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SQUARE POWER GRAPH OF FINITE ABELIAN GROUP OF ODD
ORDER

PANKAJ RANA®, AMIT SEHGAL, POOJA BHATIA, AND SARITA

AsstracT. For a finite abelian group G with identity element e, the square
power graph of G, I34(G) is the undirected simple finite graph having G
as vertex set in which two different vertices u, v have edge iff u +v = 2w,
for any w € G with 2w = e. I3;(G) of a finite abelian group G of odd order
is always a connected graph, which can be obtained by deleting the non-
adjacent edges from complete graph with odd number of vertices. This
research paper explores various characteristics and topological indices of
the I4(G) of a finite abelian group of odd order. Some of these charac-
teristics are connectedness, degree of vertex, size of graph, eccentricity,
chromatic number, clique number, perfectness, hamiltonicity, matching
number, and topological indices like Wiener, Hyper-Wiener, Gutman,
Schultz, Eccentric Connectivity, first and second Zagreb, Harary, Har-
monic, Geometric-arithmetic index, Atomic-bond connectivity, General
Randic and Randic. We have also studied the Laplacian matrix and its
spectrum. We have calculated chromatic polynomials for almost com-
plete graphs obtained by deleting non-adjacent edges from complete graph
and so for square power graph of finite abelian group of odd order.
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1. INTRODUCTION

We can define many graphs for finite groups by using different group
properties [1-8]. Edge-based topological indices for zero divisor graphs
of commutative rings are studied in [1], for co-prime order graphs of fi-
nite abelian p-groups in [3] and wiener indices for connected graphs in [4].
Various spectral properties and characteristic polynomials of power graph
are studied in [9, 10] R.R. Prathap and T.T. Chelvam [5] introduced and
characterized many structural properties of the square power graph’s com-

plement, [,(G) for a abelian group G of finite order with 0 as its identity
element. The square power graph [,(G) is a undirected simple finite graph
with vertex set group G itself and two different vertices v and u are adja-
cent iff u + v = 2w for some w € G and 2w = 0. Structure of square power
graph of Z,, and Z)' xZ,x is given in [6] and for finite abelian group in [11]
where as cubic power graph for dihedral group is studied in [12]. The de-
gree of vertices of k'"-power graph is calculated in [7]. For k > 2, k'"-power
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graph I} (G) is an undirected simple finite graph, with vertex set group G
itself and two different vertices v and u have edge iff u + v = kw for some
w e G with kw = 0.

In this paper, we have characterized various structural properties such as
connectedness, degree of a vertex, size, clique number, chromatic number,
perfectness, hamiltonicity, matching number etc in Section 3. Chromatic

n-1

polynomial of almost complete graphs K,,—U, 2, ¢; obtained by deleting ”—51
non-adjacent edges from complete graph K, with n number of odd ver-
tices and thus for [,(G) of finite abelian group of odd order is also cal-
culated in Section 3. Topological indices such as Randic, Wiener, Hyper-
Wiener, Geometric-arithmetic, Gutman, Schultz, First and second Zagreb,
Harary, eccentric connectivity, Harmonic and Atomic-bond connectivity
are calculated in Section 4, where as matching, hamiltonicity and lapla-
cian specteum in Section 5 for the square power graph I, (G) of abelian
group of finite odd order.

2. PRELIMINARIES

To begin, let us refresh our recollections on a few fundamental graph
theory terms, which are necessary for this research paper. Let [(G) is
square power graph with finite abelian group G as its vertex set denoted
as V([,;(G)) with corresponding set of edges denoted as E(Iy;(G)), where
uv € E(L,(G)) iff u and v forms edge in Iy, (G). |G|, |[E(I34(G))| and |V (L4 (G))l
denotes cardinality of G group, edge set & vertex set respectively. Degree of
any node w € V(I3 (G)), degrsq(c)(w) is number of vertices having edge with
w in I, (G). For any vertices pair w,u € V(I,(G)), distance between them is
the shortest u —w path in [;,(G) denoted as d(u, w) whereas distance from
u to any other vertex which is largest in [;(G) is known by eccentricity of
u and denoted by ecc(u). If for every pair of vertices in Iy, (G), we have
path between them then graph is called connected graph otherwise graph
is said to be disconnected. In I, (G) if every pair of vertices have edge then
graph is known as complete graph. By clique we mean the subset of vertex
set of graph, such that subgraph having vertex set as that subset is com-
plete. Number of elements or we can simply say vertices in maximal clique
is called clique number, w(I'). A square power graph’s vertex coloring is a
mapping m : V(I,(G)) — K. K elements are known as colors. If K| = k,
then ¢ is known by k-coloring. If the colors of the vertices having edge are
different, then coloring is said to be proper. A graph with proper k-coloring
is said to be k-colorable. Chromatic number [13, 14] is the least value of k
for which Iy, is k—colorable. For any graph, if chromatic number is equal
to clique number then graph is said to be weakly perfect.

