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(2,3,2)-CONSTRAINED TOTAL LABELING OF GRAPHS
NANDISH N S AND P. USHA

AsstracT. The (2, 3,2)—constrained total labeled graph G(V, E)
is a bijective mapping g: VUE — {1,2,---,|V|+|E| } with the
constraints that |g(v) — g(u)| > 2 whenever uv € E, |g(uv) — g(u)| >
3 and |g(vu)— g(wv)| > 2 whenever w # u. A graph G satisfies
such labeling is known as a (2, 3,2)-constrained total labeled
graph, abbreviated as (2,3,2)-CTLG. The minimum number
of isolated vertices that need to be added to a graph G to
transform it into the resulting graph is (2, 3,2)—constrained
total labeled graph (CTLG) is called the (2, 3,2)—constrained
total number of G, denoted by #(3 3 2)(G). In this paper, we
have obtained the (2,3,2)-constrained total number (3 5
for path, cycle, and star graph. We also prove that wheel
graph, double star graph, windmill graph, helm graph, fan
graph, comb graph, sunlet graph, different types of ladder
graph, and product graph are all (2, 3, 2)-constrained total la-
beled graph.
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1. INTRODUCTION

Graph theory, with its wide-ranging applications, highlighted
by significant contributions from Rosa [1] in 1966 and Graham
and Sloane [2] in 1980. Different kinds of labeling graphs can be
recognized by using the field of discrete mathematics. Various
applications in science, engineering and technology have been
investigated through the varieties of graph labeling [3]. Hale [4]
modeled the distance-constrained channel assignment problem
by representing transmitters in a wireless communication net-
work as vertices in a graph, with edges connecting transmitters
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that are in close proximity. The concept of distance-two label-
ing was proposed by Griggs and Yeh [5]. Yeh [6] provided a sur-
vey on graph labeling under distance two constraints. Chang et
al. [7] derived exact formulas for A(GU H) and A(G + H), estab-
lished that A(G) < A% + A for graphs with maximum degree A,
and showed that A(G) < 2A + 1 for odd-sun-free chordal graphs
and A(G) < A+ 2x(G) - 2 for sun-free chordal graphs. They also
proposed a polynomial-time algorithm to compute A(T) for trees.
Ma-Lian Chia et al. [8] examined L(3, 2, 1)-labeling, providing up-
per bounds for general graphs and trees, and also studied carte-
sian products and powers of paths and cycles. Shil et al. [9] stud-
ied SVN-graph theory by introducing single-valued quadripar-
titioned neutrosophic graphs (SVQN-graphs), and defined their
degree, order, and size, supported by illustrative examples. Das
et al. [10] introduced single-valued pentapartitioned neutrosophic
graphs (SVPN-graphs) by extending neutrosophic set theory, defin-
ing their degree, size, and order. They highlighted the ability to
handle indeterminacy more finely and discussed potential appli-
cations in networks and hypergraphs.

For the whole graph labeling survey [11]. For graph theory
terminology and notations, we consult Harary [12] textbook. The
deg(G) denotes the maximum degree of a graph G, defined as the
largest degree among its vertices. A compilation of several graph
labeling and the underlying notion are available in [13]. Several
authors have examined a range of graph labels. In recent times,
Shreedhara Kunikullaya D and B. Sooryanarayana [14] presented
a k-constrained total labeled graphs. In this study, we explore
(2,3,2)—constrained total labeling, which is motivated to be con-
sidered.

Let G be an undirected, finite, and simple graph consisting of a
vertex set V and edge set E. A (2,3,2)—constrained total labeling
of G is a bijective mapping g: VUE — {1, 2,...,|V|+|E|} if it meets
the subsequent requirements:

For every u,v,weV,

(1) |g(v) — g(u)| > 2 whenever uv € E,
(2) lg(uv)—g(u)l = 3 and
(3) lg(vw)—g(uv)| > 2 whenever u = w.

A graph G which satisfies such labeling is called (2, 3, 2)—constrained
total labeled graph, denoted as (2,3,2)-CTLG. Here all graphs
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need not be (2,3,2)-CTLG. However, by introducing some iso-
lated vertices, a graph G can be made (2,3,2)-CTLG. The least
number n for which the graph G U K,, becomes a (2,3,2)-CTLG
is called (2, 3, 2)—constrained total number of the graph G and is
denoted by £(; 3 5) (G).

