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SOME BOUNDS ON VB-DOMINATING LAPLACIAN
ENERGY OF A GRAPH
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ABSTRACT. A block is a maximal connected subgraph of G that has
no cut-vertices. A vertex v and block b are said to block dominate (b-
dominate) each other if v is in the block b. A set D C V is said to
be a vertex block dominating set if every block in G is b-dominated by
some vertex in D. The vertex block domination number v, = Yub(G)
is the cardinality of the minimum vertex block dominating set of G.
In this paper, we define the minimum vb-dominating Laplacian energy
LE,,(G) and obtain some bounds on LE,;(G) in terms of existing graph
parameters. Further, we compute LE,;(G) of alkanes. In addition to
that, we find relationship between LE,;(G) and E.,(G).
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1. INTRODUCTION

The terminologies and notations used here are the same as in [10, 25].
A graph G = (V, E) is a connected finite simple graph of order p and size
q. Graph spectral theory has well-known applications in chemistry. One
of the most intresting graph-spectrum-based quantities is the graph energy.
In 1978, the idea of graph energy was proposed by Ivan Gutman [§8]. A
huge number of graph energy variants based on matrices apart from the
adjacency matrix have been studied in [12, 21, 24, 13]. I. Gutman and
B.Zhou [9] defined the Laplacian energy of a graph. The Laplacian matrix
of G is denoted by L = [l;j]pxp, where

-1 if Vi ~ Uy
lij = 0 if (3 74 Uy
d(vs) ifi=j.

Let @1, 9, ..., be the eigenvalues of L. Then the Laplacian energy of G
P

- - 2

is defined as LE(G) = ig ) lpi — 2L

A cut-vertex of a graph G is the vertex whose removal increases the number
of components of G. A maximal connected subgraph of G that has no cut-
vertices is a block. In 2013, P. G. Bhat et al. [2] initiated the study of
vb-dominating sets. Let B(G) is the set of all blocks of a graph G and we
denote |B(G)| = m. A vertex v € V and a block b € B(G) are said to block
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dominate (b-dominate) each other if v is in the block b. A set S C V is said
to be a vertex-block dominating set (vb-dominating set) if every block in G
is b-dominated by some vertex in S. The vertex block domination number
Yob = Yob(G) is the cardinality of the minimum vb-dominating set of G. Let
dyp(u) denotes the vb degree of a vertex w in G, i.e, the number of blocks
incident on w in G. In [23] it is proved that, for any connected graph G with

p vertices and m blocks, > dyp(u) =p+m — 1.
ueV
In a graph any two vertices vv-adjacent to each other if they are in same

block. The point graph Pg(G) of a graph G is a graph with V(Pg(G)) =
V(G) and any two vertices in Pg(G) are adjacent if, and only if, they are vo-
adjacent in G. The number of edges in the point graph is denoted by g, [2].
Sayinath Udupa et al. [21] introduced minimum vv-dominating Laplacian
matrix L,,(G) of a graph and studied its properties. Motivated by this we
introduce vb-dominating Laplacian matrix L,,(G).

2. MINIMUM VERTEX-BLOCK DOMINATING LAPLACIAN ENERGY

We denote a minimum vb-dominating set of a graph G as 7y,,-set. Now
we define the minimum vb-dominating Laplacian matrix of G as follows,
Lyb(G) = [lij], where

-1 if v; and v; are vv-adjacent
Li = dvb(Uz’) -1 ifi= 7, Vi € Yypp-set
Y dyp(v;) if i = j,u; & ypp-set

0 otherwise

Note that L,(G) is a p x p matrix. Let ¢1, @2, ..., pp be the eigenvalues of
Lys(G). Then the minimum vb-dominating Laplacian energy is defined as,

P
(1) LE4(G)=>_|¢

=1

2qp

p

%

The minimum vb-dominating Laplacian matrix of a graph G is independent
of the internal structure of the blocks in G.