Topological indices are numerical values that characterize the structure of
graph. Various topological indices for non-commuting graphs are studied
by Fawad Ali et al. for finite non-abelian group in [15]. Let us discuss
some topological properties which we have investigated in this research
paper. For a graph I, (G), W([y,) = Z{u’w}cv(rsq)d(u,w) [16] and WW(L,) =

%W(qu) + %Z{u,w}cV(Qq)d(“'w)z [17] are Wiener and Hyper-Wiener index
respectively. First and second Zagreb indices for square power graph I, (G)
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are Ml( ) ZwEV (deg( )) and MZ(FS ) ZuweE [d(:‘g( ) X deg(w)]
respectively [18]. Harary index for [, (G) is given as H( sq) 2 w) lcv () m
[19]. Schultz index for [, (G) is given as MTI(Iy,) = Z[W,]Cv(rsq) d(w,v)[deg(w)+
deg(v)] [20]. &(Ty) = Zwe\/ ecc( w)deg(w) is defined as the eccentric con-
nectivity 1ndex of [4(G [21]

Harmonic index of qu( ) is H,(Lyg) = Lywer(r () W [22]. General
Randic index [23] of [,(G) is given as R, (Iy,) = ZwueE deg( )xdeg(u))®

and Randic index [24] by R_1(Isg) = Luwerr, m Gutman in-
3g eglw

dex for [,(G) is given by Gut(l"sq) = Z{u,w}cv( ) Ju)[deg(w) x deg(u)]

[25]. ABC(Lyg) = LyweE, % is Atomic-bond connectivity in-

dex [26], for Ty, (G). Geometric—arithmetic index [27] of I;,(G) is given by

_ 2 /deg(u)xdeg(w)
GA(I;q) = ZuweE I deg(u)+deg(w) *
A set E of edges from graph I', s.t no edges pair in E have common node

is called independent edge set or matching. Maximum matching is the
matching which have maximum possible edges numbering and order of
maximum matching is known as matching number denoted as u(Iy,(G)).
If all the vertices of the graph get saturated by matching then it is known
as perfect matching. So for a odd order graph we can not have perfect
matching. A cycle which passes through every vertex in graph exactly once
is known as Hamiltonian cycle and graph containing Hamiltonian cycle is
said to be Hamiltonian graph.

For a finite abelain group G, U = {2u : u € G} C G. When |G| is odd then we
have U = G. It is also clear that y,x € V(I,(G)) have edge iff y + x € U \ {0},
here 0 is identity of G. We have [, (G) of ﬁnlte abelian group of even order
disconnected and of odd order connected. So we are more interested in
studying square power graph of finite abelian group of odd order.

3. STRUCTURAL PROPERTIES OF [, (G)
Theorem 3.1. Let G be an finite odd order abelian group, then Iy,(G) is con-
nected and Ty, (G) = Ky U M%K

Proof. When G is abelian group with finite odd order with e identity el-
ement then we have G = U. Now for every w € V(I(G)) \ {¢} we have
e+w € U, so e is adjacent with every node in [;;(G). Thus [,(G) is con-

nected. Also, we have every pair of nodes u,w € V(I,(G)) have edge iff

Gl-1
u = w™'. Hence, we have [4(G) =K U %

Square power graph of Z3 x Z3 is I;4(Z3 x Z3) = K1 U 4K3, shown in figure
1.
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FiGure 1. [4(Z3 x Z3)

O

Theorem 3.2. In a graph Iy(G) of abelian group G of finite odd order n,
deg(w) = {

|G| -1 when w =e,

G| 2 otherwi where w € G and e is identity of G.
— 2 otherwise.

Proof. From theorem 3.1, an identity element e adjacent with every other
vertex in [,(G), so deg(e) = n—1. When w # e then we have w+v € U for
every v € G\ {w™'}, so w is adjacent with every vertex other than its inverse
vertex in square power graph. Hence deg(w) = n—2 when w = e. o

Corollary 3.3. In a graph I3,(G) of G, abelian group of finite odd order n,

|E(T, (G))) = 151,

Proof. From theorem 3.2, there is only a pair of vertices which are not ad-
jacent with each other and are of type u,u~!. We have total ”("—2_1) distinct
pairs of vertices and % pairs of vertices of type u,u~!. Hence |E(Ts4(G))l =

nn=1) -1 _ (n=1)> _ (GI-1)?

