(a) If color 1 is on one of the pendant edges incident to x4, let
(p(x4yf) =1. As (p(x3y13) =1, we choose the path y13x3uvw colored
with colors 1-c4-3-4 and recolor it with the colors c4-1-c4-3. This
recoloring does not create any bi-colored P; or C; and we get the
desired color on the vertex v.

(b) If (x4z4) = 1 and cg € @(z4), we can easily extend the coloring
as given in Subcase 2.2(B)(iii)(a). Otherwise, when c4 € @(z4), we
follow the coloring as given in Subcase 2.2(B)(ii)(b).

SubCase 2.3: When |V NnV|=1.

Let V NV = {pvvy) = (p(v,sl) = 4}. As there is no color avail-
able for vw other than 1, all k — 1 colors at v', k — 2 colors at
v and 2 colors at u are forbidden for vw. Therefore, p(uv) =
3 € @(x3) N @(xq). This case is similar to the assumption that
dy(v') < k. So, by using the coloring as given in Observation 2,
we get the desired color on the vertex v.

In all the above subcases, we get the desired color on the vertex
v and therefore the condition of Case 1(iii) is satisfied. So, we can
extend the coloring ¢ of H to H by using the coloring given in
Case 1(iii).

Claim 3.6. G does not contain a 3-vertex v adjacent to (i) a 3,-
vertex w and a weak 3q-vertex u or (ii) a 2-vertex w and a weak
3, -vertex u.

(i)Suppose G’ contains a 3-vertex v adjacent to a 3,-vertex w
and a weak 3;-vertex u. Let u be adjacent to a 3,-vertex. In this
case, the configuration is as given in Figure 4 except that the ver-
tex x4 is a 3,-vertex. Let N(x4) = {u,z4,z;1} , where z4 and z; are
2-vertices. Let t; and t; be the neighbors of z4 and z; respectively
other than x4. Let r; and s, be the 1-neighbors of z4 and z; respec-
tively for j,m € {1,...,k — 2}. As shown in Claim 3.5, we can show
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that dgy(w) = 3. Using similar arguments, we have dy(x4) = 3.
The vertex u may have 1- neighbors in H, let them be denoted by
uj,ie{l,...k—-3}

Let the graph H =H\ {uxs, uxy, uu;, x5y} as shown in Figure
8. By minimality of H, the graph H has a star edge coloring ¢
with 2k colors. First, we recolor the edge uv with a color, say,
¢ such that ¢; ¢ p(w)U (p(v') U @(vyy) for I € {1,...,k —3}. This
is done in a similar way as the edge vw is colored in Claim 3.5.
Then, to color the edge ux, we choose a set of colors U = ¢(x4) U
{(p(z4t4),(p(z;t;), c1}. If there is a color, say, ¢, ¢ U such that ¢, ¢
(p(z4rj)U(p(z;5m), for j,me{1,...,k—2}, then we say c, is a required
color for ux4 so, we set @(uxy) = c,. Now, let U = @(z3)U{cy,cr). If
there is a color, say, c3 € U’ such that either c; ¢ @(v)orcs & @(xy),
then we say c3 is a required color for ux; so, we set @(ux3) =
c3. Next, to color the pendant edges incident to x3 we choose a
set A of colors such that if c3 ¢ ¢(v), each color in A is not in
@(2z3) U{cy,c3} and if c3 € @(xy), each color in A is not in ¢(z3) U
{c1,c3). As|A| > k-2, we color the edges x3v3, n € {1,...,.k—2} using
the colors from A. Finally, it can be observed that the pendant
edges incident to u can be easily colored as there are at most three
forbidden colors for them. (*)

A Y,
ey

Ficure 8. Illustration of Claim 3.6(i)

