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NEURAL CATEGORY
NEHA GUPTA* AND SUHITHK N

ABsTrACT. A neural code on 1 neurons is a collection of subsets of the set [n] =
{1,2,...,n}. Curto et al. [3] associated a neural ring R¢ to a neural code C. A special
class of ring homomorphisms between two neural rings, called neural ring homo-
morphisms was introduced by Curto and Youngs [4]. The main work in this paper
comprises of constructing two categories. First is the € category, which is a sub
category of SETS consisting of neural codes and code maps. Second is the neural
category 12, which is a subcategory of Rngs consisting of neural rings and neural
ring homomorphisms. The rest of the paper characterizes the properties of these
two categories like initial and final objects, products, coproducts, limits, etc. Also,
we show that these two categories are in dual equivalence.
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1. INTRODUCTION

A neural code on n neurons, denoted by C, is a collection of subsets of the set
[n] ={1,2,3,...,n}. One can also see neural code as binary strings and throughout
this paper we will consider neural codes as binary strings defined below:

Definition 1.1. [4] A neural code on n neurons is a set of binary strings of length n
for some n € IN. The elements(binary strings) of a neural code are called its code words.
So, given a neural code C on n neurons we can think of it as C C {0, 1}".

Given neural codes C C {0,1}" and D € {0,1}", on n and m neurons respectively,
a code map is any function q : C — D sending each code word ¢ € C to another
codeword ¢(c) € D.

The importance of neural codes comes from the discovery of place cells in the
hippocampus of rats by O’Keefe and Dostrovsky in 1971. Their discovery high-
lighted that cells in the rat’s hippocampus fire in specific locations of the rat’s en-
vironment. Place cells are neurons that are essential for the rat’s ability to perceive
space. Since at every particular location there are just few cells that fire. Thus
the binary string we obtain when we consider certain n place cells at a particu-
lar environment becomes a codeword. Further, if we consider binary strings for
the complete environment we obtain a neural code. Consider n neurons and let

U ={Uj,...,U,} be a collection of sets in R, where U; C R is the location where ih

*Corresponding Author.



232

Neha Gupta and Suhith K N

neuron fires. Then the neural code obtained from this environment is given by

() v\ | vi=ep

jesupp(c) igsupp(c)

CU)={c=c...c, €{0,1}"

where supp(c) = {i € [n] | ¢; = 1}. Experimental results [2] show that the U;’s, i.e., a
specific environment where the neuron fired was approximately open convex sets
in R%.

Next, the fundamental research question in this area is that given a collection
of binary strings of length n, or in other words given a neural code on n neu-
rons does there exists a collection of sets & = {Uy,...,U,} in a euclidean space RF
for some k > 0, such that C = C(U). Further, the experimental data (mentioned
above) motivates to ask whether there exist collection of open convex sets, ¢/ that
satisfies the condition C = C(U/). However, this is not true, for example the code
C ={110,011,100,001, 000} does not have a open convex realization (Refer Exam-
ple 2.1 [6]). However, it is also known that every neural code is at least convex
realizable. This result was proved by Franke and Muthiah [5] in 2019.

Further, the goal shifted in classifying the neural codes into open convex and
not open convex. This motivated in introducing the algebraic direction to neural
codes. Curto et al. [3] introduced neural ring for every neural code. For any neural
code C C {0,1}",they defined the associated ideal Z C IF,[xy,...,x,] as follows:

Ic ={f € B[x1,...,x,4]| f(c) =0 for all c e C}.

The neural ring Re is then defined as Re = F[xy,...,x,]/Z¢. Note that consid-
ering a neural code C to be the emptyset, the corresponding neural ring Ry will
simply be the singleton trivial ring.