S O
Theorem 3.4. In a graph Ty, (G) of G, abelian group of finite odd order n we
2 if ul=w,

have d(u,w) = {1 iful % w
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Proof. For every pair of w,u € V(I (G)) vertices, w + u € U \ {¢} whenever
ul'zwand w+u e U\ {e} whenever u™! =w. Thus d(u,w)=1if u ' zw

and 2if ul = w. O

Theorem 3.5. Let G be an finite odd order abelain group with identity element
lifu=e,

e then in I, (G) we have ecc(u) = {2 ifue.

Proof. From theorem 3.2, vertex e is adjacent with every other vertex in
square power graph and so maximum distance of vertex e to any other in
[;;(G) is 1. Thus ecc(u) = 1 if u = e. When u # e then we have u vertex
adjacent with every vertex other than u~!, and so maximum distance of u
vertex to any other vertex in I, (G) is 2. Thus ecc(u) =2 if u #e. m|

Theorem 3.6. Let G be an finite odd order n abelian group then
(i) Clique number, w(Iyy(G)) = "5,
(ii) Chromatic number, x(Iy4(G)) = %

Proof. (i) From theorem 3.2 in [, (G), there is only identity element vertex e
having edge with all other vertices of I3, (G) and a € G is adjacent with every
be G\{a'} when a # e. Hence we have no edge between a,a™! and we have
% such a,a7! pairs in qu(G). So we have maximal vertices set forming
complete graph includes identity element and one vertex out of every ”—51
pairs of a,a”! in which a = a~!. Hence we have w(ys(G)) =1+ ”—;1 = %
(ii) From above discussion we have e adjacent with every other vertex in
[4(G) and ”—51 pairs of a,a! in which a not adjacent to a™! and a = a~!.
Assign different n—1 colours to each of n—1 pairs of a,a~! in such a way that
a and a~! are assigned same colour and two different such pairs assigned
different colours and different colour from already assigned colours to e
vertex. This assignment gives proper colouring for Iy, (G) and so w(I,(G)) <

x(Tig(G)) < 1+ 251, Hence x(I;,(G)) = %51 o

Theorem 3.7. Let G be finite odd order n abelian group then square power
graph of G, I4(G) is weakly perfect.

Proof. From theorem 3.6 we have w(Iy,(G)) = x(I34(G)).Hence [, (G) is weakly
perfect. O

Theorem 3.8. For odd number n, let K,, be a complete graph with n vertices.
Then chromatic polynomial of almost complete graph K,, — U?Zlej, obtained by
deleting k non-adjacent edges is P(K,, — Uk A) = Z?ZOkCiP(Kn,i,/\), where

j=1¢i"
n—1
k<%

Proof. For odd number n, let K,, be complete graph having n nodes & K,, —
U;-‘zl e; be almost complete graph obtained by deleting k non-adjacent edges,

where k < %
For k=1, P(K, - U}:lej, A) = P(K, — e, A). Using [28, Theorem 8.6], P(K,, —
e, A) = P(K,, A) + P(K,_1,A). Thus P(K,, — u]k:lej, A) = Y5 FCiP(K, i, M) s
true for k = 1.
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Now let for k = k', P(K,, U] Lej, A )—zf/ok/c P(K,_;, ) is true.
Nowfork:k+1,P(Kn—u§;11ej,/\) P(K,— u] 1€j—€x's1,A). Using [28, The-

—epi,A) = P(Ky — UK e, A) + P(Kpy —uj;lej,A).

orem 8.6], P(K, — U =16

-
Now by using above] rles]ult (at k = k'), we get
P(K, ~ Ui e, 1) = XX K CP(Kyoi 1) + T K CiP(K, 13, )

= Y H oK CiP(Ky i 1)+ XA K €y (K, 1)

=K CoP(K,, A) + Lf 1[k Ci+% CiaIP(Kyi 1) +¥ CuP(K, 1, A)

+ ,
=K'+1 CoP (Kn,/\)+2 CiP(K,_i, \)+F *1 Cp 1 P(K,,_ - 1)
k+ ,
=y K" CP(K, i, ). Thus P(K, ~UEle ) = TR 0 (K, ).
Hence P(K,, U] 1€ A) :Zf:OkCiP(K,,,i,/\). mi
Theorem 3.9. Let Iy, (G) be a square power graph of abelian group G of finite

