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EQUAL-CUBIC GRAPH OF FINITE GROUPS

SHILPA AGGARWAL", PANKAJ RANA, AMIT SEHGAL, AND POOJA BHATIA

AsstracT. Equal-cubic graph of a finite group G denoted as EC(G) is fi-
nite, simple and undirected graph with the vertex set G in which pair
of distinct vertices x and y are adjacent if and only if x> = 3. In this
paper graphical representation of equal-cubic graph of finite groups is
done. Structural properties such as independent number, girth, chro-
matic number, chromatic polynomial, clique number, matching num-
ber, weakly perfectness, Laplacian polynomial, domination number of
equal-cubic graph. Topological indices such as first Zagreb index, sec-
ond Zagreb index, harmonic index, Randic and general Randic index,
geometric-arithmetic index and atomic-bond connectivity index of equal-
cubic graph of dihedral group are also studied.
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1. INTRODUCTION

In recent years various graphs associated with groups and algebraic struc-
tures such as equal-square graph [1, 2], square power graph [3-5], cubic
power graph [6, 7], k"—power graph [8], square element graph [9,10] etc
have been introduced and studied. In [11] Laplacian spectra of power
graphs of certain finite groups is studied. Edge-based topological indices
for zero divisor graphs of commutative rings are studied in [12], for co-
prime order graphs of finite abelian p-groups in [13] and Wiener indices
for a connected graph in [14]. General Randic energy of the various graphs
through graph operations is obtained in [15]. Various structural proper-
ties such as girth, diameter, completeness, traversability, bipartiteness and
chromatic number of line graph are studied in [16].

In [1] authors have introduced and studied graphical representation of
equal-square graphs associated with finite groups. Equal-square graph of a
finite group is a simple and undirected graph with finite group G as its ver-
tex set such that a pair of different vertices x and y are adjacent if and only
if x> = p2. In this paper we have introduced and studied the equal-cubic
graph of a finite group. Equal-cubic graph of a finite group G, is simple
undirected graph with G as its vertex set having pair of different vertices x
and y adjacent if and only if x* = y3.

In Section 2, basic definitions, notations and results related to group and
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graph theory used in this paper are given. In Section 3, structure, con-
nectedness, girth, independent number, clique number, chromatic number,
chromatic polynomial, matching number, weakly perfectness, Laplacian
polynomial and domination number of equal-cubic graph of finite groups
are studied. In Section 4, topological indices of equal-cubic graph of dihe-
dral group are studied.

2. PRELIMINARIES

EC(G) denotes the equal-cubic graph of a finite group G with vertex set
V(EC(G)) = G and edge set E(EC(G)). Number of vertices in EC(G) is de-
noted as |V(EC(G))| or |G| and number of edges by |[E(EC(G))|. Complete
graph is a graph in which every pair of vertices are adjacent. With n ver-
tices, complete graph is denoted as K,,. The length of the smallest cycle
in EC(G) is known as girth of EC(G), denoted as gr(EC(G)). A set of ver-
tices in which no pair of vertices are adjacent then that set is independent
set and the number of vertices in independent set having maximum num-
ber of vertices is known as the independent number of EC(G), denoted as
B(EC(G)). Complete subgraph of EC(G) is known as clique of EC(G) and
number of vertices in maximum clique is known as the clique number de-
noted as w(EC(G)). Vertex coloring of EC(G) in such a way that no pair
of adjacent vertices get the same colors is known as a proper coloring and
the least number of colors required for proper coloring of EC(G) is known
as the chromatic number denoted as x(EC(G)). Chromatic polynomial
P(EC(G), x) of graph EC(G) gives the number of ways of properly coloring
the graph. If K, is complete graph with n vertices then its chromatic poly-
nomial P(K,,x) = x(x—1)(x—2)---(x—n+1). If EC{(G;), EC5(G3),--,EC,(G,,)
are disjoint components of EC(G) then chromatic polynomial of EC(G),
P(EC(G),x) = P(EC1(Gq)),x) x P(EC,(G3)),x) x --- X P(EC,(G,)),x). A set of
edges is said to be matching if no pair of edges in set share a common
vertex. A matching containing the largest possible number of edges is
known as maximum matching and number of edges in maximum matching
is known as the matching number.

