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DISTANCE MAGIC LABELING OF GENERALIZED
MYCIELSKIAN GRAPHS

RAVINDRA PAWAR AND TARKESHWAR SINGH

AstracT. A graph G = (V,E) is said to be a
distance magic graph if there is a bijection
f : V(G) - {1,2,...,|[V(G)|} such that the vertex
weight w(u) = )} yen(y) f(v) = k is constant and inde-
pendent of u, where N(u) is the open neighborhood
of the vertex u. The constant k is called a magic
constant, the function f is called a distance magic
labeling of the graph G and the graph which admits
such a labeling is called a distance magic graph. In
this paper, we present some results on distance
magic labeling of generalized Mycielskian graphs.
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1. INTRODUCTION

Throughout this paper, by a graph G = (V,E), we mean
a finite connected undirected simple graph with vertex set
V(G) and edge set E(G). For graph-theoretic terminology
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and notation, we refer to [1].

A labeling of a graph is any function that assigns
elements of a graph (vertices or edges or both) to
the set of numbers (positive integers or elements of
groups, etc). In particular, if we have a bijection
f :V(G) - {1,2,...,|V(G)|} then f is called a vertex la-
beling. The neighborhood of a vertex x in G is the set of
all vertices adjacent to it and is denoted by Ng(x). The
degree of a vertex v in G, denoted by deg(v), is the size
of its neighborhood set. When a graph G is clear from
the context, we will simply write N(x) and deg(x) for
the neighborhood and degree of a vertex x, respectively.
The weight of a vertex v, denoted by w(v), is defined as
w(v) = Lyenw) f(u). If f is a vertex labeling such that
w(v) =k, for all v € V(G), then k is called a magic constant
and the labeling f is called a distance magic labeling. A
graph that admits such a labeling is called a distance magic
graph. For more details (see [2-7]).

Thus, it is natural to inquire into both the characteri-
zation of distance magic graphs and the determination
of magic constants. In fact, it has been shown that for
every natural number k € IN \ {1,2,4,6,8,12,16}, there
exists a distance magic graph with a magic constant
k [8]. However, a complete characterization of the class
of distance magic graphs is not yet known. Moreover,
this class is believed to be very small and difficult to
describe [8,9]. Consequently, several attempts are made
to characterize the distance magic graphs within a par-
ticular graph families—such as path, cycle, complete
multipartite graphs, circulant graphs, etc [3]. In [10], the
authors studied this problem for the graphs obtained by
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Mycielskian construction for several graph classes. The
Mycielskian y(G) of a graph G = (V,E) is the graph with
V((G) = {(x,0,(x,1) : x € V(G)} U fu} and E(u(G)) =
{(x,0)(9,0), (x,0)(», 1) : xp € EG)} U {(x,)u : x € V(G))
(see [11]). Using this construction Mycielski proved the
existence of triangle-free graphs with arbitrarily large
chromatic number.

The Mycielski’s construction was generalized indepen-
dently by Stiebitz [12] and Ngoc [13] in their dissertations
in the following way: Given a graph G = (V,E) and an
integer m > 0, Generalized Mycielskian graph p,,(G) as the
graph with vertex set {(x,i) : 0 <1 < m,x € V(G)} U {u},
where there are edges {(x,0)(,0), (x,i)(y,i+1): 0 <1 < m}
in p,,(G) whenever there is an edge xy € E(G), and an
edge (x,m)u for all x € V(G). Observe that, for a con-
nected graph G with |V(G)| = n, p,,(G) is also connected
with |V (p,,(G))| = mn+n+ 1. Note that yo(G) = G and
#1(G) = u(G). The construction is illustrated in Figure 1

for py(P3).

Ficure 1. Generalized Mycielskian i, (P;).
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In this paper, we discuss the existence of distance magic
labelings for some graph families obtained by applying
the generalized Mycielskian construction. Throughout
the paper, we assume m > 2.

We need the following results for our further investiga-
tion.

Theorem 1.1. [4,7] A graph G is not distance magic if there
are vertices x and y in G such that IN(x)AN(y)| =1 or 2.

Theorem 1.2. [5-7] Let f be a distance magic labeling of a
graph G. Then the sum of weights of all the vertices is given

by:
) w)= ) deg(v)f(v)=kn,

veV(G) veV(G)
where k is the magic constant and n is the number of vertices.

Corollary 1.3. [4,5,7] No odd regular graph is distance
magic.

Theorem 1.4. [5] Cycle C,, is distance magic if and only if
n=4.