2. (2,3,2)— CONSTRAINED TOTAL LABELING OF SOME GRAPHS

We begin our results by proving that all paths with at-least four
vertices is a (2,3,2)-CTLG.

3, forn=2
Theorem 2.1. For a path P, with nvertices, t(5 3 5)(P,) =32, forn=3
0, otherwise

Proof. For n = 2 and n = 3, the results are trivial. Let V(P,) =
{wi,wy,...,w,} where n > 4. A total labeling is defined as g: V U
E—{1,23,...,2n-1} by g(wjwjy1)=2jfor 1 <j<n-1, g(wj) =
2j-5for3<j<mn, g(w)=2n-3and g(w,) = 2n—1. Thus, the
function g serves as (2, 3,2)—constrained total labeling for P,. O

2, =3
Theorem 2.2. For a cycle C,, with nvertices t(5 3 5)(C,) = forn oo
" 0, otherwise
Proof. For n > 4, the result follows by connecting the end vertices
of P, with the edge wyw,, and applying Theorem 2.1, where the
labeling is extended by setting g(ww,,) = 2n.

For n = 3, suppose 3 is assigned to a vertex, then 4 is to be as-
signed to the edge not incident to the vertex labeled 3. However,
the label 5 cannot be assigned to any remaining vertex or edge
in C3. Therefore, in every sequence of three consecutive inte-
gers, at least one must be left unused when labeling C5. Hence,
(2,3,2)—constrained total labeling of C; requires at least 8 dis-
tinct positive integers. S0 f(332)(C3) = 2. O

An illustrative example of the cycle graph Cj is as follows.
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Ficure 1. cycle graph

Theorem 2.3. For star graph Ky ,, n> 2 t532)(Ky ) = 2.

Proof. In K ,, the central vertex and each pendant vertex must
be labeled with non-consecutive integers. Hence, t(5 3 2)(Ky ;) > 2.
Let wg be the central vertex, wy,w»,...,w, be the pendent vertices
of the star graph K; ,,. A total labeling is defined as g: VUE —

{1,2,...,2n+ 3} by g(wowj) =2jfor1<j<mn gw) =2n+3,
g(wy)=2n-1, g(w]-) =2j-3for2<j<n, g(wyy)=2n+1and
g(wn+2) = 2(” + 1)~ Hence, t(2,3,2) (Kl,n) =2. O

Theorem 2.4. For integer n > 3, the wheel W, ,, is a (2,3,2)— con-
strained total labeled graph.

Proof. Consider the vertex set of Wy, as V = {wy, wy, wp,...,w,}
where w( denotes the central vertex. For n > 3, a total labeling is

definedas ¢g: VUE — {1,2,3,...,3n+ 1} by g (wg) = 3n+1,g(w]-) =
2j—1for 1 <j<n Now define g on edges by g(wowj) =2(j+1)
for1<j<n-1, g(wow,) = 2, g(w,wy) =2(n+1). Also, we de-
fine g(w]-ij) =2n+j+1)for1 <j<35-1, g(w%_lﬂ- w%ﬂ-) =
2(n+j)—1for1<j<7%ifnisevenand g(w]-w]-+1) =2(n+j+1)
forlSjs%,g(w%ﬂ-w%ﬂ-):ﬂrwj)—l for1 <j<™lifn
is odd. Hence, Wy , is (2, 3,2)—constrained total labeled graph.

If n = 3, label the edges wow;,, by 2(j + 1) for j = 0,1, wow, by 10,
wiw, by 8, wiw; by 6, wyws by 1. Now label the vertices w; by
2j+1forj=1,2,wyby7, w; by 9 makes W3 a (2,3,2)—constrained
total labeled graph. O

We present an illustrative example of the wheel graph W, g as
follows.
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FIGURE 2. wheel graph

Theorem 2.5. The double star graph D,, ,, n > m, is a (2,3,2)— con-
strained total labeled graph.

Proof. consider a vertex set of D,, ,, be
V ={wg,wi,wy,...,wy, Uy, Uy,..., U} where deg (wgy) = n, deg (ug) =
m, w;’s and u;’s are pendant vertices and an edge set be E =

{uoui,wow]-,uowo} forl<i<mand1<j<m.

For n = m, a total labeling is defined as g : VUE — {1,2,3,...,4n+ 3}
by g (w;wg) = 2i-1, g(u;ug) =2(n+1i)+1 for 1 <i <mnand g(uowp) =
2n+1. Also, g(u;) =2(i+1)for 0<i<n, g(w;) =2(n+i+2)for
0<i<n-1and g(w,) = 4n+3 which provides (2, 3,2)—constrained
total labeling for D, ,,.