D(EC(G)) and A(EC(G)) denote the vertex degree diagonal matrix and ad-
jacency matrix respectively. Vertex degree diagonal matrix is a diagonal
matrix having degree of vertices as diagonal entries. Whereas adjacency
matrix is a square matrix having ij* entry 1 if i # j & v;,v; vertices are
adjacent and 0, otherwise. The difference of vertex degree diagonal matrix
and adjacency matrix of EC(G) is known as the Laplacian matrix of EC(G),
denoted as L(EC(G)). Characteristic polynomial of L(EC(G)) is known as
Laplacian polynomial of EC(G), denoted as ©(EC(G),x). If K,, is complete
graph with n vertices then 6(K,,, x) = x(x — n)"1.

If EC{(Gy1),ECy(Gy),---,EC,(G,) are disjoint components of EC(G) then
Laplacian polynomial of EC(G), ©(EC(G),x) = 6(EC1(Gq)), x)x0(EC5(G,)), x)x
-+ xO(EC,(Gy)),x) [17]. A subset D of V(EC(G)) is known as a dominating
set if every vertex EC(G) either lie in D or is adjacent to atleast one ver-
tex in D. Number of vertices in minimum dominating set is known as the
dominating number denoted as y(EC(G)). R is used for strong product of
graphs. D, = {a'bl : a" = ¢,b? = e,a’b = ba"",1 <i < n,1 < j <2} be the
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dihedral group of order 21 and D3 = {x3 : x € D,,}. Let e is the identity el-
ement of the group G, then order of an element x € G, o(x) is the smallest
positive integer n for which x" =e.

3. STRUCTURAL PROPERTIES OF EQUAL-CUBIC GRAPH

Theorem 3.1. Let G be a finite group of order n then EC(G) is the empty graph
if and only if gcd(3,n) = 1.

Proof. Let G be a finite group of order n and EC(G) is the Equal-cubic graph
of G.

Let gcd(3,n) = 1. Then we have n of form 3k + 1 or 3k + 2. Let us assume
that there exists a pair of vertices x,y € V(EC(G)) are adjacent in EC(G).
Case 1. When n =3k +1

As x is adjacent with p, so we have x% = 13 = (x3)?1 = (%) —
x6k+3 — y6k+3 — 3kl 3k+1, y3k+1y3k+1y = x=y. Thus we have no
pair of adjacent vertices in EC(G). Thus EC(G) is empty.

Case 2. When n =3k +2

As x is adjacent with p, so we have x> = 93 = (¥3)F! = ()l —
xS = p3k+3 — y3k+2y = 93k+2y — x = 9. Thus we have no pair of
adjacent vertices in EC(G). Thus EC(G) is empty.

Thus if gcd(3,n) =1 then EC(G) is the empty graph.

Conversely, let EC(G) be the empty graph. If the order of G is n such that
gcd(3,n) = 3, then by using Cauchy’s theorem we always have element x of
order 3 in G adjacent with identity element e of G as €3 = e = x°.

Hence the required result. o

Theorem 3.2. The following assertions are equivalent for a group G with order
o(G)=2.

(i) EC(G) is connected.

(ii) EC(G) is complete.

(iii) G is a 3—group.

Proof. (i) = (ii) Let EC(G) is a connected graph. For any vertex x €
G there exists a path in EC(G) from x to e which can be represented as
X—X; —X, —---—e. Thus we have x> = xf = x;’ =...=ed=e. So, x3 =e for
all x € G. Hence we have x> =y for all x,y € G and so EC(G) is complete
graph.

(ii) = (iii) If EC(G) is complete graph then we have x> = 3¥x,y € G. So
we have x3 = ¢3 = e for all x € G. Thus we have every non-identity element
of G of order 3. Hence G is a 3—group.

(iii) = (i) If G is a 3—group then we have every non-identity element
of order three. So we have x> = ¢ for all x € G. Thus we have every non-
identity element vertex adjacent with identity element e¢ in EC(G). Hence
EC(G) is a connected graph. o

Corollary 3.3. Let G be a elementary abelian 3—group then EC(G) = Kjn.
Theorem 3.4. Let G be a finite cyclic group of order 3n then EC(G) = nKj.
Proof. Let G be a finite cyclic group of order 3ni.e

G=<x>= {e’x,x2'x3,.” ’xn]_” ,xZn'_” ’x3n—1}‘ Then (xi)3 — (xn+i)3 — (x2n+i)3’
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where 0 <i <n—1. Let x' be adjacent with x/ where 0 <i <j <3n-1. So
(x)P = ()P} = ¥ =x¥ = ¥ = = o(x) divides 3(j —i) =
3n|3(j—i) = #n|(j—-i),0<j-i<3n-1 = j—i=0ornor2n,thenj=1i
or j=i+mnorj=i+2n Thusin EC(G), x' is adjacent to only two vertices
i.e x™ and x?"*' where 0 <i < n—1. Hence we have EC(G) = nKj.

i

Corollary 3.5. Let G be a finite cyclic group of order 3n then
(i) Girth, gr(EC(G)) =

(ii) Independent number, B(EC(G)) =

(iii) Clique number, w(EC(G)) = 3.