Theorem 1.5. [5] A wheel W, = C,,+ K is distance magic if
and only if n = 4.

Definition 1.6. [14] A function g: V(G) — [0,1] is called a
total dominating function of the graph G if }_,cn)8(u) 2 1
for all v € V. The fractional total domination number of a
graph G is denoted by y¢; and is given by

Ve = min{|g|: g is total dominating function of G},

where |g] =) ey §(v).
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Theorem 1.7. [15] For any graph G without isolated ver-
tices,

ZVr(G)+ 2~ m if m is even

G)) =
Vitpn(G)) {mT“yft(G) + —yftl(G) if mis odd.
Theorem 1.8. [16,17]If G is a distance magic graph of order

n(n+1)
2y£:(G)”

n, then the distance magic constant k is given by k =

2. MaIN ResuLTs

Let G = (V,E) be a graph. The subgraph induced by
the subset S = {(x,0) € V(y,,,(G)) : x € V(G)} of V(p1,,,(G)) is
isomorphic to G. First, we discuss some basic structural
properties of the generalized Mycielskian of a graph such
as regularity, degree conditions, etc. By construction, we
have deg, (¢)(xi,0)=deg, (xi,j), foralll<j<(m-1).

Observation 1. For x € V(G), degﬂm(G)(x,i) = degﬂm(G)(x,O) =
2deg;(x), for 1 < i < (m—1) and degym(G)(x,m) =

deg}lm(zc)(x,O) ‘1

Proposition 2.1. p,,(G) is r-regular if and only if G = Kj.

Proof. Let G be a graph on n vertices such that p,,(G) is
r-regular. Therefore,

(1) deg(u)=deg(x,i)=rfori=0,1,2,...,mVxe V(G).
But, deg(u) = n. Hence,
(2) r=n.

By Observation 1, we have deg(x,1) = deggx,O) + 1. Using

this in Equation (1) we get r = 2. From Equation (2), we
get n = r = 2. This means G is a graph on 2 vertices such
that u(G) is 2-regular. Now on 2 vertices only two graphs
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are possible; K, or its complement K,. For x € V(Kj,),
deg”m(K—z)(x,O) =0and degy@)(u) = 2. Therefore, pu,,(K>)
is not regular. Hence, G # K,. Therefore, G must be iso-
morphic to K,. Conversely if G = K;, then y,,(K;) = Cy,yq
which is 2-regular. This completes the proof. |

Now we provide the sufficient conditions on a graph
G, for the non-existence of distance magic labeling of its
generalized Mycielskian graph p,,(G) for m > 2.

Lemma 2.1. For a graph G with 6(G) =1, then u,,(G) is not
distance magic.

Proof. Let x; be a vertex in G such that deg.(x;) = 1
Hence, there is a unique vertex x, € Ng(x;). Then in p,,(G)
we have, N, (6)(x1,0) = {(x2,0),(x2,1)} and N, (G)(x1,1) =
{(x2,0),(x2,2)}.  This gives |[Nyqc (xl,O)AN (xl, ) =
[{(x2,0),(x2,2)}| = 2. Hence, by Theorem 1.1, ;/Lm( ) is not
distance magic. ]

This lemma immediately gives non-existence of magic
labeling of Mycielskian of a major family of graphs.

Corollary 2.2. If T is a tree, then p,(T) is not distance
magic.
Lemma 2.3. Ifa graph G contains two vertices x; and x; such

that ING(x;)ANG(x;)| = 2, then p,,(G) is not distance magic.

Proof. Let x; and x; be two distinct vertices in G such
that [Ng(x;)ANg(x;)| = 2. Then

i)
N,Am y(xi,m) ={(y,m—1):y € Ng(x;)} U {u}
N, (6)(xj,m) ={(y,m—1):9 € Ng(x;)} Ufu}.
Therefore,
IN,,.(6)(xi, m)AN,, () (xj, m)| = ING(x;) ANG (x))] = 2
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and by Theorem 1.1, p,,,(G) is not distance magic. O
Corollary 2.4. p,,(K,) is not distance magic graph.

Proof. Let vertices of K,, be labeled as xy, x5,..., x, in
an anticlockwise manner. If n = 1, then u(K;) = K; UK,
is not distance magic. So, we assume n > 2. Then,
Nk, (x1) = {x2,x3,...,%,} and Ng (x2) = {x1,%3,%X4,...,%,}.
Hence, [Nk (x1)ANk (x7)| = 2 and by Lemma 2.3, u,,(K,)
is not distance magic. o

Corollary 2.5. If n(+ 4) > 3 then u,,(C,) is not distance
magic.