For n > m, label the edges as w;wq by 2i —1 for 1 <i < n, ujug
by 2(m+j)+1 for 1 <j<m, ugwy by 2(n+m)+ 1. Now label the
vertices u; by 2(j+1) for 0<j <m, w; by 2(n+i+1)for 0 <i <
n—1and g(w,) by 4n+ 1. Hence, D, is a (2, 3,2)—constrained
total labeled graph. ]

Theorem 2.6. The wind mill graph Wd(3,m)is a (2,3,2)—constrained
total labeled graph.

Proof. Let G(V,E) = Wd(3,m) be a wind mill graph where m be

the number of copies of K3 with vertex set V = {wg, wy, w,,..., w,}
where n = 2m with deg(wg) = n, deg(w]’.s) =2 and an edge set be

E:{wowj:1§j§n}U{w2]-_1w2j:1§jS%}.

For m > 2, a total labeling is defined as g: VUE — {1,2,3,..., 57” +

1} by label the edges wow; by 2j —1 for 1 < j < n, wyj_jwy; by
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2(n+ )—1for1<j<|_”T‘2J, Wy Wyjsp by 2(n+j) for 1 <j <
[” ] and wjw, by 2. Also, label the vertices w; by 2j — 4 for
3

!
S] <n,w; by 2(n-1), w, by 2n and wy by % Thus, Wd(3, m)
sa (2,3,2)—constrained total labeled graph.

If m =2, label the edges wow; by 2j -1 for 1 <j <n, wyw, by 11
and w3wy by 9. Also label the vertices w; by 2j -4 for 3 <j <n,
wy by 2(n—1), wp by 2n and wy by 10. Therefore, Wd(3,2) is a
(2,3,2)—constrained total labeled graph. O

Theorem 2.7. A ladder graph (L) is a (2,3, 2)—constrained total la-
beled graph.

Proof. Let G(V,E) =L, be a ladder graph with the vertex set
V= {uj,wj 11<5< n} and edge set

E:{{ujuj+1,ijj+1:lsjén—l} {] Ix 1<]<Tl}}

For n > 3, a total labeling is defined as g: VUE —{1,2,3,...,5n—
2} by label the vertices u; by 2j -1, w; by 2(n+j) -1 for j =
1,2,3,...,n. Also, label edges Uil by 2(2n+j-3) for j = 1,2,
Ujowiy3 by 2j for j=1,2,3,...,n =3, wjwj, by 2(n+j-2), ujw;
by4n+j-1forj=1,23,...,n—-1and u,w, by 2(n-2). Thus, L,
is a (2,3,2)—constrained total labeled graph.

If n = 3, label the vertices u; by 2j — 1, w; by 2(n+j) -1 for j =
1,2,3,...,n. Also, label edges u;u; 1 by 2(n+j), wjwj,, by n+2j-
L, ujw; by4n+]—1 forj=1, 2 and u,w, by 2. Therefore, L is a
(2,3, 2) constrained total labeled graph. O

Theorem 2.8. An open ladder graph (OL,,) is a (2, 3,2)—constrained
total labeled graph.

Proof. Let G(V,E) = OL,, be an open ladder graph with vertex set
V= {u]-,wj :1<5< n} and an edge set

E:{{uj+1u]-,ij]-+1:lstn—ll {] w; 1<]<n}}

For n > 3, a total labeling is defined as g: VUE —{1,2,3,...,5n—
4} by label vertices u; by 2j -1, w; by 2(n+j)—1for 1 <j <
n. Also, label edges uj, u; by 2(2n+j—4) for j = 1,2, ujruj,;3
by 2j, ujowjp by dn+j—1for j =1,2,3,...,n -3, wjwj;; by
2(n+j—-3)for1 <j<n-1and u,w, by 2(2n—1). Thus, OL, is a
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(2,3,2)—constrained total labeled graph.

If n = 3, label the vertices u; by 2j —1, w; by 2j+5for 1 <j <3.
Also, label edges uju;,; by 2(j +3), wjwj;; by 2j for j =1,2 and
u,w, by 6. Therefore, OLj is a (2, 3,2)—constrained total labeled
graph. ]

Theorem 2.9. A slanting ladder graph (SL,,) is a (2, 3, 2)—constrained
total labeled graph.