(iv) Chromatic number, x(EC(G)) =

(v) Chromatic polynomial, P(EC(G), ) x—=1)"(x-2)".
(vi) Matching number, y(EC(G)) =

(vii) EC(G) is weakly perfect.

(viii) Laplacian polynomial, S(EC(G),x) = x"(x — 3)?"

(ix) Domination number, y(EC(G)) = n.

Theorem 3.6. Let D, be dihedral group of order 2n then

2nKy if gcd(3,n) =1,
EC(Dn):{nK 1ifg ‘( ) )
K3 UnkK, if gcd(3,n) = 3.

Proof. Let D, = {aibf ca'=e b =ealb=ba",1<i<nl <j <2} be the
dihedral group of order 2n and EC(D,,) be the Equal-cubic graph of D,,. Let
D} ={x®:xeD,).
Case 1. When gcd(3,n) =1
ged(3,n) =1 = gcd(3,2n) =1, so by using Theorem 3.1 we have EC(D,,)
is the empty graph. Hence EC(D,,) = 2nK;.
Case 2. When gcd(3,n) =3
For 1 <i<mn,j=1wehavereflection elements x = a'bl of D,,, such that x3 =
x. So every reflection element have degree 0 i.e forms no edge in EC(D,,).
Thus n reflection elements forms n — K; type components of EC(D,,). For
1 <i<n,j=2wehave rotation elements a'b/ = a’ such that (a’)3 = (a'*3)3 =
(ai+%)3. So in EC(D,), a' is adjacent to only two vertices i.e a3 and aits
where 1 <i < n. Thus we have n - K; type components and % — K3 type
components in EC(D,,). Hence EC(D,,) = £K3 U nKj.

m]

Corollary 3.7. Let D, be dihedral group of order 2n then
(i) Girth, gr(EC(D,)) = {m,lfg”m’”) =1

3if ged(3,n) = 3.
2nif ged(3,n) =1,
47” if gcd(3,n) = 3.
1ifged(3,n)=1,
3if ged(3,n) = 3.
1if ged(3,n)=1,
3if ged(3,n) = 3.

(ii) Independent number, B(EC(D,;)) = {
(iii) Clique number, w(EC(D,;)) = {

(iv) Chromatic number, x(EC(D,,)) = {
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271 . (3
(v) Chromatic polynomial, P(EC(D,,), x) = T if gc (ﬂ 1) = )
3 (x—1)3(x— 2)3
. . 01 Cd 3,n)=1,
(v Matcling mber, MEC(D) = {% l{[icd(& n)) =3,
(vii) EC(G) is weakly perfect.
x*if ged(3,n) =1,
x%(x-3)% if ged(3,n) = 3.
2nif ged(3,n) =1,
4 if ged(3,n) = 3.

(viii) Laplacian polynomial, 6(EC(Dy),x) = {

(ix) Domination number, y(EC(D,)) = {

Example 3.1. Equal cubic graph of dihedral group of order 12.
D¢ = {e,a,a?,a’,a* a°,b,ab,a’b,a®b, a*b,a>b)
Using Theorem 3.6, EC(Dg) = 2K3 U 6K;.

2 O 0 o o
50 &2

Figure 1. EC(D)

Theorem 3.8. For any two finite groups Hy and Hy, EC(Hy xHy) = EC(H;)®
EC(H,).

Proof. Clearly, V(EC(H, x H)) = V(EC(H;))® V(EC(H,)) = H; x H,. Let
(hy, hy), (W, hy) € Hy x Hy such that (hy, hy)(h), h,) € E(EC(H, x H,)). Then
(hy,hy)® = (hy,h,)% and so B3 = h? and h3 = h). From h3 = h? we get ei-
ther hy = h) or hih) € E(H;). Also from h} = h}> we get either h, = h) or
hyh, € E(H,). Thus we obtain that i, =k, and hyh,, € E(H,), or hih| € E(H)
and h, = h,, or i, € E(Hy) and hyh, € E(H,). Hence, (hy, hy)(h,, 1)) €
E(EC(H;)R EC(H,)).