1,
odd order then chromatic polynomial, P(I3,(G), A) = iZZOTICiP(Kn_i, A).
Proof. Let I,;(G) be a square power graph of abelian group G of finite odd

order n. Using theorem 3.1, qu(G) Kyul K2 Now from theorem 3.8,
n—1

we have P(K,, — U]-,Tlej,

A) = T”_IC ;P(K,,_ i,/\). Almost complete graph
n-1
Ky—Ul e =
the complete graph K, having n odd number of vertices have the same
structure as of the square power graph of finite abelian group of odd order

1, Iy

=Kjutl le obtained by deleting ! non-adjacent edges from

n—1

(G) = Ky U5LK,. Hence P(T(G), A) = 505 CiP (K ). O
4. TororogicaL INpices oF [, (G)

Theorem 4.1. Let [,(G) be a square power graph of abelian group G of finite
odd order then Wiener index is W (Iy,) = |G|2 L

Proof. Let G be an abelian group of finite odd order n, then we have ”—51

pairs of w,w™! in G such that w # w™!. Now from theorem 3.4, there exist
% pairs of vertices with d(w, u) = 2 and so pairs of vertices with d(w,u) =1

coonm=1) _ p1 _ (n=1)? _ n=1, (=1 _ n2-1 _ |GI2-1
1ST—T——Hence,W(qu)_2><T+T—T_ 5 - O

Theorem 4.2. Let Iy, (G) be a square power graph of finite abelian group G of
odd order n then Hyper-Wiener index is WW (L) = W’#

Proof From theorem 3.4 and 4.1, WW(I,)
n +n 2 |G|2+|G‘ 2
2

Il
=
—_
N9
—

+
=
—_
()

+
N
N

Il

Theorem 4.3. Let [,(G) be a square power graph of finite abelian group G of
odd order n then first Zagreb index is My (Iy4) = (1G] - 1)(IG|?> = 3|G| + 3).

Proof. From theorem 3.2, there is one node with degree (n—1) and n—1
nodes with degree n—2 in I, (G). Hence M (Iy,) = (n— 1)?+(n-1)(n-2)*=
(n?=3n+3)(n—1) = (IG]* - 3|G| + 3)(IG| - 1). o
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Theorem 4.4. Let I5,(G) be a square power graph of abelian group of finite odd
(IGI-2)(IGI-1)(IGP~3IG|+4)
5 .

order n then second Zagreb index is M(I;) =

Proof. Using thm 3.2 & corollary 3.3, we get n— 1 number of edges with
one end having degree n— 1 of vertex and another end degree n — 2 of ver-

(n=3)(n-1)
tex, and ——5—

Thus, ML) = (n— 1)2(n—2)+ (n—2)% x ("_l)z(n_3) = (=2
(|G|*2)(|G|*1)2(|G|2*3|G|+4).

edges having vertices on both ends with degree n — 2.
~1)(n®-3n+4) _
p =

m}

Theorem 4.5. Let [;(G) be a square power graph of finite abelian group G of
odd order n then Schultz index is MTI(Iy;) = (|G| - 1)(IG]? -1G|-1).

Proof. From thm 3.2 and 3.4, we get “ _%’”3 pairs of vertices u,w in square
power graph with d(u,w) =1 and deg(w) = deg(u) =n-2, and % pairs of
vertices u, w in square power graph with d(u,w) =2 and deg(u) = deg(w) =
n—2,and n—1 pairs of vertices u, w in square power graph with d(u,w) =1
having one with degree n — 1 vertex and another with n -2 degree vertex.

Thus MTI(Ty,) = [(n—1)+ (n—2)](n— 1)+ Z=213 (1= 2) + (- 2)] + L5 x 2 x
[(n=2)+(n- 2)] (n* =n-1)(n-1)=(IGI-1)(IG]* - |G| - 1). o
Theorem 4.6. Let [;(G) be a square power graph of finite abelian group G of

odd order n then Gutman index is Gut(Ly,) = w

Proof. Using theorem 3.2 and 3.4 with the same reasoning as given in theo-

rem 4.5, we have Gut(l’sg) = ’#LG”[(n— 2)(n2— )]+ S 2((n-2)(n-2)]+(n-
_ n(n=1(n-2) _ |G(G=2)(IG|-1)

1)[(n=1)(n—2)] = 2o=10=2) _ [GUIGI2) 161 .