Given a neural code C, an element of the neural ring R = B [xq,--+,x,]/Ze may
be denoted in different ways. Firstly, it can be written as a representative of an
equivalence class which would be some polynomial over IF, mod Z.. Alternatively,
we consider the neural ring R, which is also isomorphic to ring of functions from
C to {0,1}, denoted by IF2C, and thus has a vector space structure over [F,. Con-
sequently, an element of R, can be written as a polynomial function C — {0,1}
defined completely by the codewords that support it. We can make use of this idea
to form a canonical basis for R, that consists of characteristic functions {p, | c € C}

, where
(v) = 1 ifv=c
PW)=1 0 otherwise

pe=] [x] [(1-x)

=1 ¢;=0

In polynomial notation,

where c; represents the ith component of codeword c. The characteristic functions
pc form a basis for R as an F,-vector space, and they have several useful proper-
ties. For further details and more properties, refer [3,4]. We give a very generic ex-
ample which exhibits the properties. Suppose we have just two variables, that is, we
n .
are talking of a code on 2-neurons. Now, IF[x;,x,] = Z rijxli x]2 | 1ij € F,,neIN;.
i,j=0
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Consider C = {00,10,01}. Then, Z; = {f = Zrijxixé | f(c)=0 forall CEC}. Fur-

ther, R¢ = IFz[xl,xz]/IC, is a vector space over IF, with a basis {py,,p;0,09;}- Here
Poo = (1 =x;)(1=x,), p1o = x,(1 =x,) and py; = (1 -x;)x,. Needless to say that these
polynomials are a representative of their equivalence class mod Zy. Each element
f of R¢ can be represented as the formal sum of these basis elements for the code-

words in its support: f = Z 0. In particular, x; = Z pc- The identity of

{eeClf(e)=1} {ceCle,=1)
the neural ring is given by ch =Poo+ P10t P =1 —x,%,.
ceC

Further using the idea that neural ring R, is precisely the ring of functions
C — {0,1}, one can obtain an immediate relationship between code maps and ring
homomorphisms using the pullback map. Given a codemap q:C — D, each f e Rp
is a function f : D — {0,1}, and therefore one can pull back f by g to a function
fogq:C — {01}, which is an element of R;. Thus for any g : C — D, it has a
pullback map ¢* : Rp — R¢, where ¢*(f) = f oq, as shown

{0,1}
’”ZV Tf

In fact, Curto and Youngs [4] uses these pullbacks to provide a bijection between
code maps and ring homomorphisms. Their results are stated below.

Proposition 1.2. [4, Proposition 2.2] There is a 1-1 correspondence between code maps
q : C = D and ring homomorphisms ¢ : Rp — R, given by the pullback map. That
is, given a code map q : C — D, its pullback ¢* : Rp — R is a ring homomorphism.
Conversely, given a ring homomorphism ¢ : Rp — R, there is a unique code map
q¢ : C — D such that (q4)* = ¢.

Proposition 1.3. [4, Proposition 2.3] A ring homomorphism ¢ : Rp — R is an iso-
morphism if and only if the corresponding code map qy : C — D is a bijection.

The Proposition 1.2 above surely guarantees the correspondence between code
maps connecting neural codes and ring homomorphisms connecting the associated
neural rings, but also reveals that the corresponding ring homomorphisms need
not preserve any structure of the associated codes. The Proposition 1.3 tells us that
even ring isomorphisms are not good enough to reveal any information about the
corresponding code maps. For example, any pair of codes with the same number
of code words admits an isomorphism between their corresponding neural rings.

The above two results express the connection between the neural codes on one
hand and the neural rings on the other. However, they also highlight that the usual
ring homomorphisms and even isomorphisms are not enough to get back any infor-
mation about the code maps. Note that the neural rings can also be considered as
rings of functions from C to {0, 1}, and that their abstract structure depends only on
the number of codewords, |C|. Thus if one considers such rings abstractly, they ex-
press no additional structure of the corresponding neural code, not even the length
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of the codewords (or number of neurons, n). So, the question is what algebraic con-
straints can be put on homomorphisms between neural rings in order to trap some
meaningful class of code maps?

Consider, for example, the code maps such as permutation and adding or re-
moving trivial neurons. In these cases, the code maps act by preserving the activity
of each neuron in a trivial way. Keeping these code maps in mind, we restrict to
a class of maps in the category of rings, that respect the elements of the neural
ring corresponding to individual neurons. We denote the individual neuron as a
variable x;.