Conversely, let (1, hy), (W}, i) € HyxH, such that (hy, hy)(hy, h,) € E(EC(H,)®

EC(H,)). This implies that h; = | and hyh, € E(H,), or hih| € E(H;) and
hy = hy, or hyh| € E(H,) and hyh, € E(H,). Thus either h; = h or h3 = h?
and also either h, = h2 or hg = h'23. Therefore h‘i’ = h'13 and hg = h’23. Hence
(hy, hy)(Hy, hy) € E(EC(Hy x Hy)).

Hence the required result. ]

Theorem 3.9. Let H; =< a; > be a cyclic group of order m; for every 1 <i<n
and s number of integers in set {my,m,, ms,---,m,} such that gcd(m;,3) = 3.

Then EC([11L, H;) = ™52 K.

Proof. Using Theorem 3.8, we obtain EC([T}_, G;) = ®!" | EC(H;).
and by using Theorem 3.1 and 3.4, we have for each 1 <i <n
m; Ky, if gcd(3,m;) =1,
EC(H)) = {mKl i ged(S,mi)-
= K3 if ged(3,m;) = 3.
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Now using Lemma 1. from [1] (i.e rK,, ® sK,, = rsK,,, for all m,n,r,s € Z*),
we get EC([T}; H;) = ™2 K3;. O

Theorem 3.10. For distinct prime numbers 3, pl,pz, Dy let G = Zgy, X

Lsp, XX Lzyy X Z bu X7 bl,l X Z St X X7 St be a finite abelian
group of order 3“p1'p;2 -pr where a=by+ bz +eotby a; =bip +bjp+--+ by,
withby > by >--->b, >1and bjy 2b;p > - Zb,tizlforeachi;lsiSn.
Then we have

EC(G) = () Ks.

Proof. Using Theorem 3.8 we get EC(G) = EC(Z3p, )]REC(Z3p, )R- --REC(Z 3, )R
EC(Zpb11 )®---REC(Z v, )R-+ K EC(ZPIJ,,1 )R- K EC(Zpb,,,n ). Now apply-
1 P1 " n

ing Theorem 3.1 and 3.4, we get EC(G) = 301K R m 30K, &pij”Kl X
h t bm .

. |z|p11’K1 X -~~®pf,’” X---Rp, ". Using Lemma 1 of [1], we get EC(G) =

(30tbatthitptt i Ky, = 19K, Hence EC(G) = Sk,

Corollary 3.11. For distinct prime numbers 3, pl,pz,--- P let G = Zgp, X
ZLspy XX Loy X Z bll X7 bl,l X Z St X prb,,,n be a finite abelian

group of order ?:"p1 -y where a="b +b2+ “+by, a; =bjy +bip+---+bjy,
with by szz---zbtzland bjy 2bjp 2+ 2bjy, 21 foreachi; 1 <i<n.
Then we have

(i) Girth, gr(EC(G)) =

(ii) Independent number, B(EC(G)) = Q

(iii) Clique number, w(EC(G)) = 3'.
(iv) Chromatic number, x(EC(G)) = 3%

(v) Chromatic polynomial, P(EC(G),x) = {x(x—1)(x —2)--- (x = 3" + 1)}

(vi) Matching number, y(EC(G)) = ¢ 2X3T|G|.
(vii) EC(G) is weakly perfect.
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(viii) Laplacian polynomial, S(EC(G),x) = {x(x — 3")¥~1}5
(ix) Dominating number, y(EC(G)) = |3£t|

Example 3.2. Equal-cubic graph of Z3 x Z, xZ,

Using Theorem 3.10, EC(Z3 x Zy x Z;) = 4K3.

(0,0,0) (0,1,0) (0,0,1) (0,1,1)

VANRYVANRVANRVAN

(1,0,00) (20,00 (1,1,0) (21,00 (1L,0,1) (201 (1,1,1) (2,1,1)

Figure 2. EC(Z3 X Z, X Z,)
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4. ToroLOGICAL INDICES OF EQUAL-CUBIC GRAPH OF DIHEDRAL GROUP

Theorem 4.1. Let D,, be the dihedral group of order 2n. Then

4n when gcd(3,n) = 3,

0 when gcd(3,n) = 1.

4n when gcd(3,n) = 3,
0 when gcd(3,n) = 1.

(i) First Zagreb index, M;(EC(D,,)) = {

(ii) Second Zagreb index, M,(EC(D,,)) = {

Proof. Let D, be the 2n order dihedral group.