Proof. Let x1,x,,...,x, be the vertices of the cycle C, taken
in an anticlockwise manner. Now the |N(x;)AN(x,_1)| =
[{x2,x,_2}| = 2 and hence by Lemma 2.3, y,,,(C,,) is not dis-
tance magic for n(= 4) > 3. O

We know that y¢(C,) = 5. By Theorem 1.7,

2,818 ir . -
%}f”slfmlseven

D48 iy is odd

Vft(,um(cn)) = {

and by Theorem 1.8, if p,,(C,) is distance magic then its
magic constant is given by

) e
S a— if m is even

2 1 2) . .
n(mnﬁ;n+ )(mn+n+2) if m is odd.
n?(m+1)+8

{2n(mn+n+1)(mn+n+2
k=

Observe that k = 8m + 10 for n = 4 and for any m > 1 and
it need not be always an integer for other values of m and
n.

Theorem 2.6. The generalized Mycielskian p,,(C,) is dis-
tance magic if and only if n = 4.
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Proof. Let n # 4, then by Corollary 2.5, yu,,(C,) is not dis-
tance magic. For n = 4, let xq, x5, X3, x4 be the vertices of Cy
taken in an anticlockwise manner. We define the labeling
f as follows:

2j+1,ifi=1,j=0,1,...,m
2j+2,ifi=2,j=0,1,...,m
4m+1)-2j,ifi=3,7=0,1,...,m
4m+1)-2j-1,ifi=4,j=0,1,...,m

flxi,j) =

and f(u) = 4m + 5. It is easy to see that f is a distance
magic labeling with magic constant 8m +10. A distance
magic labeling of y3(Cy) is given in Figure 2. ]

Ficure 2. Distance magic labeling of
}#2(Cy).
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Lemma 2.7. p,,(W,), where W, = C,, + K; is not distance
magic for n(= 4) > 3.

Proof. Let {xq, x,,...,x,} be the set of vertices that lie on
the rim of W, = C,,+ K, and ¢; be the central vertex, where
n > 3. If n = 3 then W3 = K4 and by Corollary 2.4, u,,(W5;)
is not distance magic. Next, we prove the case n > 5. On
the contrary, suppose that the Mycielskian of the wheel
W, = C,+Kj is distance magic with a distance magic label-
ing f. Then, Ng(x1) = {x2, x,,, c1} and Ng(x3) = {x2, x4, c1},
where the subscripts are taken to be modulo n. Then,
ING(x1)ANG(x3)| = {x4, x,}| = 2. Therefore, by Lemma 2.3,
the generalized Mycielskian of a wheel W, = C,, + K; for
n(= 4) > 3 is not distance magic. o

The fractional total domination number of W, is known
to be ¥ (Wy) = 3. Referring to Theorem 1.7, we can deter-
mine that

% if m is even

Wa)) =
Vft(ﬂm( 4)) {9,,11;17 if mis odd

Furthermore, according to Theorem 1.8, if p,,(Wy) is a dis-
tance magic graph, its magic constant k is given by

6(5m+6)(5m+7) if .
k= — O9m+i6 1I m 1S even

76(5'”9;2(?;”7) if mis odd

It should be noted that k may not always be an integer.
Specifically, for m = 2 and m = 4, we obtain integer values
k = 48 and k = 81, respectively. Now we discuss the dis-
tance magic labeling of generalized Mycielskian of wheel
graphs.

Lemma 2.8. The generalized Mycielskian of wheel u,,(Wy) is
not distance magic.
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F1GURE 3. puy(Wy).

Proof. Suppose p,,(Wy) is distance magic and having dis-
tance magic labeling f. Let {xq,x,,x3,x4} be the set of ver-
tices lying on the rim of Wy and c; be the central vertex.
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Then the neighborhood of the vertices are as follows:

N(x1,0) = N(x3,0) = {(x2,0), (x4, 0), (x2, 1), (x4, 1), (c, 0), (¢, 1)}
N(x7,0) = N(x4,0) = {(x1,0),(x3,0), (x1,1),(x3,1),(c, 0), (c, 1)}
N(x1,i) = N(x3,1) ={(x2,1 = 1), (x4, = 1), (xp,i + 1), (x4, + 1),
(c,i=1),(c,i+1)}, forl<i<m-1
N(xy,i) = N(xg,1) ={(x1,1 = 1),(x3,1 = 1),(x1,i +1),(x3,i + 1),
i-1),(c,i+1)}, forl1<i<m-1

Xo,m—1),(xg4,m—1),(c,m—1),u}

1) ={(x1,i—1),(xp,i—1),(x3,i = 1),(xg,i —1),(x1,i + 1),
(x0,i+1),(x3,i+1),(xg,i+1)}, forl<i<m-1

Z

(c,m) ={(xy,m—1),(xp,m—1),(x3,m—1),(x4,m—1),u}.