Definition 1.4. [4, Definition 3.1] Let C C {0,1}" and D C {0,1}" be neural codes,
and let Re =By[yq, -+, vul/Ze and Rp =By[xq, -+, x,, [/ Ip be the corresponding neural
rings. A ring homomorphism ¢ : Rp — R is a neural ring homomorphism if ¢p(x;) €
{y;li € [n]}U{0,1} for all j € [m]. We say that a neural ring homomorphism ¢ is a
neural ring isomorphism if it is a ring isomorphism and its inverse is also a neural ring
homomorphism.

It is straightforward to see that the composition of neural ring homomorphisms
is again a neural ring homomorphism. This is a result given by Curto and Youngs
[4],

Lemma 1.5. [4, Lemma 3.3]If ¢ : Rp — R and i : Rg — Rp are neural ring homo-
morphisms, then the composition ¢ o ¥ is also a neural ring homomorphism. Moreover,
if ¢ and 1 are neural ring isomorphisms, then the composition ¢ o is also a neural ring
isomorphism.

Note that for a given neural code C, the identity ring homomorphism R, — R is
trivially a neural ring homomorphism. In fact, it is a neural ring isomorphism. Let
us denote it as I¢ for a neural code C. This identity map sends x; to y; considering
Ie:Re=F[x1,....x, /T > Re =B[v1,..., v/ e with |C| = nand i € [n].

The following theorem from [4] introduces the code maps, which yield neural
ring homomorphisms. All of these code maps are useful in a neural context, and
preserve the behavior of individual neurons. In fact, any neural ring homomor-
phisms correspond to code maps that are compositions of the following five ele-
mentary types of code maps. For proof, refer [4].

Theorem 1.6. [4, Theorem 3.4] A map ¢ : Rp — R is a neural ring homomorphism
if and only if q is a composition of the following elementary code maps:

(1) Permutation

(2) Adding a trivial neuron (or deleting a trivial neuron)

(3) Duplication of a neuron (or deleting a neuron that is a duplicate of another)
(4) Neuron projection (deleting a not necessarily trivial neuron)

(5) Inclusion (of one code into another)

Moreover, ¢ is a neural ring isomorphism if and only if g4 is a composition of maps

(1)-(3).

It is worth mentioning the idea behind the proof. The authors define a key vec-
tor V associated to any neural ring homomorphism which completely and uniquely
determines it. Using this key vector one can get the corresponding code map. Con-
versely, if a code map is given which is described using a key vector V, then the
associated ring homomorphism is neural with the key vector V. So, the entire
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point is to be able to get this key vector for a code map, which will ensure that the
code map corresponds to a neural ring homomorphism and conversely. Let us now
see the exact definition of the of key vectors.

Definition 1.7. [4, Definition 3.6] Let ¢ : Rp — R be a neural ring homomorphism,
where C and D are codes on n and m neurons, respectively. The key vector of ¢ is the
vector V €{1,---,n,0,u}" such that

i ifP(xj)=y;
V=10 iflxj)=0.
u iflxj)=1

Here, we have denoted the multiplicative identity of the ring with the symbol u.
Example 1. Let C = {00,10,01} and D = {00,10}. Define a ring homomorphism ¢ :
Rp > Reas

?(Po0) = Poo
P(p10) = P10+ Po1-
InRp, x1 =pyg and in Re, 1 = pqy and v2 = py;. So,
P(x1) = P10+ P01 € (91,92, 0,1).
Thus, ¢ is not neural. Also, observe that one cannot define the key vector for such a ring
homomorphism.
Next we discuss couple of lemmas that link key vectors and code maps.

Lemma 1.8. [4, Lemma 3.7] Let ¢ : Rp — R¢ be a neural ring homomorphism with
key vector V. Then the corresponding code map qg : C — D is given by q4(c) = d, where

Ci ifVi=i
1 ifVi=u.

Lemma 1.9. [4, Lemma 3.8] Let C and D be codes on n and m neurons, respectively.
Suppose q : C — D is a code map and V € {1,...,n,0,u}™ such that q is described by

C; ZfV] =1
V; that is for all c € C, q = d, where dj =0 1fV] =0 Then the associated ring
1 ifVi=u.

homomorphism ¢ is a neural ring homomorphism with key vector V.

Next, we present an example of a code map and its corresponding neural ring
homomorphism with key vector using the above lemma.