[ U7
U2
V4 U5
V1 Ug
U3

FIGURE 1. Graph G

Example 1. Let G be a graph as shown in Figure 1 with a minimum vb-
dominating set
B = {v4,v5}. Then
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1 -1 -1 -1 0 0 0 0
11 -1 -10 0 0 0
1 -1 1 -1 0 0 0 0
1 -1 -1 1 -1 0 0 0
Le@= 10 0o 0 -1 1 -1 -1 -1
0 0 0 0 -1 1 -1 -1
0 0 0 0 -1 -1 1 -1
0 0 0 0 -1 -1 -1 1

The minimum vb-dominating Laplacian eigenvalues of G are —2.3028,
—1.7913,1.3028, 2.0000, 2.0000, 2.0000, 2.0000 and 2.7913. Therefore, the
minimum vb-dominating Laplacian energy of the graph G is LE,(G) = 18.

3. BOUNDS FOR MINIMUM VB-DOMINATING LAPLACIAN ENERGY OF A
GRAPH

Theorem 3.1. Let G be a graph of order p and size q¢ with m blocks and
01,92, ..., pp are the eigenvalues of Ly (G). Then

(1) é@i =@+m—=1) =y
(i) X 6 =20+ 3 (du0) = k™
Proof. (i) The sum of principal diagonal elements of L,,(G) is equal to
3 dun(®3) = Pyop — set] = (p+m — 1) = [y,
Z:1A180 the sum of the Laplacian eigenvalues of L,;(G) is equal to the
trace of Ly,(G). Therefore, i wi=MP+m—1)— vu.
(ii) The sum of squares of the L;?lacian eigenvalues of L,;,(G) is the trace

of va(G)Q.
p p

P
Therefore, Z ©? = Z Z lijlys

i=1 i=1 j=1

=2 (l)* + > ()
1

i<j i=

p
=2q, + Z(dvb(vi) — k)2, where k; =

{1 if v; € yyp-set
i=1

0 if v; & ypp-set
and g, is the number of edges in the point graph of G. ]

1& 9 1 if v; € Yyp-set
(2) Let R=gp+ 3 Z(dvb(vi) — ki)*, where k; =

i=1

0 if v; & ~yyp-set.
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3.1. Lower bounds on LE(G).

Theorem 3.2. Let G be a graph with p vertices and @1, 2, ..., pp be the
eigenvalues of Ly(G) with |p1] > |p2| > ... > |¢p|. Then LE,(G) >
% — 2qp, where R is the expression defined as in (2).

Proof. Tt is easy to observe that, for any graph |¢1]|¢i| > @2, for all i,
1 < i <p. Then,

P p
EADIED I
=1 =1

- 2R

This implies that, g lpi| > ﬁ
; P1
i=1

By taking a = |p;| for all ¢ = 1,2,..,p and b = ’qu in the triangular

inequality |a| — |b] < |a — b|, we get

2q,

2q
ol - |2 2
p

p

SSOZ_

P
This implies that, Z loil — 2¢p < LEWw(G).
i=1

2
Therefore, LE,,(G) > ﬁ — 2gp.
1

O

Lemma 3.3. ([17] Ozeki’s inequality)
If a = (a;) and b= (b;), i = 1,2,..n be two sequences of real numbers such
that 0 < mq < a; < My and 0 < mgy < b; < My for every i, 1 <i <n, then

n n n
S a2 S 07— (X aiby)? < B [My M — myma)?.
=1 =1

i=1

Theorem 3.4. Let G be a graph with p vertices and @1, @2, ..., pp be the
eigenvalues of Lyp(G) with |p1] > |p2| > ... > |@p|. Then LE,(G) >

\/2R - %2[|901\ — |¢pl]? — 2qp, where R is the expression defined as in (2).