Proof. Let G(V,E) = SL, be a slanting ladder graph with the ver-
tex set V = {uj, witl<j< n} and the edge set

E = {{u]-+1u]-,w]-+1w]- 1155 < l’l—l}U{M]‘+1w]' 1< < n—l}}.

For n > 3, a total labeling is defined as ¢ : VUE —{1,2,3,...,5n - 3}
by label the vertices u; by 2j -1, w; by 2(n+j)-1for 1 <j <
n. Also, label the edges uju;,; by 2(2n+j—-4) and wju;,; by
2(2n+j-2) for j = 1,2, ujoujy3 by 2j, wjpuj3 by 4n+j for
1<j<n-3,wjwj by2(n+j-3)for1<j<n-1Thus, SL,isa
(2,3,2)—constrained total labeled graph.

If n = 3, label the vertices u; by 2j—1, w; by 2j+5 for 1 <j <3.
Also, label the edges uju;,; by 2(j +2), wjwj,; by 2j, wju;q by
2(4+j) for j =1,2. Therefore, SL3 is a (2, 3,2)—constrained total
labeled graph. o

Theorem 2.10. For a triangular ladder graph (TL,) is a (2,3,2)-
constrained total labeled graph.

Proof. Let G(V,E) = TL, be a triangular ladder graph with vertex
set V = {u]-,w]- 1<) < n} and edge set

E = {{ujuj+1,ijj+1,wjuj+1 11<j<n- 1}U{ujwj 1<) < n}}

For n > 3, atotal labeling is defined as g: VUE — {1,2,3,...,6n— 3}
by label the vertices u; by 2j -1, w; by 2(n+j)—-1for 1 <j <n.
Also, label edges uju;j 1 by 2(2n+j—4) for j = 1,2, ujou;,3 by
2jfor1 <j<n-3,wjwj by 2(n+j-3), ujw; by 2(2n+j) -1,
wiuj by 2(2n+j-2)for 1 <j<n-1, u,w, by 2(3n-2). Thus,
TL, is a (2,3,2)—constrained total labeled graph.

If n = 3, label the vertices u; by 2j -1, w; by 2j +5 for 1 <j <3.
Also, label the edges uju;,1 by 2(j +2), wjwj,1 by 2j, wjujq by

209
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2(j+4)forj=1,2and wju; by j+12for j = 1,2,3. Therefore, TL3
is a (2,3,2)—constrained total labeled graph. O

Theorem 2.11. An open triangular ladder graph (OTL,)isa (2,3,2)—
constrained total labeled graph.

Proof. Let G(V,E) = OTL, be an open triangular ladder graph
with the vertex set V = {uj,wj 1< < n} and edge set

E = {ujuj+1,ijj+1,w]-uj+1 01 S] <n- ].}

For n > 3, atotal labeling is defined as ¢ : VUE —{1,2,3,...,6n -5}
by label the vertices u; by 2j —1, w; by 2(n+j)—1for 1 <j <
n. Also, label the edges uju;,; by 2(2n+j—4), w,,j_3u,j2 by
6n+j—7forj=1,2, ujpui3 by 2j, wiuj by 2(2n+j)—1for 1 <
j<n=3,ujqwj 1 by 2(2n+j-2)for 1 <j<n-2and wjwj,; by
2(n+j—-3)for1 <j<n-1. Thus, OTL,is a (2,3,2)—constrained
total labeled graph.

If n = 3, label the vertices u; by 2j -1, w; by 2j+5 for 1 <
j < 3. Also, label the edges uju; by 13, u,us by 8, wyu, by 6,
wjwjy1 by 2j, wijuj g by 8+ 2j for j = 1,2. Therefore, OTLj is a
(2,3,2)—constrained total labeled graph. O

Theorem 2.12. For integer n > 2, a diagonal ladder graph (DL,) is a
(2,3,2)— constrained total labeled graph.

Proof. Let G(V,E) = DL, be a diagonal ladder graph with the ver-
tex set V = {uj, witl<j< n} and the edge set

E= {{ujuj+1,ijj+1,ujwjﬂ,wjuj” 11<j<n- 1}U{w]'u]' 1<) < n}}

For n > 3, atotal labeling is defined as g: VUE — {1,2,3,...,7n — 4}
by label the vertices u; by 2(n+j) -3, w; by 2(2n+j-2) for 1 <
j < n. Also, label the edges uju;,1 by 2(2n+j) -3, wjwj,; by
2(n+j—1), ujwjyy by j, wjuj by n+j—1for1 <j<n-1, ujw,
by 6n+j—4for 1 <j<mn. Thus, DL, isa(2,3,2)-constrained total
labeled graph.