When k > 4 or |U'| < k+2, we can easily find the required color
for the edge ux; which do not appear on the vertex x5. When
k=4 and |U'| = k + 2 and if we could not find any required color
for ux3, then the colors notin U appear on x4. So, here we recolor
one of the edges x4z4 and x42;1 by swapping the color of the edge
X424, say, a with a color on one of the pendant edges incident to zy,
say, a or by swapping the color of the edge x4z;, say, b with a color
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on one of the pendant edges incident to z;, say, b’, whichever is

possible. It can be observed that, if z; and Z; are incident with
pendant edges, then this swapping is possible for at least one of
the edges x4z4 and x4z;1. So, we set @(ux3) = a, if the color of
x424 is swapped else, set ¢(ux3) = b. Then, we color the pendant
edges incident to x3 using the colors from a set A such that if the
edge x4z4 is swapped, each color in A is not in ¢(z3)U{cy,a}. Else,
each color in A is not in ¢(z3) U {cy, b}. Otherwise, we remove the
color ¢, of the edge ux, and set ¢(ux3) = ¢,. Then, we choose
a required color other than ¢, for the edge ux;. As z4 and z;
are not incident with pendant edges, we easily get such color,
say, C,2 for ux,. Then, we color the pendant edges incident to x3
using the colors from a set A such that each color in A is not
in @(z3) U{cy,c,}. Finally, the pendant edges incident to u can
be easily colored as there are at most three forbidden colors for
them.

If we could not find any required color for uxy, then it means
all the 2k colors are present in ¢(z4)U qo(z;) U@(uv). As there are
2k +1 edges, we have at most one common color among any two
of the vertices zy, z; and u. So, we choose a color, say, ¢, which
do not appear on the pendant edges incident to at least one of the
vertices z4 and z;. Let c'2 ¢ go(z;) and ¢@(z4r1) = c,2. We uncolor
the edge z4r; and set @(uxy) = c/2. Then, we can easily find a
color for z4r; other than c’2 as |F(zqr1)| < |@(tg) U @(z4) U @(x4)] <
k+(k—2)+1 = 2k—1. Next, we proceed the coloring as above in (¥)
to color the edge ux3 and the remaining edges incident to x3 and
u except that we rename the color c; as c,2 in the given coloring.
So, we can extend the coloring ¢ of H' to a star edge coloring of
H.

Note that, this coloring can be extended in the similar way as
above if x, is a 3,-vertex. Therefore, we can also conclude that a
3p-vertex v cannot be adjacent to two weak 3;-vertices u and w.

(ii) Suppose G contains a 3-vertex v adjacent to a 2-vertex w
and a weak 3;-vertex u. Let u be adjacent to a 3,-vertex. In this
case, the configuration is as given in Figure 8 except that the ver-
tex w is a 2-vertex. Let x; be the other neighbor of w other than
v. The vertex w may have 1-neighbors in H, let them be denoted
by wp forpefl,.. k-2}.
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Let the graph H =H\ {uxs, uxy, uu;, x3v3}. By minimality of
H, the graph H has a star edge coloring ¢ with 2k colors. Here,
if we get a color, say, ¢; such that ¢; € @(w)U ¢(v') U ¢(vy;) for
I e{1,..,k -3}, we say that c¢; is a required color for the edge uv
and we set ¢(uv) = ¢;. Then, we can extend the coloring ¢ to H'
by using the coloring as given in Claim 3.6(i).

If we could not get any required color for the edge uv, then we
uncolor the pendant edges vv;, I € {1,...,k — 3} and choose a set of
colors V = (p(v') U{p(vw), p(wxy)}. If |[V| < k + 2, then there are
at least k — 1 colors not in V. So, we easily get the required color
for the edge uv and we use the remaining colors on the edges vvy,
le{l,..,k—3}. Then, we proceed as in Claim 3.6(i). If |V| =k +2
and we could not get any required color for the edge uv, then w
is incident with k — 2 pendant edges and |@(w)N@(v')| = 0. So, we
uncolor one of the pendant edge, say, ww; colored with a color,
say, ¢; and set @(uv) = c;. Now, we can easily color the edge
ww; with a color other than ¢y, as p(vw) ¢ (p(v') and |F(ww;)| <
lp(x1) U@(v)Up(w)| <k+1+(k-3)=2k-2. Finally, we choose
the colors not in V U {cy} to color the edges vv;, I € {1,...,k — 3}.
As |V U{c1}| = k + 3, there are enough colors to color these edges.
Then, we extend the coloring ¢ to H by using the coloring as
given in Claim 3.6(i).

Claim 3.7. G does not contain (i) a 4-vertex adjacent to two bad
2-vertices or (ii) a k-vertex, k > 5, adjacent to three bad 2-vertices.

(i) Suppose that G contains a 4-vertex u with N(u) = {u;} for
i€{l,..., 4}, where u; and u, are two bad 2-vertices adjacent to the
2-neighbors v; and v, respectively. Let w; be the other neighbors
of v; other than u;, i € {1,2}. By Claim 3.3, we have dy(u;) =
dy(v;)=2and dg(u)=dg(w;) =k =4.