Proof. We choose a; = |¢;|, by =1, for all 4, i = 1,2,...,p,m1 = |pp| My =
|p1] and mg = My = 1 in Lemma 3.3. Then,

Zm Zl— (Zm) <2 llor] = gyl

P P 9 P
. p
That is, \| > ¢l Y 1= llerl = epl2 < D loil.
i=1 i=1 =1

P
- P’ 2
This implies that, \/QRp - Z[|<,01| = lepl]? < Z 3]

=1
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By taking a = |g|, for all 4, ¢ = 1,2,..p and b = ‘%

in the triangular
inequality |a| — |b] < |a — b|, we get

_ 2%
p

2q
ol — \ <
P

p
That is, Z loil — 2¢p < LE(G).

i=1

2
Therefore, LE,,(G) > \/2Rp - %Hg@l\ — |epl)? — 24,

(I
Lemma 3.5. [14] Let a = (a;) and (b;), ¢ = 1,2,...,n be two sequences
of real mumbers such that a < q; S A < oo and b < b; < B < oo where
a,b,A,B € R. Then nZalb —Zasz < n?a(n)(A—a)(B—b), where
=1 =1 =1
a(n) = 3 {1 — ()2”%} Further, equality holds if and only if ay = ag =
.=ay orby=by=..=b,.

Theorem 3.6. Let G be a graph with p vertices and @1, @2, ..., pp be the
eigenvalues of Lyp(G) with |p1] > |p2| > ... > |@p|. Then LE,(G) >
V2Rp — p2a(p) (1] — |pl)? — 2qp, where R is the expression defined as in

—_1)pt+1
(2) and a(p) = % {1— %]

Proof. We choose a; = |¢;|, bj = |¢i|, for all 4, i = 1,2,...,p, a = b = ||
and A = B = |¢1| in Lemma 3.5. Then,

p P p

2

pY_leil> =Y leil > leil| < pe(p) (o1l — lep))?
i=1 =1 i=1

1 —1)Ptt 41
where a(p) = 1 {1 - ()2;02—'_] .

P 2
This implies that, |2Rp — (Z |(pi|> < pPalp) (Je1] = |ep))?
=1

'Mﬁ

I
—

n 2 n
Using Cauchy-Schwarz inequality (Z aib,-) Z b?, choose a; = 1
i=1 i=
2

7

and b; = |¢4|, for all 4, i = 1,2,...p, then, 2Rp >

1
Llei) -

/.—\

p
Therefore, /2R~ p2a(0) (o1 ~ ) < 3- ol
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By taking a = |p;|, for all 4, ¢ = 1,2,...,p and b = ’2%

in the triangular
inequality |a| — |b] < |a — b|, we get,

2qp

2q,
lpil —|— =21
P

p

<

i —

P
This implies that, Z loil — 2¢p < LE(G).

=1
Therefore, LE,(G) > \/2Rp — pa(p) (01| — [¢p])? — 245,
where a(p) = 7 |1 — (_1)2;# . O

Lemma 3.7. [11] Suppose a; and b;, i = 1,2,..,n are positive real num-

n n
bers. Then Zla? Zlb? (w/%if\fﬁ + 1/%17&22) <Z a; Z> , where My =
i= i=

maz{ai,as, ...,an}, Mo = mazx{b1,be,...,bp} ,m1 = min{ai,aq,...,an} and
mo = min{bl,bg,...7bn}.

Theorem 3.8. Let G be a graph with p vertices and @1, p2, ..., p be the
eigenvalues of Ly, (G) with [p1] > |pa| > ... > |@pl. If Lyp(G) is non-singular
matriz, then LE.,(G) > 2v2Bpy/lerliep|

Tl 2qp, where R is the expression
defined as in (2).