Theorem 4.7. Let I3, (G) be a square power graph of finite abelian group G of
odd order n then eccentric connectivity index is &(Iy,) = (|G| - 1)(2|G| -

Proof. From theorem 3.2 and 3.5 we have only identity vertex e with deg(e) =
n—1and ecc(e) = 1, and all other #n—1 nodes having degree n—2 and eccen-
tricity 2. Thus &(Igy) = (n—1)x1x1+(n-2)x2x(n-1)=(n-1)(2n-3) =
(IG1-1)(2IG| - 3). .

Theorem 4.8. Let Iy, (G) be a square power graph of finite abelian group G of
) o 2|GI-1)(IGI-1

odd order n then Harary index is given as H(Iy,) = %.

Proof. From theorem 3.4 we have two possibilities for d(w,u) which are

d(w,u) = 1 if w™ #u and d(w,u) = 2 if w™' = u. As discussed in theorem

4.1 we have ”— possibilities of d(u,v) = 2 and number of palrs of edges

with d(w,u) =1 is _n(n2 b_ % = (-)? 2) . Hence H(I,) = (n- 1) + 2 (nzl) =
(n=1)(2n-1) _ (2IGI-1)(Gl-1)
1 4

m}

Theorem 4.9. Let qu(G) be a square power graph of finite abelian group G of
)= (IGI-1)(2GI*-5|Gl+1)

odd order n then Harmonic index is given by H, (I, (G 2IG13)

Proof. From theorem 3.2, 3.4 & corollary 3.3, we have n—1 edges in I;q(G)
with one end having degree n—1 vertex and another end having degree n—2
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vertex and; + edges with both end with degree n — 2 vertices. Thus
- 2 (n-1)(n-3) 2 _ (n=1)@2n’-5n+1) _
we have H,(Ty) = = 1)+(n72)x(”_1)+ 2 (—2)+(n=2) ~  2(n-2)(2n-3)
(IGI-1)(2IG]*- 5|G|+1) -
2(IG|—2)(2|GI—3)

Theorem 4.10. Let [,(G) be a square power graph of finite abelian group G of
odd order n then General Randic index,

Ry (Ty,) = UCEDUGESNCED® (161 - 1)[(1GI - 1)(1G] - 2)]°.

Proof. Using theorem 3.2, 3.4 & corollary 3.3, we have n—1 edges in I3, (G)
with one end having degree n—1 vertex and another end having degree n—2

vertex and; &2(71_3) edges with both end with degree n—2 vertices. Hence

we have Ry (Iy,) = (n - 1)[(n - 1)(n - 2)]* + B 3NE202E ) ) -
1)(n_2)]a+(”—1)(”—23)(”—2)2“ — (|G|_1)[(|G|_1)(|G|_2)]a+(|G|—1)(|G|—23)(\G|—2)2" O
Theorem 4.11. Let [,(G) be a square power graph of finite abelian group G of

odd order n then Randic index,
(IGI-2)(IGI-1)+(IGI-3)(IGI- 1
R,%(I}q) _ )( +( )(

2(IGl-2)
Proof. Using theorem 4.10 for @ = —5, we get R_ ( )=[(n-1)(n 2)]_%(n—
(n=2)""(n-1)(n-3) _ V(n=2)(n-1)+(n- 3)( W |G| 2(|G| D)+(GI-3)(IGI- 1)
D+ 2 = 2(n-2) = 2(GI-2) =

Theorem 4.12. Let I3,(G) be a square power graph of finite abelian group G of
odd order n then Atomic-bond connectivity index,

\/—
ABC(L,,) = (IG-2)(G-1)(2IGI-5)+ V2(IGI-3) (1GI- )

2(I6l-2)

Proof. Using theorem 3.2, 3.4 & corollary 3.3, we have n—1 edges in I3, (G)
with one end having degree n — 1 vertex and another end having degree

W edges with both end with degree n — 2 vertices.

Thus we have ABC([) = (n-1) - )+(”*2)*2 -

2\/(n—l)(n—Z)(2n—5)+\/5(11—1)(11—3)% _24/( |G| 1) |G| 2) 2|G| 5+\/—|G| 1) |G\ 3

2(n—2) - 2(IGI-2)

n— 2 vertex and;

Theorem 4.13. Let I},(G) be a square power graph of finite abelian group G of
odd order n then Geometric-arithmetic index,

GA(T,,) = (IGI-1)[4 V(GI-1)(IGI-2)+IG|- 3]

202IG1-3)

Proof. Using theorem 3.2, 3.4& corollary 3.3, we have n -1 edges in I;,(G)
with one end having degree n — 1 vertex and another end having degree

n — 2 vertex and; (”_1)# edges with both end having degree n — 2 ver-
i _ 24(n-1)(n-2) = (n-1)(n-3) _ 2V(n-2)(n-2) _
tices. Thus we have GA([y,) = (n—1)x TR ) > ==