If n =3, label the vertices u; by 2(j +4), w; by 2j+1for 1 <j<3.
Also, label the edges uju;j,1 by 2(j +1), wjwj,1 by 2j +9, wj,1u;
by j, wjuj,; by 7+j for 1 <j<2and wju; by 14+jforj=1,2,3.
Therefore, DLj is a (2, 3,2)—constrained total labeled graph. O
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Theorem 2.13. For open diagonal ladder graph O(DL,, is a (2,3,2)—
constrained total labeled graph.

Proof. Let G(V,E) = O(DL,) be an open diagonal ladder graph
with the vertex set V = {uj,wj 11<5< n} and edge set

E = {uju]-+1,w]-wj+1, ujwj+1,wju]-+1,u]~+1wj+1 11 S] <n- 1}

For n > 3, atotal labeling is defined as g: VUE — {1,2,3,...,7n — 6}
by label the vertices u; by 2(n+j) -3, w; by 2(2n+j-2) for 1 <
j < n. Also, label the edges uju;.; by 2(2n+j) -3, wjwj;; by
2(n+j-1), wjujq by j+3, ujwj,y by jfor1 <j<n-1and
Ujr1wjy by 6n+j—4for1 <j<n-2.Thus, O(DL,)isa(2,3,2)-
constrained total labeled graph.

If n =3, label the vertices u; by 2(j +4), w; by 2j+1for 1 <j <3.
Also, label the edges uju;j, by 2(j +1), wjwj,1 by 2j +9, wj,1u;
by j, wjuj by 7+ j for 1 < j < 2, wou; by 15. Therefore, O(DL3)
is a (2,3,2)—constrained total labeled graph. m]

Theorem 2.14. The helm graph H, is a (2,3,2)—constrained total
labeled graph.

Proof. Let G(V,E) = H, be the helm graph with vertex set

V ={wo,wi,wy,...,w,, Uy, Usy,..., u,} and the edge set

E = {{wowj,wjuj 1155 < n} U {ijj+1 1<j<n- 1}}, Where w
is the center vertex, w;’s are the vertices on a cycle and u;’s are
the pendent vertices.

For n > 3, atotal labeling is defined as g: VUE — {1,2,3,...,5n + 1}
by label the vertices wy by 4n+1, w; by 2j-1, u; by 4n+j+1 for 1 <
j < n. Also, label the edges wow,, by 2, wow; by 2(j + 1), wjwj,1 by
2(n+j+1)for1 <j<n-1,w,w;by2(n+1), wiu by 4n—1, ujw;
by 2(n+j)—-3 for 2 < j < n. Thus, H, is a (2,3,2)—constrained
total labeled graph.

If n = 3, label the vertices wy by 5n+ 1, w; by 2j —1 and u; by
2j+5 for 1 <j <n. Also, label the edges wow; by 2(j + 1), wjwj
by 2(j +4) for j = 1,2, waw; by 8 and wju; by j+12for 1 <j<3.
Therefore, Hj is a (2, 3, 2)—constrained total labeled graph. O

Theorem 2.15. A fan graph F, is a (2, 3,2)—constrained total labeled
graph.

211
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Proof. Let G(V,E) = F,, be a fan graph with vertex set

V ={wp, w1, wy,...,w,} and the edge set

E = {{wowj 1155 < n}U{ijj+1 :1<5< n—l}} Where wy is the
center vertex, w;’s are vertices, a total labeling is defined as g :
VUE —{1,2,...,4n+ 1} by label the vertices w; by 2j—4for1l<
j < n, wy by 252 and w; by 2(n—-1) and w, by 2n. Also, label
the edges wow; by 2j -1 for 1 < j <n, wyj_jwy; by 2(n+j)-1 for
j=1,2,...,7 and wyj  wyjo by 2(n+j) for 1 <j < f—1. Thus, F,
is a (2,3,2)—constrained total labeled graph. O

Theorem 2.16. The product graph C, x P, for n > 3 is a (2,3,2)—
constrained total labeled graph.