Proof. Let a; = |gi], bs =1, for all 4, ¢ = 1,2, ...,p and My = |e1], m1 = |epl,
and mge = My = 1. Then by using Lemma 3.7, we get

P 1 )
Z\m > z(w/? i ) <ZI z|)
()
That is, Z|<Pz
WE W )
This implies that, 2V2ERp /||l ZI oil.

lo1] + eyl

2 2dp

By taking a = |g;|, for all 4, ¢ = 1,2,...,p and b = ' in the triangular

inequality |a| — |b] < |a — b|, we get,

2q 2q
Iwil—‘—” < |y — 22|

p
p

This implies that, Z lpil = 2qp < LEw(G).
i=1

2/2R
Therefore, LE,,(G) > V2Rp lo10p — 2,
1] + |l
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Lemma 3.9. ([3] Bhatia and Davis’s bound on variance)

Let ay,as, ..., ar be real numbers such that a < a; < A, foralli,i=1,2,....k
k
> ai k

and ¢ = =—. Then Y a? < k[p(A+ a) — Aa], equality holds if and only if

=

1=
each a; is either A or a.

Theorem 3.10. Let G be a graph with p vertices and @1, 2, ..., pp be the

eigenvalues of Lyp(G) with |o1] > |p2| > ... > |@p|. Then LE,(G) >

2R+plerllep| _ : ; :
PR 2qp, where R is the expression defined as in (2).

Proof. We choose a; = |p;], for all i, ¢ = 1,2...,p, a = |pp|, A = |p1] and

p

2 il
¢ = =_— in Lemma 3.9. Then,
p
P le</9¢|
S leil? <p | Eo—(irl +lorl = ol
i=1

p
That is, 2R < ) _ |l [lo1] + lpl] = plionllipl.
i=1

2R -
This implies that, 2 Pletllesl > leil-
‘()01| + ‘90;0| i=1

By taking a = |¢;], for all i, i = 1,2,....,p and b = '2%

in the triangular
inequality |a| — |b] < |a — b|] we get,

2 2
i[5 <] 22]
p p
P
This implies that, Z loil — 2¢p < LE(G).
i=1

2R
Therefore, LE4(G) > M — 2gp.
1] + [op]

O

Note that the above result coincides with Theorem 3.2 if one of the eigen-
value of L,,(G) is 0.
Lemma 3.11. [4] Let a; > az > ... > a, > 0 be real numbers. Then
1

n n n

dYai—n <H |ai|) > (/a1 —+/an)? with equality if ay = a3 = ... = ap_1 =
i=1 i=1

/a1y, .

Theorem 3.12. Let G be a graph with p vertices and @1, 2, ..., pp be the
eigenvalues of Lyp(G) with [p1] > |p2| > ... > |@pl. If Lyp(G) is non-singular

p
matriz, then LE,,(G) > pK% + (\/|g01\ — |g0p\)2 — 2qp, where K = [] |4l
i=1

249
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Proof. We choose a; = |p;|, for all 4, ¢ = 1,2, ...,p in Lemma 3.11. Then,

P P » 2
leoil—p(H%I) > <\/|¢1—|¢p|> :
i=1 i=1
P ) 2 P
This implies that, Z lpil > pK» + <\/ lo1] — |g0p|> , where K = H |oil.
i=1

i=1

By taking a = |¢;], for all ¢, ¢ = 1,2,...,p and b = ’2%

in the triangular
inequality |a| — |b] < |a — b|, we get,

2q,

2q
ol - | 22| < [ - 22).
p

p

<

P —

P
This implies that, Z loi| — 2¢p < LEw(G).
i=1

2 P
Therefore, LE,,(G) > pK% + <\/|901 - |90p|) — 2qp, where K = H |03l
i=1

O

3.2. Upper bounds on LE,;(G).

Lemma 3.13. [5] Let p = (pl), q = (gi) be two sequence of non-negative
real numbers and a = (a;), b = (b;), ¢ = (¢;), d = (d;) be sequences of real
numbers, 1 = 1,2,....,n. Then

n n n n
>opial Yo qib + Y pic? Y qid? > 2 Z PiaiCi Z qibid;.
=1 =1 =1 =1

i=1 =1

If (pi) and (q;) are sequences of positive numbers, then the equality holds if
and only if a;b; = ¢;d; for any i,j € {1,...,n}.