(n— 1[4\/11 1)(n-2)+n-3] GA(F ) (IGI-1)[4 V(IGI-1)(IG]-2)+|G|- 3]

2(2n-3) 2(2]GI-3)

5. MAtcHING, HAMILTONICITY AND LAPLACIAN SPECTRUM OF [, (G)

Theorem 5.1. Square power graph Iy, (G), of finite abelian group G of odd order
n is Hamiltonian iff n > 5.
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Proof. Let G be a finite odd order n abelian group and [,;(G) be square
power graph of G. Let I;,(G) is Hamiltonian then we have hamiltonian
cycle in I, (G) and so I, (G) is connected. But for even values of n, [;(G)
is disconnected. Thus even value of # is not possible. Also for n € {1,3} we
have no cycle in [;(G) and so no hamiltonian cycle in I;(G). Thus n € {1, 3}.
For odd value of n > 5, we have hamiltonian cycle e-ay—a,-az—--—a,_1—e¢
(where a; € G, e is identity element of G and 4; # a;,1) in I;,(G). Hence the
required result.

Conversely, For finite groups of odd order > 5, we have hamiltonian cycle
e—a;—a,—az—---—a, 1 —e (where a; € G, e is identity element of G and
a; # aj,1) in I4(G). Hence [, (G) is Hamiltonian for n > 5. m]

Theorem 5.2. Square power graph I,(G) of finite abelian group G of odd order
n have matching number, p(Iy,(G)) = %

Proof. Let G = {e,ay,a5,a3,-+-,a,_1} be a odd order n finite abelian group
with identity element e, ui_l = aj;1 and [,(G) be its square power graph.
As discussed in theorem 3.1, e vertex is adjacent with every other vertex
in [5,(G) and every pair of vertices u,w € V(I,(G)) have edge iff u = w7l
We have only identity element e in G which is self-inverse. Let for pair of
adjacent vertices a;,a; we have h;; edge between them. For n > 5 we have
the set of edges E = {hy3, hy4, h57, heg -+ h(y—3)(n—1)} With order ”—51 in which
no two edges have common vertex.

When n = 1, we have no edge in [;,(G) and for n = 3 we have [;(G) as path
P;. Also we have that maximum possible number of edges in matching is

%ﬁ’emces. As n is odd number so maximum possible edges in max-

imal matching are % Also matching E have order % Hence E is the
maximal-matching in I, (G).
Hence matching number, u(I,(G)) = % O

Theorem 5.3. Let G be a abelian group with finite odd order n and Iy, (G)
be square power graph then we have laplacian matrix L = [Ille P3] and

3 2uxn
laplacian spectrum of L is 0 with multiplicity 1, n — 2 with multiplicity ”—51 and
n with multiplicity %

n-2 -1 -1 -1 - -1 0
-1 n-2 -1 -1 - 0 -1
wherebr=| D NTE DD
-1 0 -1 -1 - n-2 -1
0 -1 -1 -1 - -1 n-2

(n—1)x(n-1)

P5 is 1 x(n—1) matrix whose all entries are —1 and Py is 1 x 1 matrix with entry
n—1.
Py

T
Py
square power graph of finite abelian group of odd order n.
We will now move on to determining the spectrum of L. Characteristic

Proof. Using theorem 3.1 & 3.2, L = [ ?] as laplacian matrix of
nxn
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polynomial of Lis C(x) =det(L—xI)= det[

Pl—XI
T
P3

b
P2 —xI

]nxn

Applying row operation Ry — ) | R; and taking —x common from 1st row,
—P;

C(x)=det(L—xI) = —xdet[

as its entry.

P,
T
Pl Py-xI|

Now applying R;, > R;+R; ¥V 2<i<n.

C(x) =det(L—xI) = —xdet[

entries 0, and

n—-1-x 0
0 n-1-x
0 1
1 0

C(x)=det(L—xI) = —xdet [P4

n

Py
Ps

0
0
1=

0

b

0

X

b
s

0

0

o

1

0

o

b _
P = —xdet(Ps)

where Py is 1 x 1 matrix with 1
n

] where P5 is (n—1) x 1 matrix with all

o

o

Xl -1)x(n-1)

Applying row operation Ry — ) " | R; to det(Ps) and then taking n—x com-
mon from 1st row, we get

C(x)=det(L—xI)=—xdet(Ps)

1 1
0 n-1
0 1
1 0

=—x(n—-x)det(P;)