Example 2. Let C ={001,110,101} and D ={01,10,01}. Define a code map q:C — D
which projects onto the second and third neurons (deleting first neuron). Then, the key
vector for this code map is V = (2,3). And its corresponding neural ring homomorphism
¢q will have the same key vector. Thus using the key vector V = (2,3), the corresponding
¢q: Rp — Re must be the one which maps

Pg(x1) =2 and  Py(xy) = 5.
Solving this gives the unique neural ring homomorphism ¢4 : p10 > Py and poo
Poo1 * Pio1-
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Finally, we give an example of a neural ring homomorphism with key vector, and
using which we reconstruct the corresponding code map.

Example 3. Let C ={0000,0001,0010,0011,0100,0101,0110} and
D ={0000,0001,1001,0010,1010,0011,1000}. Define a ring homomorphism ¢ : Rp —
R as follows:

$(Po0oo) = Poooo P(Pooo1) = Pooto
$(P1001) = Poont P(Poo10) = Po100
$(P1010) = Por01 P(Poo11) = Por1o
$(P1000) = Pooor

One can then easily calculate that
P(x1) =9y P(x) =0

P(x3) =9, P(xy) =93
Thus ¢ is neural. Note that key vector for ¢ is V = (4,0,2,3). Using this key vector the
corresponding q : C — D must be the one which maps

q:cicyc3cq = ¢4 0 ¢y c3
q:0000 - 0 0 0 O
q:0001 - 1 0 0 O
q:0010 —~ 0 0 1 0
q:0011 - 1 0 0 1
q:0100 - 0 0 1 O
q:0101 —» 1 0 1 O
q:0110 +—» 0 0 1 1

So, the corresponding ring homomorphism ¢, for this code map is the one that is
given.

2. THE NEURAL CATEGORY

Let us first define a subcategory of SETS. Consider neural codes as the objects of
this category, and morphisms as the finite compositions of elementary code maps
(defined as in Theorem 1.6). With the usual function composition and the usual
identity function it becomes a subcategory of SETS. We call it the code category,
denoted by €. Clearly, it is not full, for example, we may not be able to write a
constant function as a composition of the elementary functions.

With the constructions defined so far, we actually have enough data to put them
together to define a category with rings. We consider neural rings as the objects
and morphisms to be the neural ring homomorphisms. We call this category the
Neural category and denote it by 2. Clearly, 2 is a subcategory of the category
Rngs of rings and ring homomorphisms.

Proposition 2.1. The collection )2 of neural codes and neural ring homomorphisms form
a category. In fact, it is a subcategory of Rngs, and there is a faithful functor 2 — Rngs.

Proof. The composition of morphisms is the usual composition of ring homomor-
phisms and it clearly preserves the extra conditions using Lemma 1.5. The identity
ring homomorphism is neural. Trivially 2 is a subcategory of Rugs. Finally, the
inclusion functor )2 — Rngs is faithful. m]
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Note that the inclusion functor mentioned is certainly not full. This is so because
we have examples of ring homomorphisms between neural rings which may not be
neural. Consider the following ring homomorphism defined on the basis elements.

Example 4. Let D = {00,10} and C = {010,110}. Define the ring homomorphism ¢ :
Rp — R on basis elements as follows: ¢p(poo) = P110, ¢(P10) = Po10- In Rp, x1 = P10
and x5 = 0. Thus, ¢(x1) = ¢(p10) = Poro, which is not equal to any of the y;’s. This
is so because, y1 = p110, Y2 = Po1o + P110 and y3 = 0. Thus, ¢ is not a neural ring
homomorphism.

Next we peep into the neural category 2 and explore if it has some interesting
objects or properties. We first note that neural rings R¢ corresponding to any neu-
ral code C of cardinality one, are isomorphic objects in 2. Let C and D be two codes
with |C| = |D| = 1. Then we observe that there exists g : C — D such that g is a
composition of maps in (1)-(3) of Theorem 1.6. Therefore, the associated ring ho-
momorphism ¢, : Rp — R is a neural ring isomorphism. Hence the neural rings
corresponding to codes of cardinality one are all isomorphic in the category 2. Let
us represent this class with Rj). Then Ry, is the initial object in 12 (of course, up
to isomorphism). Note that a singleton set in category of sets is a terminal object.
Moreover, empty set is the unique initial object in category of sets, and we show
that Ry is the unique final object in .