Theorem 3.14. Let G be a graph with p vertices and @1, 2, ..., pp be the
eigenvalues of Lyp(G). Then LE,.,(G) < 4/ % + 2qp, where R is the

expression defined as in (2).

Proof. We choose a; = b; = p; = ¢ = 1 and ¢; = d; = |pil, for all i,
1=1,2,...,p in Lemma 3.13. Then,

p p p p p p
DY 1Y el el =2 leil D leil-
=1 =1 =1 =1

=1 =1
p 2
That is, p* + (2R)? > 2 (Z |‘Pi|> -

i=1

p 2 1 AR2
This implies that, Y |¢i] < W%.

=1
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By taking a = |p;|, for all 4, ¢ = 1,2,...,p and b = ’2%

in the triangular
inequality |a — b| < |a| + |b], we get

2 2
“4p < gl + “qp

P
< Z |<Pi| + 2gp.
=1

P
Therefore, LE,,(G) < Z los| + 2qp
i=1

2 2
p*+ 4R
< \/T—i—qu.

i —

P
This implies that, Z $Yi— —
i=1

O
Theorem 3.15. Let G be a graph withp vertices and @i, i1 = 1,2, ...,p be the
2_ _1— 2
eigenvalues of Lyp(G). Then LE,(G \/ + (@Rptig; 4q’é§g+m 1 700)) ,
where R is the expression defined as in (
Proof. We choose a; =b; =p;=¢; =1and ¢; = d; = — =2\ for all 1,
1=1,2,...,p in Lemma 3.13. Then,

PP 2 p 2, |2 P 2, | & 2
Syt o 2l Sl -2 203 |- 23 - 22
i=1 =1 i=1 i=1 i=1 i=1 p

2|7\ & 2|\
That is, p* + | 3 i — —2| | 22( > |pi— "2
i=1 p i=1 p
This implies that,
) P, Piag 4 & 2
ALESG)? <P+ (N P+ % 1wy o)
i=1 i=1 i=1
Thus,
LErUb(G) S \/% 2RP+4q12, 442; p+m—1— "/ub))
O
Lemma 3.16. [5] Let x = (x;) and y = (yi), ¢ = 1,2...,n be two se-
quences of real numbers and z = (z;) and w = (wz) =1,2,...,n be two se-

quences of non-negative real numbers. Then Z w; Z zixt+ Z 2z Z wiy? >
i=1 i=1

2 Z 2T Z w;yi. If z; and w; are positive, then the equality holds if and only
i=1 i=1
if x =y =k, where k is a constant.

Theorem 3.17. Let G be a graph with p vertices and @1, 2, ..., be the
eigenvalues of Ly (G). Then LE(G) < R45+2q,, where R is the expres-
sion defined as in (2).

251
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Proof. We choose z; = |p;| and w; = y; = z;, =1, for all ¢, i = 1,2,...,p in
Lemma 3.16. Then,

Zli|cpz|2+z 21>QZ|%\21

=1 =1 =1 =1

That is, pz loil2 + p* > 2p2 |il.

i=1 =1

2R+p u
Hence, = 2 3ol

2qp

By taking a = |g;], for all i, i = 1,2, ...

in the triangular

P
inequality |a — b| < |a| + ||, we get,
2q 2q
pi — =F <|<Pi|+’—p
p
P P
This implies that, Z pi— —2| < Z loi| + 2gp.
i=1 i=1
R
Therefore, LE,;,(G) < +P + 2gp.

O
Theorem 3.18. Let G be a graph with p vertices and @1, 2, ..., pp be the

2
eigenvalues of Lyy(G). Then LE,(G) < R+ 2% — 2%(p—l—m —1—yp) +5,
where M is the expression defined as in (2).