Proof. Let G(V,E) = C, x P, be a Product Graph, u;’s be the ver-
tices of an outer cycle, w;’s be the vertices of an inner cycle. A

vertex set V = {wj,uj 11<j< n} and an edge set

E= {[u]-uj+1,ijj+1 1<j<n- 1}U{u]-w]~ 11<5< n}}

For n > 3, a total labeling is defined as g: VUE — {1,2,3,...,5n}
by label the vertices w; by 2j -1, u; by 2(n+j)—1for 1 <j <n.
Also, label the edges wjwj 1 by 2(n+j —2), ujuj 1 by 2(2n+j-2)
for j =1,2, wjowj,3 by 2j, ujouj3 by 2(n+j)for1<j<n-3,
wywy by 2(n-2), uyu; by 4(n—1) and w,wy by 2(n-2), wju; by
4n+jfor 1 <j < mn. Thus, C, x P, is a (2,3,2)-constrained total
labeled graph.

If n = 3, label the vertices w; by 2j -1, u; by 2(n+j)-1for 1 <
j < 3. Also, label the edges wjwj,; by 2(n+j+1), ujuj,; by 2j
for j = 1,2, ujw; by 4n+j for 1 <j <3, wyw; by 8, uzu; by 6.
Therefore, C3xP, is a (2, 3,2)—constrained total labeled graph. O
Theorem 2.17. The product graph C,, x P5 for n > 3 is a (2,3,2)-
constrained total labeled graph.

Proof. Let G(V,E) = C,, x P5 be a product graph, w;’s be the ver-
tices of an outer cycle, u;’s and v;’s are the vertices of an inner

cycle. A vertex set V:{u]-,v]-,wjforl <j< n} and an edge set
E:{{ujuj+1,vjvj+1,ij]-+1 1<j<n- 1} U {ujvj,ujwj 1< < n}}
For n > 3, a total labeling is defined as g: VUE — {1,2,3,...,8n}

by label the vertices u; by 2j-1, v; by 2(n +j)-1, w; by 2(2n + j)-1
for 1 <j <mn. Also, label the edges uju; 1 by 2(n+j-2), vjvj
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by 2(2n+j-2), wjwj, by 2(3n+j—2)for j =1,2, uj,ruj,3 by 2j,
Viy2Vjs3 by 2(n+ ), wiowiys by 2(2n+j) for 1 <j<n-3, u,u;
by 2(n-2), v,v; by 4(n—-1), w,wy by 2(3n-2), u;v; by 6n+;j and
vjw; by 7n+j for 1 <j <n. Thus, C;, x Psis a (2,3,2)—constrained
total labeled graph.

If n = 3, label the vertices u; by 2j -1, v; by 2(n+j) -1, w;
by 2(2n+j)—1 for 1 <j < 3. Also, label the edges uju;,; by
2(2n+j+1), vjvjy by 2(j+1), wjwjy by 2(n+j+1) for j=1,2,
ujv; by 6n+j, vjw; by 7n+jfor 1 < j <3, vzvy by 2, uzu; by 14
and wsw; by 8. Therefore, C5 x P5 is a (2, 3,2)—constrained total
labeled graph. ]

Theorem 2.18. A mobius ladder graph M,, is a (2,3, 2)—constrained
total labeled graph.

Proof. Let G(V,E) = M,, be a mobius ladder graph with vertex set
V= {uj,wj 1<) < n} and the edge set

E= {{uju]-+1,w]-w]-+1 11<j<n- l}U[ujw]- 1< < n]U {unwl}u{wnul}},

a total labeling is defined as g: VUE — {1,2,3,...,5n} by label the
vertices u; by 2j -1, w; by 2n+2j -1 for 1 < j <n. Also, label the
edges uju;j, by 2(n+j+1), wjwjq by 2(j+1)for 1 <j<n-1,
u,wy by 2, uyw, by 2(n+1) and ujw; by 4n+j for 1 <j <n. Thus,
M, is a (2,3,2)—constrained total labeled graph. O

The following is an illustrative example of the mobius ladder
graph Ms.