Proposition 2.2. Neural ring Ry corresponding to any neural code of cardinality one
is the initial object in 2. Moreover, Ry is the unique final object in .

Proof. Consider a neural code C, and any neural ring homomorphism ¢ : Ry, —
Re. Let g be the associated unique code map from C to {1}. Now, for the morphism
¢ to be a neural ring homomorphism, there are three cases. It can map the basis
element p; of Ry to 0; some basis element p, of R¢; or 1. In the first case where
¢(p1) =0, then for any c€C,

p1og(c)=pi(1)=1

but, ¢(p;)(c) = 0(c) = 0.
For the second case, let ¢(p;) = p, for some x € C. Then, for any c €C,

p104(c) =pi(c)=1but,

0 ifczv

(¢(p1))(0) = pc(v) = {
Finally, if ¢(p,) =1, then

1 ifc=v’

p1oq(c)=pi(1)=1and,
d(p1)(c)=1(c) = 1.

Thus, ¢ must map p; to 1, which gives the unique neural ring homomorphism from
Ry1) to any other neural ring R¢. Next, consider any neural ring homomorphism
¢ : Re — Ry. Since, Ry is a singleton trivial ring, it is clear that ¢ sends all the basis
elements p, of R¢ to 1. This gives the unique neural ring homomorphism from any
neural ring R¢ to Ry. o

Next, we define products in C.
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Definition 2.3 (Concatenation product). Let C; C {0,1}" and C, C {0,1}" be neural
codes on n and m neurons respectively to be the objects in C. Define concatenation
product Cy x C, such that the neuron projection(r;) of codes in Cy x C, onto the i*"
component gives C;. That is 1;(Cy X Cy) = C; and Cy x Cy is a neural code on n+ m
neurons.

Example 5. If C; = {00,10} and C, = {100}, then their concatenation product Cy xC; is
given by {00100,10100} where as C, x C; = {10000,10010}. The unique code maps 7,
from the concatenation product C; xC, to each C; can be given explicitly by the key vectors
(described in the previous section). If C, is on n neurons and C, is on m neurons, then the
key vector for Tty is vi=(1,2,-- , 1) and for 1t,, it will be Vi=m+1,n+2,---,n+ m).
Note that key vectors of w1 and 1, reveal that they are compositions of projections,
satisfying 1t(Cy x Cp) =C;.

Next, we define the product of code maps similarly. Suppose q; : C; — D; and
q> : C;, = D, are two code maps with C; C {0,1}"% and D; C {0,1}" for i = 1,2.
Suppose that each g; is described by a key vector V. We define q = g, xq, : C; xCp —
Dy x D, such that w;q = q;. Then q; x q; is also an elementary code map and the
vector V that defines it is given by

Vi ifl1<j<m,
V.=14
J ij, if my <j<my+m,.

We use this construction to show that the code category C has binary products
and the neural category 12 has binary coproducts.

Proposition 2.4. Let C;,C; € C, then the concatenation product Cy x C, is a binary
product of C; and C,. Moreover, the neural ring R¢,xc, is the binary coproduct of the
neural rings Re, and Re,. In other words, the code category € has binary products and
the neural category 12 has binary coproducts.

Proof. Suppose C’ € € be a neural code and let there be code maps g; and g, to C;
and C, from C’. We need to show that there is a unique code map from C’ to C; xC,
Then we have the following commutative diagram (left side) of code maps:

Gy

where the key vector of the map g is defined uniquely by

V= (Vll,m,an,Vlz,m,Vnz,) where V! and V? are the key vectors for q; and g,
respectively. And, this choice of the key vector for g ensures that 77y o g = q; and
04 =1q>.

Similary, suppose R, be some neural ring and let there be neural ring homo-
morphisms ¢; and ¢, to Ry’ from Re and Rg, respectively. We need to show
there is a unique neural ring homomorphism from R¢ xc, to R¢. Let g1 and g, be
the corresponding code maps associated to ¢; and ¢, respectively. As seen above
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we get a unique map ¢q: C’ — C; xC, and corresponding to this code map, we have
the associated neural ring homomorphism ¢, : R¢,x¢, = R’ This map makes the
diagram on the right to commute, in a similar way as the corresponding diagram
for the associated code maps. o

The category € of neural codes does not have coproduct. One reason for this is
that is no natural way of defining a disjoint union as the length of the strings in the
disjoint union may vary. Correspondingly, there is no natural choice of product in
n.