Proof. We choose x; = |goi—2%|, andw; =y; = 2; = 1,foralli, e =1,2,....,p
in Lemma 3.16. Then,

p p
S i - Qqﬂuz zl>zz| ,—%21

i=1 =1 i=1 =1
. 2q 29
That 1s,p2|<pi—?p\2+p222p2|% p|
i=1 i=1
. . z 2, 4qp qu
This implies that, Z w; + Z 1- Z pitp=2 Z lpi — .

dq;  4qp
Thus, 2R+ - 7(19 +m—1="p) +p>2LEu(G).
2

2 2
Therefore, R + “p &(p +m =1 =)+ 35 > LE(G).
p p

VRS

Lemma 3.19. [1, 18] Let a = (a;) and x = (z;), ¢ = 1,2,...,n be two

n r+1
o (B9
sequences of positive real numbers and for r > 0, Z > =L

equality if and only i 9”1 = a—i =..= 2—2
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Theorem 3.20. Let G be a graph with p vertices and @1, 2, ..., pp be the
eigenvalues of Lyy(G). Then LE,(G) < \/2Rp + 4q§ —Adgp(p+m —1—vp),

where R is the expression deﬁned as in (2).

Proof. We choose z; = |¢; —
in Lemma 3.19. Then,

20
i—

(5

2
24
p

>

,a; =1, forall 4,71 =1,2,....,pand r =1
P
> |-

>2
I .
=1

D 4 4
This implies that, (LE(G))* < p lz ©? + qp Z " Z% .

p

Therefore, LE,,(G) < \/2Rp +4¢2 —4gp(p+m — 1 — yp).
(|
Lemma 3.21. ([15]) Let a1, ag, ...am be positive real numbers with the prop-
erty 0 <r <a; < R<+o0. Then m f:lag — (iai>2 > %(Rfr)?
i= i=
Theorem 3.22. Let G be a graph with p vertices and @1, 2, ..., pp be the
eigenvalues of Lyp(G) with 1] > 2| > ... > |opl If Lyp(G) is non-singular

matriz, then LE;,(G) < \/QRp — B(le1] = lepl)? + 2qp, where R is the ea-
pression defined as in (2).

Proof. We choose a; = |g;|, for all 4, i = 1,2,..p, 7 = |pp|, R = |¢1] in
Lemma 3.21. Then,

p 2
.y
Py |‘Pi|2_<§ |<Pz> >3 (ler] = lep))?-
=1

2
That is, 2Rp — (Z |<Pz|> =5 (le1] — “PPD

i=1

I ’B

p
This implies that, »  [¢;] < \/QRp— §<m| — lop))2.
i=1

By taking a = |¢;], i = 1,2,...,p and b = ‘2—2’)
la— 8] < Jal + B, we get,

in the triangular inequality

2q
%‘——p

2q
< ol +|=F
P 2q
This implies that, E 0; — =2

Z |pil + 24p.
=1

Therefore, LE,(G) < ¢2Rp ~Lllr] ~ Ipl)? + 205

O
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4. RELATIONSHIP BETWEEN MINIMUM VB-DOMINATING ENERGY AND
MINIMUM VB-DOMINATING LAPLACIAN ENERGY

S. Udupa et al. [24] introduced the minimum vb-dominating energy Eyp(G)
of a graph G corresponding to minimum vb-dominating matrix A,,(G).
Remark 4.1.

[22] Let I, be the unit matrix of order n. Then the Laplacian energy can be
expressed also as LE(G) = Z |vi| where v, i = 1,2, ...,n are eigenvalues of

=1

the matriz L(G) — 221,,.