Let H = H \ {uyv;}. By minimality of H, the graph H has a
star edge coloring ¢ with 2k colors. If we get an available color
for the edge u;v;, we are done. Otherwise, all the colors used
on the edges incident to the vertices # and w are forbidden for
uyvy. This means |@(u) N @(wq)| = 0 and if p(uu,) =cy, then ¢ €
@(uy)Ne(uz)Ne(uy) forming bi-colored paths of length three and
we have @(u,v,) = 1. So, we uncolor the edge u,v,. This makes
the color of the edge uu,, say, c, an available color for the edge
u1v1. So, we set @(uyvy) = ¢,.
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Now, if we get a color available for the edge u,v,, we are done.
Otherwise, |p(w,) N@(u)| = 0 and ¢, € p(uy) N @p(usz) N @(uy). So,
we uncolor the edge uu, and recolor it with a color other than
c2. As, |[F(uup)l < |p(u) U p(ur)U(uz) Up(ug)| <3+1+1+1=6,
there are at least two colors available for uu, other than c,. Then
it is easy to see that there is at least one color available for the
edge u,v,. So, the coloring ¢ of H' can be extended to a star edge
coloring of H with 2k colors.

(ii) Suppose G contains a k-vertex u, k > 5, adjacent to three
bad 2-vertices. Let N(u) = {u;},1 <i < k. Let uy, u, and uj
be the bad 2-vertices adjacent to the 2-neighbors vy, v, and v;
respectively. Let w; be the other neighbors of v; other than u;
for i € {1,2,3}. By Claim 3.3, we have dy(u;) = dy(v;) = 2 and
dg(u)=dg(w;) =k, forie{l,2,3}.

Let H = H\ {uyv;}. By minimality of H, the graph H  has
a star edge coloring ¢ with 2k colors. If we get an available
color for u;v;, we are done. Otherwise, all the colors used on
the edges incident to the vertices u and w; are forbidden for
uyvy. This means |@(u) N @(wy)| = 0 and if @(uu;) = ¢y, then

k
c1 € () ¢(u;) forming bi-colored paths of length three and we
i=2
have @(u,v,) = @(u3zv3) = c1. So, we uncolor the edge u,v,. This
makes the color of the edge uu,, say, c, an available color for
the edge u;v;. Now, we can observe that as @(u3v3) = ¢ # ¢y,
|F(1pv,)| < |@(u)U@(w;y)| < (k—1)+k = 2k—1. There is at least one
color available for the edge u,v,. Hence, the coloring ¢ of H can
be extended to a star edge coloring of H with 2k colors.

Claim 3.8. G does not contain a 4-vertex u adjacent to (i) one bad
2-vertex and three weak 3 -vertices or (ii) one bad 2-vertex and three
3,-vertices or (iii) one bad 2-vertex and two 2-vertices.

(i) Suppose G’ contains a 4-vertex u with N (u) = {u;},i € {1,..., 4},
where u; is a bad 2-vertex adjacent to the 2-vertex v; and u,,
u3 and uy are three weak 3-vertices which are adjacent to 3,-
vertices x,, x3 and x4 respectively. Let w; be the other neighbor of
vy other than u;. By Claim 3.3, we have dy(u;) =dg(v;) = 2 and
do(u) =dg(wy) =k =4. Forie{2,3,4}, let x;. be the 2-neighbors
of u; and if these u;’s have 1-neighbors in H, let them be de-
noted by u;. The vertices x; and x;- may also have 1-neighbors
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in H. As dg(u;) = 3, 1 € {2,3,4}, all the two vertices x;-s are dis-
tinct from the two vertex vy. If x’2 = x,3, it is easy to see that
dH(x,z) = dH(x;) =2 and in the graph H = H \ {uzx/z}, which by
minimality of H, has a star edge coloring ¢ with 2k colors we
have, |F(u2x,2)| < |p(u) U @(x2) U @(usz)] < 7. So, the coloring ¢
can be extended to H. Hence, x’2 * x; and we conclude that for
i €{2,3,4} all the 2-vertices x;-s are distinct.