Ficure 3. mobius ladder graph

Theorem 2.19. A comb graph (P,0Ky) is a (2, 3,2)—constrained total
labeled graph.
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Proof. Let G(V,E) = P, ® K; be a carona graph of a path P, by
joining each vertex to a pendent edge which becomes a comb
graph with vertex set V = {u',wj :1<5< n} and edge set E =
{{u]-wj 1<) < n}U{u]-uj+1 1<j<n- 1}}, a total labeling is de-
fined as g: VUE — {1,2,3,...,4n — 1} by label the vertices w;
by 4j -3, uj by 4j—1 for 1 < j < n. Also, label the edges u;u;
by 2(2n—-1), uj, uj by 4j for 1 < j <n-2, wu by 4(n-1)
and uj wjy; by 2(2j-1) for 1 < j <n-1. Thus, B,0K; is a
(2,3,2)—constrained total labeled graph. O

Theorem 2.20. A sunlet graph (C,, © Ky) is a (2,3,2)—constrained
total labeled graph.

Proof. Let G(V,E) = C,, ©K; be a carona graph of a cycle C, by
joining each vertex to a pendent edge which becomes a sunlet
graph with the vertex set V = {u]-,wj 1< < n} and the edge set

E= {{ujwj 1155 < n}U{ujuj+1 1<j<n- 1}U {ulun}}, a total la-
beling is defined as g: VUE — {1,2,3,...,4n} by label the vertices
u;jby4j-1,w; by 4j-3for 1 < j <n. Also, label the edges u;, uj,>
by4jforl1<j<n-2,ujwj; by2(2j-1)for1<j<n-1,uu
by 4n, uywy by 2(2n-1) and uyu, by 4(n—-1). Thus, C,,0K; is a
(2,3,2)—constrained total labeled graph. O

Theorem 2.21. A carona product of ladder graph (L, © Ky) is a
(2,3,2)—constrained total labeled graph.

Proof. Let G(V,E) = L,, ©K; be a carona graph of a ladder L,, by
joining each vertex to a pendent edge which becomes a carona
product of a ladder graph with the vertex set

V= {u]-,w]-,pj,qj 1<) < n} and the edge set

E= {{ujwj,pjwj,ujqj 1<) < n}U{ujujH,vjij 1<j<n- 1}}

For n > 2, a total labeling is defined as g : VUE — {1, 2,3,...,9n-2}
by label the vertices u; by 2j—1, w; by 2(n+j)-1, g; by 2(2n+ j)-
1,pjby 2(3n+j)—1for 1 <j<n. Also, label an edges wjw;,; by
2j, ujuj by 2(n+j-1) for 1 <j<n-1, ujw; by 2(2n+j-2),
vip; by 2(3n+j-2) for 1.§ j< ", uigj by 2(4n+j-2) forj =
1,2 and uj,2qj,2 by 8n+jfor 1 <j<n-2. Thus, L,0K; is a
(2,3,2)—constrained total labeled graph.

If n = 2, label the vertices u; by 2j -1, w; by 2j + 3, p; by 2j +
11, g; by 2j+7 for 1 < j < 2. Also, label the edges u;u; by 8,
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wiwy by 2, ujw; by 2(j +6), u;jq; by 2(j+1), w;p; by 2(j +4) for
j =1,2. Therefore, L, ®©Kj is a (2,3,2)—constrained total labeled
graph. ]

Theorem 2.22. For integer n > 2, a carona product of an open ladder
graph (OL, © Ky) is a (2,3, 2)—constrained total labeled graph.

Proof. Let G(V,E) = OL,, ©K; be a carona graph of an open lad-
der OL,, by joining each vertex to a pendent edge which becomes
a carona product of an open ladder graph with the vertex set
V= {{u]-,w]- 1<) < n}U{p]-,q]- 1< < n—Z}} and the edge set

E= {{uj”j+1'ijj+l 11<j<n- 1}U{u]'+1qj,wj+]pj,uj+lw]'+l 11<5< n—Z}} .

For n > 3, a total labeling is defined as g: VUE —{1,2,3,...,9n -
12} by label vertices u; by 2j—1, w; by 2(n+j)—-1for1 <j<n,
q; by 2(n+j)-5and p; by 2(2n+j)-1for 1 <j <n-2. Also,
label edges uju;,y by 2(n+j-1), wjwj,; by 2j for 1 <j<n-1,
wi;1pj by 2(2n+j—-2), uj19; by 2(Bn+j-4)for 1 <j<n-2,
Uj Wiy by 2(4n+j—6)for j=1,2and uj,3w;,3 by 8n+j—8 for
1 <j<n-4.Thus, OL,0K; is a (2,3,2)—constrained total labeled
graph.