1 1

0 1
n—-1-x 0

0 n—-1-x

0 0

n—

1
0
0
0
L =] 01y

Now applying row operation R,, — R, — Ry to det(P), and then solving

det(P;) along 1st column we get
C(x)=det(L—xI) = —x(n—x)det(P;) = —x(n—x)det(Dg)

(n—1-x
0
0
where Pg =
0
1
-1

0
n—-1-x
0

1
0
-1

n

0

0
-1
0
0
-1

—-X

0
1
0

n—-1-x

Now solving det(Y) using n — th column, we get

C(x)=det(L—xI) = —x(n—x)det(Py) = —x(n—x)(n—2—x)det(Py)

n—-1-x

0
where Py = O
0
1

Now Py is (n—3) x (n — 3) matrix of same kind as P, (n—1)

n

0
1=
0
1
0

X

n

0
0
1=

0
0

X

Por o

n—-1-x
0

1 0
0 0
0 0
0 0
n—-1-x 0
-1 n—2

n

1
0
0

-x (n—3)(n-3)

0
-1
x (n—1) matrix

so applying same operation on det(Py) as applied on det(Ps) and then we
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again get matrix of Py kind of order (n —4) x (n — 4). By repeating above
operations, in last we get C(x) =det(L —xI) = —x(n — x)%(n —2-x)7.
Hence laplacian spectrum of L is 0 with multiplicity 1, n—2 with multiplic-

ity %5} and n with multiplicity 25!. i

CONCLUSION

In this research paper, representation of a Square power graph of finite
abelian group of odd order is given and studied various properties such as
connectedness, degree of vertex, size of graph, eccentricity, chromatic num-
ber, clique number, perfectness, hamiltonicity, matching number. We have
also studied Laplacian spectrum and various topological indices such as
Wiener, Hyper-Wiener, Gutman, Schultz, Eccentric Connectivity, first and
second Zagreb, Harary, Harmonic, Geometric-arithmetic index, Atomic-
bond connectivity, General Randic and Randic. We have also calculated
chromatic polynomial of almost complete graph obtained by deleting non-
adjacent edges from complete graph with odd number of vertices.

ACKNOWLEDGMENTS

The first author acknowledges the Senior Research Fellowship (221610034811)

provided by the University Grants Commission (UGC), India.

DECLARATION

This research work is part of the thesis to be submitted by the first au-
thor (Pankaj Rana) to Baba Mastnath University for the award of Doctor of
Philosophy.

REFERENCES

[1] K. Elahi, A. Ahmad, M.A. Asim, R. Hasni, Computation of edge-based topological in-
dices for zero divisor graphs of commutative rings, Italian Journal of Pure and Applied
Mathematics, 48 (2022)523-534.

[2] A. Kumar, L. Selvaganesh, P.J. Cameron, T.T. Chelvam, Recent developments on the
power graph of finite groups — a survey, AKCE International Journal of Graphs and
Combinatorics, 18 (2) (2021)65-94.

[3] M. Saini, S.M.S. Khasraw, A. Sehgal, D. Singh, On co-prime order graphs of finite
abelian p-groups, J. Math. Comput. Sci., 11 (06) (2021)7052-7061.

[4] AM. Ali, Some results on Wiener indices for a connected graph G, Italian Journal of
Pure and Applied Mathematics, 46 (2021)391-399.

[5] R.R. Prathap, T. T. Chelvam, Complement graph of the square graph of finite abelian
groups, Houston Journal of Mathematics, 46 (4) (2020)845-857.

[6] A.Siwach, P. Rana, A. Sehgal, V. Bhatia, The square power graph of Z,, and Z}' x Z»
group, AIP Conference Proceedings, 2782 (1) (2023)020099.

[7] P.Rana, A. Siwach, A. Sehgal, P. Bhatia, The degree of a vertex in the kth-power graph
of a finite abelian group, AIP Conference Proceedings, 2782 (1) (2023)020078.

[8] P. Rana, S. Aggarwal, A. Sehgal, P. Bhatia, Structural Properties and Laplacian Spec-
trum of Equal-Square Graph of Finite Groups, Palestine Journal of Mathematics, 13
(SI-III) (2024)154-161.

[9] M.U. Romdhini, A. Nawawi, F. Al-Sharqi, A. Al-Quran, Spectral Properties of Power
Graph of Dihedral Groups, European Journal of Pure and Applied Mathematics, 17 (2)
(2024)591-603.