Now, let H = H \ {uyvy). By minimality of H, the graph H' has
a star edge coloring ¢ with 2k colors. If there is no color available
for uy vy, then [p(u)Ng(wy)l = 0 and (uu;) € p(uz)Np(us3)Ne(uy)
forming bi-colored paths of length three. Therefore, wlog., we
can assume this coloring as follows. Let ¢@(w;) = {1,2,3,4} and
@(u) =1{5,6,7,8}. Let p(uuy) =6, p(uuz) =7 and @(uuy) = 8. If

4

@(uuy) =5, then 5€ (N @(u;).
i=2

If we can recolor the edge uu; with a color other than 5, then
the color 5 becomes available for u;v;. So, we are done. Oth-
erwise, the colors 1,2,3,4 appear on the edges u;x; and uix; (i€
{2,3,4}) such that if any color ¢ € {1,2,3,4} is used on the edge
uuy, a bi-colored path of length four is created.

We can observe that, the color 5 must appear on one of the
pendant edges incident to at least one of the vertices u,, uz and
uy. Otherwise, when 5 ¢ (p(uiulf) for i € {2,3,4}, we can recolor the
edge uu; with a color other than 5. As |F(uu )| <[U;j—p,3,4 @(u;)| <
3+2+2=7. The colors on the pendant edges incident to u; may
also be available for uu;. This makes at least one color available
for the edge uyv;. So, we are done. Therefore, we discuss the
following cases when the color 5 appears on the pendant edges
incident to the vertices u;, i € {2, 3, 4}.

Case 1: When color 5 appears on a pendant edge incident to ex-
actly one of the u;’s, i € {2, 3,4}, say, u,.

Let (p(uzu'z) = 5. We uncolor the edge uzu/2 and set @(uyvq) =
@(uuy) = 6. If there is an available color for the edge uzu;, we
are done. Otherwise, all the colors incident to u, x, and x,2 are
forbidden for uzL/2 and the color 6 appears on at least one of the
pendant edges u3u; and u4u;. Let u3u,3 = 6. We uncolor u3u,3

and set (p(uzu,Z) = @(uusz) = 7. Now, if there is an available color
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for the edge u3u/3, we are done. Otherwise, all the colors incident
to u, x3 and x; are forbidden for u3u;’ and the color 7 appears
on the pendant edge u4u;. So, we uncolor the edge ”4”;1 and set
(p(ug,u;) = @(uuy) = 8. We can observe that as the color 8 ¢ ¢(u5,)
and color 5 is a common color among two of the vertices x4, x;l
and u, we have |F(u4u4l)| <|p(u)U@(xy) U (p(x;)l < 7. So, we can
easily color the edge u4u21. Hence, the coloring ¢ of H' can be
extended to a star edge coloring of H. One possible coloring for
this situation is depicted in Figure 9(a).

(b)

Ficure 9. Configuration of Claim 3.8(i) (a)Case 1
(b)Case 2

Case 2: When color 5 appears on a pendant edge incident to ex-
actly two of the u;’s, i € {2, 3,4}, say, u, and us3.

Let (p(uzu;) = (p(u3u;) = 5. As there is no color for uu; other
than 5, any two colors out of the four colors 1,2,3 and 4 must
appear on at least one of the vertices u, and u3. Let that be u,.
So, we uncolor the edge u3u,3 (other than u;) and set @(u vy) =
@(uuz) = 7. If there is an available color for the edge u3u'3, we
are done. Otherwise, all the colors incident to u, x3 and x/3 are
forbidden for u3u,3 and the color 7 appears on the vertex uy. If
go(u4u;) =7, we uncolor the edge u4u; and set go(u3u/3) =@(uuy) =
8. As the color 8 ¢ ¢(u;) and color 5 is a common color among
two of the vertices x4, x; and u, we have at least one color for
u4u;. So, we are done. One possible coloring for this situation is
depicted in Figure 9(b). Otherwise, retain the color 5 of the edge
1/!31/[:; and uncolor the edges u;v; and uzu;. Then set @(u;vy) = 6.
Now if there is an available color for the edge uzu’z, we are done.
Otherwise, all the colors incident to u, x, and x'2 are forbidden
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for uzulz and the color 6 appears on the pendant edge u4u;. We
uncolor u4u;} and set qo(uzu;) = 8. Then, we recolor u4u;1 with a
color other than 6. As 8 ¢ ¢(u3) and color 5 is a common color
among two of the vertices x4, x; and u, we have at least one color
for u4u;.