Proposition 2.5. The neural category 12 has all coequalizers.

Proof. Consider the following diagram of neural rings R, and R}, and neural ho-
momorphisms ¢ and .

¢
RD?RC

Let the corresponding code maps from C to D be a4 and qy- Then we see that
& ={ceClgy(c) = qy(c)} together with the inclusion map i : £ - C is the equalizer
of g4 and qy. We claim that R together with ¢; : R¢ — R is the coequalizer of ¢
and .
Consider,

Piop= (P%oi = ‘P%Oi =¢pioy
Therefore, (R¢, ¢;) coequalizes ¢ and . Moreover, the universal mapping prop-
erty(UMP) follows from the UMP of equalizer (£,1). Hence the proof. ]

An important result in category theory is that finite (co)products and equalizers ex-
ists if and only if the category has all (co)limits [1,7]. Therefore following theorem
is a obvious.

Theorem 2.6. The neural category 12 has all co-limits. Moreover, the category C has all
limits.

Next we understand opposite category of any given category A. Refer [1] for further
details.

Definition 2.7. The opposite (or “dual”) category A° of a category A has the same
objects as A, and a morphism f : C — D in AP is an arrow f : D — C in A. “In other
words, A% is the same as A, but with all morphisms reversed.

Theorem 1.6 connects the categories € and 2. However, in the next theorem we
will show their exact relationship. Before that, we define dual equivalence.

Definition 2.8. A dual equivalence, or anti equivalence, between categories A and B is
simply an equivalence between one and the opposite category of the other, i.e., either A
is equivalent to B°P, or B is equivalent to AP.

Theorem 2.9. The categories C and 12 are in dual equivalence, i.e., the categories 2P
and € are in equivalence.

Proof. Construct G’ : D — € by associating every neural ring R to its code C and
every neural ring homomorphism ¢ : Rp — R to its associated code map g, :
C — D. Now, construct G : N°P — € where objects are follow same rule as of G’
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However, since ¢ : R¢ — Rp in NP is ¢ : Rp — R¢ in N, we have G(¢p) = §'(¢p) =
gy :C—D.

Further, by Theorem 1.6, F oG =1 and Go F = 1¢. Therefore N°P and C are in
equivalence. Hence by definition of dual equivalence we have that ) and € are in
dual equivalence. ]

Proposition 2.10. [7, Proposition 4.1.11] Any set-valued functor with a left adjoint is
representable.

Corollary 2.11. The functor G : N°P — C is a representable functor.

Proof. Firstly, note that the equivalence of categories described in Theorem 2.9
gives a left adjoint functor to G. And as C is a sub-category of SETS the functor G
satisfies the hypothesis of Proposition 2.10. Hence we get that it is a representable
functor. ]

Corollary 2.12. The functor G : N°P — C preserve limits.

Proof. The proof of this corollary follows from the fact that representable functors
preserve all the limits. m]

Remark 2.13. Jeffs [6 ] defined two categories in his paper. The first category of codes(Code)
has the same objects as the category C and the second one is the category of neural rings
(NRing) with objects the same as 12 However, the morphisms in both the categories are
different. Jeffs defined and worked with special subsets of a code called trunks. Jeffs de-
fined special morphisms using these trunks for the Code. Jeffs uses monomial maps as
morphisms for the category of neural rings NRing. We observe that € is a subcategory of
Code. It is not full, as there are morphisms of Code that are not morphisms in C. Also,
we have that 12 is a subcategory of NRing, and it is not full. Further, Jeffs showed that
the categories NRing and Code are in dual equivalence. The products of codes defined
by Jeffs [6] become the products of the category Code. For further details, refer to [6].
We observed the following for the categories given by Jeffs.

(1) The objects Ry and Ry in NRing are final and initial objects in the category.
The proof of this is similar to Proposition 2.2.

(2) Furthermore, the category NRing has all coequalizers and can be shown simi-
larly as in Proposition 2.5.
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