229



230 Pankaj Rana, Amit Sehgal, Pooja Bhatia and Sarita

[10] M.U. Romdhini, A. Nawawi, F. Al-Sharqi, A. Al-Quran, Characteristic Polynomial of
Power Graph for Dihedral Groups Using Degree-Based Matrices, Malaysian Journal of
Fundamental and Applied Sciences, 20 (2) (2024)328-335.

[11] P. Rana, A. Sehgal, P. Bhatia, V. Kumar, The Square Power Graph of a Finite Abelian
Group, Palestine Journal of Mathematics, 13 (1) (2024)151-162.

[12] P. Rana, A. Sehgal, P. Bhatia, P. Kumar, Topological Indices and Structural Properties
of Cubic Power Graph of Dihedral Group, Contemporary Mathematics, 5 (1) (2024)761-
779.

[13] D. B. West, Introduction to Graph Theory, New Delhi: Prentice Hall of India, (2003).

[14] R.]J. Wilson, Introduction to Graph Theory, 4th ed., London: Addison-Wesley Longman
Publishing Co., (1996).

[15] E. Ali, B.A. Rather, M. Sarfraz, A. Ullah, N. Fatima, W.K. Mashwani, Certain Topologi-
cal Indices of Non-Commuting Graphs for Finite Non-Abelian Groups, Molecules, 27
(18) (2022)6053.

[16] H. Wiener, Structural determination of paraffin boiling points, J. Amer. Chem. Soc. 69
(1947)17-20.

[17] D.J. Klein, L. Lukovits, I. Gutman, On the definition of the hyper-Wiener index for
cycle-containing structures, J. Chem. Inf. Comput. Sci., 35 (1995)50-52.

[18] I. Gutman, N. Trinajstic, Graph theory and molecular orbitals, Total t—electron energy
of alternant hydrocarbons, Chem. Phys. Lett., 17 (1972)535-538.

[19] D. Plavsig, S. Nikoli¢, N. Trinajsti¢, Z. Mihali¢, On the Harary index for the character-
ization of chemical graphs, Journal of Mathematical Chemistry, 12 (1) (1993)235-250.

[20] H.P. Schultz, Topological organic chemistry 1. Graph theory and topological indices of
Alkanes, J. Chem. Inf. Comput. Sci., 29 (1989)227-228.

[21] V. Sharma, R. Goswami, A.K. Madan, Eccentric connectivity index: A novel highly dis-
criminating topological descriptor for structure-property and structure-activity stud-
ies, J. Chem. Inf. Comput. Sci., 37 (1997)273-282.

[22] J.B. Liu, X.E Pan, ET. Hu, EE. Hu, Asymptotic Laplacian-energy-like invariant of lat-
tices, Appl. Math. Comput., 253 (2015)205-214.

[23] S. Hayat, S. Wang, J.B. Liu, Valency-based topological descriptors of chemical net-
works and their applications, Appl. Math. Model., 60 (2018)164-178.

[24] S. Hayat, M. Imran, J.B Liu, An efficient computational technique for degree
and distance based topological descriptors with applications, IEEE Access, 7
(2019)32276-32296.

[25] I. Gutman, Selected properties of the Schultz molecular topological index, J. Chem.
Inf. Comput. Sci., 34 (1994)1087-1089.

[26] O. Ivanciuc, QSAR comparative study of Wiener descriptors for weighted molecular
graphs, J. Chem. Inf. Comput. Sci., 40 (2000)1412-1422.

[27] J.B. Liu, C. Wang, S. Wang, B. Wei, Zagreb indices and multiplicative Zagreb indices
of Eulerian graphs, Bull. Malays. Math. Sci. Soc., 42 (2019)67-78.

[28] N. Deo, Graph Theory with Applications to Engineering and Computer Science,
(1974)176-177.

DePARTMENT OF MATHEMATICS, BABA MasTNATH UNIVERSITY,, ASTHAL BOoHAR (ROHTAK),
Harvana-124021, INDIA,
Email address: pankajrana2034@gmail.com

DEPARTMENT OF MATHEMATICS, PT. NRS GOVERNMENT COLLEGE,, RoHTAK, HARYANA-124001,
INDIA,
Email address: amit_sehgal_iit@yahoo.com

DEePARTMENT OF MATHEMATICS, BABA MASTNATH UNIVERSITY,, ASTHAL BOoHAR (ROHTAK),
Haryana-124021, INDIA,
Email address: poojabudhiraja@bmu.ac.in

DEPARTMENT OF MATHEMATICS, GOVT. (PG) CoLLEGE FOR WOMEN,, RoHTAK-124001 (HARYANA),
INDIA,
Email address: sehgalsarita7@gmail.com