We first prove the result for m = 2. The generalized Myciel-
skian of W, with m = 2 is shown in Figure 3. We assume
that,

a; :f(xl,i)+f(X3,i) fOI' l = 0,1,2
Bi = f(xp,i)+ f(xyg,i) fori=0,1,2.
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With the above notations, we express the weights of ver-
tices in p,,,(Wy) under f as follows:

(3) w(x1,0)=Po+p1+f(c,0)+ f(c, 1)
(4) w(x,0) =ag+ay+f(c,0)+ f(c1)
(5) w(xy,1)=Bo+ P2+ f(c,0)+ f(c,2)
(6) w(xp, 1) =ag+az+f(c,0)+ f(c,2)
(7) w(xy,2) =B+ flc, 1)+ f(u)

(8) w(xy,2) =ay + f(c, 1)+ f(u)

(9) w(c,0)=ag+Po+as+p

(10) w(c,1)=ag+po+az+p

(11) w(c,2)=aj+py + f(u)

(12) w(u)=az+pr+ f(c,2).

Now we equate: Equation (3) with Equation (7), Equation
(4) with Equation (8), Equation (5) with Equation (12),
Equation (6) with Equation (12), and Equation (9) with
Equation (10) respectively, to obtain,

13) f(u)=Bo+f(c,0)

(

(14) f(u)=ag+f(c,0)
(15) az=Po+f(c,0)
(16) B2 =ag+f(c,0)
(17) a1+ p1=ax+ po.

Again from Equations (14), (13), (15), (16) we obtain
f(u) = ap = B,. Using this value of a; and f, in Equation
(17) we get a; + 1 = 2f(u). Therefore Equation (11)
becomes w(c,2) = 3f(u). Since f is assumed to be distance
magic labeling we must have w(u) = 3f(u). From Equa-
tion (12) we have 3f(u)=2f(u)+ f(c,2) = f(u) = f(c,2)
which is a contradiction. Hence p,,(W,) is not distance
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magic for m = 2. Now, we suppose that m > 3. By equat-
ing the weights: w(x1,0) = w(xy,2), w(x,,0) = w(x,,2) and
w(c,0) = w(c, 2), respectively, we get

(18)

f(x2,0)+ f(x4,0) + f(c,0) = f(x2,3) + f(x4,3) + f (¢, 3)
(19)

f(x1,0)+ f(x3,0) + f(c,0) = f(x1,3) + f(x3,3) + f(c,3)
(20)

f(x1,0)+ f(x2,0) + f 3,0)+ f(x4,0
= flx1,3) + f(x2,3) + f (x5, )+fxm$-
Adding Equations (18) and (19) we get

f(x1,0) + f(x2,0) + f(x3,0) + £ (x4,0) + 2f (¢, 0)
= f(x1,3) + f(x2,3) + f(x3,3) + f (x4,3) + 2f (¢, 3)

Then using Equation (20), we get f(c,0) = f(c,3), which is
a contradiction. This completes the proof. ]

From the Lemma 2.7 and the Lemma 2.8, the following
result is evident.

Theorem 2.9. yu,,(W,) is not distance magic for n > 3.

Let us calculate the fractional total domination number
of generalized Mycielskian of complete bipartite graphs.
We know that y¢/(K, ) = 2. Therefore, by Theorem 1.7,
Vit(pm(Kap)) = 2'"—2+3 for all m > 1. If p,, (K, ;) is distance
magic then by Theorem 1.8, its magic constant is given
by k = (m a+b)+a+b+1)( 3(a+b)+a+b+2)' When a = b = 1, then
k = 2m+4, which i 1s an 1nteger but K; ; =K, by Lemma 2.1,
HUm(K>) is not distance magic. For the case where a=b =2
and m > 1, the value of k evaluates to an integer 8m + 10.
However, for other values of 4,b, and m, the calculated
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value of k may not necessarily be an integer. In the follow-
ing theorem, we give a simple proof for the distance magic
labeling of complete bipartite graphs.