Case 3: When color 5 appears on a pendant edge incident to all
of the u;’s, i € {2,3,4}.

Let (p(uzu;) = (p(u3u,3) = (p(u4u;) = 5. If all the edges u;x; and
uz-x;- are colored with colors from {1, 2, 3,4}, then we uncolor the
edge uzu/z and set @(uyvy) = 6. As the color 6 ¢ @(u3) U @(uy),
there is at least one color available for uzu’Z. So, we are done.
Therefore, we assume that at least one of the three vertices u,,
uz and uy are incident with at least one color other than the col-
ors 1,2,3,4,5. Let that be u3. We uncolor the edge ug,z/3 and set
@(uyvy) = 7. If there is an available color for the edge u_o,u;, we
are done. Otherwise, all the colors incident to u, x5 and x,3 are
forbidden for u3u/3 and the color 7 appears on one of the vertices
up and uy. Let 7 € ¢(uy). Here, we uncolor u;v; and retain the
color 5 of the edge u3u;. Then, we uncolor the edge u4u;1 and
set @(u1vy) = 8. As the color 8 ¢ @(u,) U @(u3), there is at least
one color available for u4u;. Hence, the coloring ¢ of H can be
extended to a star edge coloring of H.

(ii) This can be proved by similar arguments as in Claim 3.8(i).

(iii) Suppose G contains a 4-vertex u with N(u) = {u;}, i €
{1,...,4}, where u; is a bad 2-vertex adjacent to the 2-neighbor v,
and u, and uj3 are 2-vertices. Let w; be the other neighbor of v,
other than u;. By Claim 3.3, we have dy(u;) = dy(vy) = 2 and
dg(u)=dg(wy) =k =4. Let “,z and u; be the neighbors of u; and
usz other than u. If u, and u3 have 1-neighbors in H, let them be
denoted })y w; and y; respectively, for j € {1,2}. ’

Let H = H\ {uyvy}. By minimality of H, the graph H has
a star edge coloring ¢ with 2k colors. If there is an available
color for uyvy, we are done. Otherwise, |p(u) N @(w)| = 0 and
@(uuy) € p(uy) Ne(us)N@(uy) forming bi-colored paths of length
three. Without loss of generality, we can assume this coloring as
follows. Let p(wy) =1{1,2,3,4} and ¢(u) ={5,6,7,8}. Let p(uu;) =



354

Kavita Pradeep Davey

4
5then 5 € 'ﬂ ¢(u;) forming bi-colored paths of length three. Let

1=2
@(uuy) =6, p(uuz) =7 and @(uuy) = 8.

If we can recolor the edge uu; with a color other than 5, we are
done, as the color 5 becomes available for u;v;. Otherwise, as all
the colors are forbidden for uuy, the colors 1,2,3,4 and 5 appear
on u,, uz and uy such that if any color ¢ € {1, 2, 3,4} is used on uuy,
a bi-colored path of length four is created. This means that the
color 5 must be on the pendant edges incident to u; and u3. Let
@(uywy) = 5. We remove the color of the edge uu; and then swap
the color 5 of the edge u,w; with the color 6 of the edge uu;. This
is possible because 5 is an available color for uu;. Now, we set
@(uuy) =6,as 6 ¢ {(p(u3u;)} U @(uy), we have at least one color
available for 1;v;. Hence, the coloring ¢ of H can be extended
to a star edge coloring of H with 2k colors.

Discharging
Next, we show that a counterexample H does not exist. We
set a weight function w : V(G') — R such that w(v) = d(v) - %, v

veV(G). As Mad(G) < &, ﬁ(g))ll <8, that is 2|E(G))| < AN,

Now, ¥y () (V) = Lyev(a(d(@) - §) = 21E(G) - L4 <o,
Therefore, the total sum of weights of all the vertices in the graph
G is strictly negative. Next, we redistribute the weights among
the vertices according to the discharging rules described below,
to obtain a weight function w’". During the discharging process,
the total sum of weights is kept fixed.

Discharging Rules:

R1: A 3-vertex sends % to each of its adjacent 2-vertex.

R2: A 3-vertex sends % to each of its adjacent weak 3;-vertex.
R3: A 3-vertex sends % to each of its adjacent 3,-vertex.

R4: A k-vertex, k > 4 sends % to each of its adjacent 2-vertex.
R5: A k-vertex, k > 4 sends % to its adjacent bad 2-vertex.