If n = 3, label vertices u; by 2j -1, w; by 2j+7 for 1 <j <3, p;
by 15 and g; by 7. Also, label edges u;u;, by 2(j +4), wjw;j, by
2j for j = 1,2, uyq; by 14, wyp; by 6. Therefore, OL; ©Kj is a
(2,3,2)—constrained total labeled graph. O

Theorem 2.23. For integer n > 2, a carona product of a triangular
ladder graph (TL,,©Ky) is a (2, 3,2)—constrained total labeled graph.

Proof. Let G(V,E) = TL, ® K; be a carona graph of a triangular
ladder TL, by joining each vertex to a pendent edge which be-
comes a carona product of a triangular ladder graph with vertex

set V = {u]-,w]-,pj, gj:1<j< n} and the edge set

E= {{ujuj+1,ijj+1 1<j<n- 1}U{ujqj,wjpj,ujwj :1<5< n}}

For n > 2, a total labeling is defined as g : VUE — {1,2,3,...,10n—
3} by label the vertices u; by 2j -1, w; by 2(n+j) -1, q; by
4n+2j—1, p; by 2(3n+j)—1 forl <j<n. Also, label the edges
ujuj by 2(n+j-1), wjwjyy by 2j for 1 < j < n-1, ujq; by
2(2n+j-2), wjpj by 2(3n+j-2), ujw; by In+j-3for 1 <j<mn,
ujqw; by 2(4n+j-2) for 1 < j <2 and uj,3wj,, by 8n+j for

215



216

Mandish N S and P. Usha

1<j<n-3.Thus, TL,0K; is a (2,3,2)—constrained total labeled
graph.

If n = 2, label the vertices u; by 2j —1, w; by 2j + 3, p; by 2j + 11,
q; by 2j+7 for 1 < j <2. Also, label an edges uju; by 12, wyw, by
2, ujw; by 15 +j, wyuy by 14, u;q; by 2(j + 1), w;p; by 2(j + 3) for
j=1,2. Therefore, TL,®Kj is a (2,3, 2)—constrained total labeled
graph. O

Theorem 2.24. For integer n > 2, a carona product of an open trian-
gular ladder graph (OTL,, 0OK;) is a (2, 3,2)—constrained total labeled

graph.

Proof. Let G(V,E) = OTL, ®K; be a carona graph of an open tri-
angular ladder OTL, by joining each vertex to a pendent edge
which becomes a carona product of an open triangular ladder

graph with the vertex set V = {uj,wj,pj,qj 11<5< n} and edge set
E = {ujujﬂ,w]-wjﬂ,wjujﬂ 1<j<n- 1}U{ujpj,quj 11<j< f’l}U

{Llj+1w]'+1 01 S] < 11—2}.

For n > 2, define a total labelingas g: VUE — {1,2,3,...,10n -5}
by label the vertices u; by 2j—1, w; by 2(n+j)-1, q; by 3(n+j)-1,
pj by 2(2n+j)—1 for 1 < j <n. Also, label the edges u;u; | by
2(n+j-1), wjwj by 2jfor1 <j<n-1,ujp; by (2n+j-2), w;q;
by 2(3n+j-2) for 1 <j < n, ujywji by 2(4n+j-2), ujw;
by 2(4n+j)—-1for 1 <j<n-2and w,_ju, by 2(5n-3). Thus,
OTL, ®K;j is a (2,3,2)—constrained total labeled graph.

If n =2, label the vertices u; by 2j—1, w; by 2j+3, p; by 2j+7, q;
by 2j+ 11 for 1 <j < 2. Also, label the edges u;u, by 6, wyw, by
2, upwy by 14, u;p; by 4j, wip; by 2(j + 4) for j = 1,2. Therefore,
OTL,®K; is a (2,3,2)—constrained total labeled graph. O

CONCLUSION

We defined (2, 3,2)—constrained total labeling of some graphs
abbreviated as (2, 3,2)-CTLG. The minimum number of isolated
vertices that need to be added to a graph G to transform it into
resulting graph is (2,3,2)-CTLG is called (2, 3,2)-constrained to-
tal number of G, denoted by ¢, 3,)(G) and with the help of the
ideas presented in this paper several types of the graphs can be



(2,3,2)—Constrained total labeling of graphs

studied. The basic concepts of a (2,3, 2)—constrained total label-
ing of some graphs and the properties are investigated and can
be extended in the future research with some applications. The
proposed (2, 3,2)—constrained total labeling of some graphs can
be applied to more general and complex information systems for
future research. Also, there are a lot of research scopes in this
area. Thus, it is advantageous to use constrained total labeling in
real life situations.
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