Theorem 2.10. p,,(K, ) is distance magic if and only if a =
b=2.

Proof. Let G = K, },, where a and b both are at least 2. Oth-
erwise, G will be a star and by Lemma 2.1, it is not dis-
tance magic. Let V; ={xq,xp,...,x,} and V5, = {p1,v2,..., ¥p}
be the partition of the vertex set of G. Suppose that y,,(G)
is distance magic with distance magic labeling f. We as-
sume that

a
Zf(xi,j):a]-, forj=0,1,2,...,m
i=1
and
b
) f@ij)=pj forj=0,1,2,...,m.
i=1

Therefore, the vertex weights are as follows:
w(x;,0)=pPo+ P, fori=1,2,...,a
w(x;,j) = Bi-1+ Bj+1 fori=1,2,...,4;j=1,2,...m—1
(xjm)=Pp1+f(u), fori=1,2,...,a
w(y;,0)=ag+ay, fori=1,2,...,b
(vi,]) = aj1+aj, fori=1,2,...,b; j=1,2,..m-1
w(y;,m)=ay_q+ f(u), fori=1,2,...,0b.

Since p,,(G) is distance magic, the vertex weights are the
same under f. Equating the weights, we get

(21) a; =i = f(u).
The vertex u must receive the largest label i.e. f(u) = (a+
b)(m+1)+1. Otherwise, if one of the vertices (x;, j) or (v;, j)
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receives the label (a + b)(m+ 1) + 1, for some i and j, then
one of the equalities

is not possible. Therefore, from Equation (21) we have

(22) ) (ai+ i) =2(m+ 1)f (u).
i=0
Since f(u) = (a+b)(m+1)+1. Therefore, Y ", (a; + B;) is the

sum of the ﬁrst (a+b)(m+ 1) natural numbers Therefore,
Equation (22) becomes

(a+b)(m+1)[(a+b)(m+1)+1]

> =2(m+1)[(a+b)(m+1)+1].

This implies a+ b = 4. Since a and b both are at least 2, we
must have a = b = 2. Conversely, suppose thata =b = 2. In
this case, K, , = C4 and by Theorem 2.6, p,,(Cy) is distance
magic. This completes the proof. o

Theorem 2.11. If G is an r-regular graph such that the p,,,(G)
is distance magic then r < 2(m+ 1).

Proof. Let G be an r-regular graph on n vertices such
that p,,(G) admits distance magic labeling f. Then
degym(c)(x,i) =2r,for(1<i<m-1), degym(G)(x,m) =r+1
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and degﬂ (G) (1) = n. Now by Theorem 1.2 we have

Z xO_erx0+erxl

xeV(G) xeV(G xeV(G
Z w(x, 1 _erx, +erx, =
xeV(G) xeV(G xeV(G
Z w(x,m-1)=r Z flx,m—-2)+r Z f(x,m)=kn
xeV(G) xeV(G) xeV(G)
w(x,m)=r Z flx,m—1)+nf(u)=
xeV(G) xeV(G)

Comparing the above set of equations we obtain,
(23) =r Z f(x, m).

If we assign the smallest labels 1, 2,3,...,ntothe n vertices
(x,m) and label u with the largest label, that is, f (1) = mn+
n+1, then using this in Equation (23), we get n(mn+n+1) >
w which on simplification yields r < 2(m + 1). ]
Proposition 2.2. Let G be a graph. If u,,(G) is a regular
graph, then p,,(G) is not distance magic.

Proof. Let G be a graph on n vertices such that yu,,(G) is
r-regular. Then by Theorem 2.1, G = K,. But yu,,(K,) =
Cymys3 and by Theorem 1.4, C,,,,3 is not distance magic.
This completes the proof. m]

Observation 2. The graph G and its generalized Mycielskian
Um(G) do not share the property of being distance magic, that
is, um(G) is distance magic irrespective of G. For example,
the path on 3 vertices Ps is distance magic [5] but u,,(Ps),
(m > 1) is not distance magic (see Corollary 2.2). Whereas,
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Cy is distance magic [5] and p,,(Cy), (m > 1) is also distance
magic (see Theorem 2.6).

CONCLUSION

In this paper, we have studied the distance magic label-
ing of graphs arising from generalized Mycielskian con-
struction for several graph classes. A complete characteri-
zation of distance magic labeling of graphs obtained from
generalized Mycielskian construction remains open.
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