R6: A k-vertex, k > 4 sends % to each of its adjacent weak
3;-vertex.
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R7: A k-vertex, k > 4 sends % to each of its adjacent 3,-
vertex.

As G has no 1-vertices, 5(G') > 2. Let v € V(G') be a k-vertex.
Case 1: When d(v) =2, w(v) = —%.
e If v is adjacent to 3" vertices, then by R1 or R4, v receives %

units from each of them. Therefore, w'(v) = —% + % + % =0.

e If v is bad, then by Claim 3.3, it is adjacent to a k-vertex. As
k > 4, by R5 it receives % units from its k-neighbor. So, w'(v) =
-2+%=0.

Case 2: When d(v) =3, w(v) = %

e If visa 3, vertex, by Claim 3.5, it can be adjacent to at most one
3,-vertex. If v is adjacent to one 3,-vertex, say, u, then by Claim
3.6(i), such v is not adjacent to any weak 3;-vertex. So, by R3, v
sends % units to u. Therefore, w'(v) = % - % =0.

If v is adjacent to a weak 3;-vertex, then by Claim 3.6(i), v can be
adjacent to at most one weak 3; vertex, say, u. So, by using R2,
v sends % units to u. Therefore, w’(v) =1_ % = 0. Otherwise, its
weight remains unchanged.

o If v is not a weak 3, vertex, by R1, it sends % units to its adjacent

2-neighbor. Therefore, w(v) = % - % =0.

If v is a weak 3; vertex adjacent to a 3,-vertex, say, #; and a 2-
vertex, say, u,, then by Claim 3.6(ii), the third neighbor of v can
either be a 3(-vertex, say, w which is not adjacent to a 3,-vertex
or a 4*-vertex, say, w. So, by using R2 or R6, v receives % units
from w and sends % units each to 1, and u,. Therefore, w'(v) =
T+i-2(5)=0.

e When v is a 3, vertex, by Claim 3.5, it is adjacent to a 3*-vertex.
So, by using R3 or R7, v receives % units from its 3"-neighbor and
by using R1, v sends % units to each of its 2-neighbors. Therefore,
v =1t+1-2(})=o0.

Case 3: When d(v) =4, w(v) = %.

e If v is adjacent to weak 3-vertices or 3,-vertices or 2-vertices,

then by R4, R6 or R7, v sends % units to each of them. There-

fore, w'(v) = % - p(%) > 0, where p is the number of these vertices

together and 0 <p < 4.
o If v is adjacent to a bad 2-vertex then by Claim 3.7(i), it is ad-
jacent to at most one bad 2-vertex and by Claim 3.8, such v can
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be adjacent to at most two weak 3;-vertices or at most two 3, ver-
tices or at most one 2-vertex. Therefore, using R4, R5, R6 or R7,
w(v) = %—%—(p(%)+q(%)+r(%)) > 0, where p, g and r are the num-
ber of weak 3, -vertices, 3,-vertices and 2-vertices respectively ad-
jacent to v such that p,q€{0,1,2},r€{0,1}and p+q+r < 2.
Case 4: When d(v) > 5, w(v) =k — %.
By Claim 3.7(ii), v can be adjacent to at most two bad 2 vertices.
Let v be adjacent to two bad two vertices and among other k — 2
neighbors, let there be p weak 3;-vertices, q 3,-vertices and r 2-
vertices, where p,gq,7r € {0,1,....,k — 2} such that p+g+7r < k- 2.
Using R4, R5, R6 or R7, v sends % units to each adjacent bad 2-
vertex and % units to each adjacent weak 3;-vertex or 3,-vertex or
a 2-neighbor. Therefore, w (v)=k- % - 2(%) - (p(%) +q(%) + r(%)) <
k-8-4-(k-2)3)=252>0ask>5. ’

Therefore, after discharging, in all the above cases, w (v) > 0
for every v € V(G'), a contradiction. So, the subgraph G’ does not
exist. Hence, the minimal counterexample H cannot exist. This
completes the proof.

As every planar graph with girth g (length of the shortest cycle)

satisfies (Folklore) Mad(G) < ;ng, the following corollary, can be
easily derived from Theorem 1.1.

Corollary 3.9. Let G be a planar graph with girth ¢ > 7. Then
x:(G) < 2A.
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