Let Ayp(G) be the minimum vb-dominting matrix with A1, A, ...\, eigen-
values and D,;(G) be the diagonal matrix of order p whose (i,7)"" entry
is djpp, Where d;pp is the vb-degree of ith vertex of G, for all i, 1 < i < p,
i=1,2,...,p. Then,

(3) va(G) = Dvb(G) - Avb(G)

The minimum vb-dominating Laplacian energy (1) can also be expressed as

p
(4) LE(G) =) l,
=1

where 7;, i = 1,2, ..., p are the eigenvalues of the matrix L,,(G) — (2%) Ip,
where I, be the unit matrix of order p.
Remark 4.2.

Let A, B and C be two real square matrices of order n, such that A+ B = C.
Then Z si(A) + Z si(B) > Z $i(C) ([6] Ky Fan theorem). Also, E(C) <

E(A) + E(B) [1 ] Further equalzty holds if and only if, there exists an
orthogonal matriz P such that PA and PB are both positive semidefinite
matrices.

W. So et al. [22] proved that for a graph G of order n and size m with

n
> d;

- &
vertex degrees d1, da, ..., d,,, and average vertex degree d = *
n

n _ _

E(G) > |d; — d|, where d; is degree of vertices present in graph G and d is
i=1

average vertex degree.

Theorem 4.3. Let G be a graph of order p and size q with vertices uy, ug, ..., u

P _ _
Then LEw(G) < Eup(G)+ Y |dup(us) — duy| , where dy, is average vu-degree
i=1
of vertices.

Proof. We rewrite (3) as,

(1ot~ () 8)

(~Au(@) + (D) = (%) 1,).

p-



Some bounds on VB-dominating Laplacian energy of a graph

Using (4), Remark 4.2 and the fact that D,,(G) — (2%) I, is a diagonal

matrix whose eigenvalues are dyp(u;) —dyy, ¢ = 1,2, ..., p. We get, the desired
result. O

5. MINIMUM VB-DOMINATING LAPLACIAN ENERGY OF ALKANES

Alkanes are saturated hydrocarbons with an open hydrocarbon chain.
These compounds have the empirical formula C),Ha,42. They are made
up entirely of hydrogen and carbon. Each hydrogen atom has one bond,
whereas each carbon atom has four. [7].

Name Structure
Methane H —Cl —0H
H
]
Ethane H Cl (lj H
H H
1]
Propane H—C\ —c‘—cl —H
H H H
T H H Ill
Butane H—C—(]—l_(l_
|‘|l I~|I I.I H
TABLE 1. Structure of Alkanes
and so on.

Example 2. The molecular graph of methane is depicted in Figure 2.

Note that A = {vy} is minimum vb-dominating set in G. The minimum

vb-dominating Laplacian matrix for methane is as follows.

1 -1 0 0 O

-1 3 -1 -1 -1
LpG=|0 -1 1 0 O

0o -1 0 1 0

0 -1 0 o0 1
We have -0.2361, 1.0000, 1.0000, 1.0000 and 4.2361 are eigenvalues of L., (G).
The minimum vb-dominating Laplacian energy of methane is approximately
equal to 6. If we similarly calculate the minimum wvb-dominating Laplacian
energy of ethane, propane, butane and remaing alkanes, we get the values
approximately 11, 16, 21 and so on. Using these patterns, the following
observations are made:
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FiGURE 2. Graph G.

(i) The cardinality of minimum vb-dominating set 7, is same as that of
number of carbon atoms present in alkanes.
(ii) Minimum vb-dominating Laplacian energy is approximately equal to

Ywp + 1.
Remark 5.1.

(i) Molecular graph of any alkane is a tree [20].
(i) In a tree since each edge is a block, the minimum vb-Laplacian energy
is same as that of Laplacian minimum covering energy [13].

Note that for a tree 7', Theorem 4.3 can be written as, LE,,(T) <
P
Ew(T) + > |di — d|, where d; is degree of vertices and d is average degree
i=1
of vertices. By Remark 5.1 (i) this property holds for Alkanes.
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