(i) Mi(EC(Dy) = Xyev(ec(p,)(deg(x x))? is the first Zagreb index [18] of

EC(Dy).

Using Theorem 3.6, EC(D,) is the empty graph when gcd(3,n) = 1. So all

the vertices have 0 degree. Thus M;(EC(D,,)) = 0 when gcd(n,3) = 1.

Using Theorem 3.6, there are n vertices with 0 degree and n vertices with

degree 2 in EC(D,)) when gcd(3,n) = 3. Thus M;(EC(D,)) = nx (0)> + n x

(2)? = 4n when gcd(3,n) = 3.

(ii) Ma(EC(Dy)) = Xy, mek(ec(p,)ldeg(ur) x deg(uy)] is Second Zagreb in-

dex [18] of EC(D,,).

Using Theorem 3.6, EC(D,,) is the empty graph when gcd(n,3) = 1. So

E(EC(D,,)) is the empty set. Thus M,(EC(D,)) = 0 when gcd(3,n) = 1.

Using Theorem 3.6, there are n edges with vertices on both ends having

degree 2 when gcd(3,n) = 3. Thus M,(EC(D,)) = nx (2 x 2) = 4n when

ged(3,n) =3. O

Theorem 4.2. Let D,, be the dihedral group of order 2n. Then the harmonic
n

index, H.(EC(D,) = { when ged(3,n) =3,
0 when gcd(3,n) = 1.

Proof. Let D,, be the 2n order dihedral group.

H,(EC(Dy)) = Ly, u,eE(EC(D,)) m is Harmonic index [19] of EC(D,,).

Case 1. When gcd(n,3) =3

Using Theorem 3.6, there are n edges with vertices on both ends having de-
gree 2 when gcd(n,3) = 3. Thus H,(EC(D,;)) = nx% = 5 when gcd(n, 3) = 3.
Case 2. When gcd(n,3) =1

Using Theorem 3.6, EC(D,,) is the empty graph when gcd(n,3) = 1. So
E(EC(D,,)) is the empty set. Thus H,(EC(D,,)) = 0 when gcd(n,3) = 1. O
Theorem 4.3. Let D,, be the dihedral group of order 2n. Then

4%n when gcd(3,n) =3,

0 when gcd(3,n) = 1.

5 when gcd(3,n) =3,

0 when gcd(3,n) = 1.

(i) general Randic index, R,(EC(D,,)) = {

(ii) Randic index, R_%(EC(Dn)) = {

Proof. Let D, be the dihedral group of order 2n.

(1) Ro(EC(Dy)) = L, upecr(Ec(n,)ideg(ur)deg(uz)}® is the general Randic in-
dex [20] of EC(D,,).

Case 1. When gcd(n,3) =3

Using Theorem 3.6, there are n edges with vertices on both ends having
degree 2 when gcd(n,3) = 3. Thus Ryc(p,)) = n % {2 x 2}* = 4%n when
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ged(n,3) =3.

Case 2. When gcd(n,3) =1

Using Theorem 3.6, EC(D,,) is the empty graph when gcd(n,3) = 1. So
E(EC(D,)) is the empty set. Thus Ry (c(p,)) = 0 when gcd(n,3) = 1.

(ii) Rf%(EC(Dn)) =Y u,u,eE(EC(D,)) m is the Randic index [21] of
EC(D,).

Case 1. When gcd(n,3) =3

R (EC(D,) =47Tn=14.

Case 2. When gcd(n,3) =1

Using Theorem 3.6, EC(D,) is the empty graph when gcd(n,3) = 1. So
E(EC(D,)) is the empty set. Thus R,%(l}pg(Dn)) =0. ]

Theorem 4.4. Let D, be the dihedral group of order 2n. Then the atomic-bond
% when gcd(3,n) =3,

connectivity index, ABC(EC(D,)) =
0 when gecd(3,n) = 1.

Proof. Let D, be the 2n order dihedral group. Atomic-bond connectivity
index [22] of EC(D,,) is

_ deg(uy)+deg(uy)-2
ABC(EC(Dy)) = Ly u,eE(EC(D,)) |~ deglu egty)
Case 1. When gcd(n,3) =3
Using Theorem 3.6, there are n edges with vertices on both ends having
degree 2 when gcd(n,3) = 3. Thus ABC(EC(D,,)) = nx ,/2;52 = % when
ged(n,3) = 3.
Case 2. When gcd(n,3) =1

Using Theorem 3.6, EC(D,) is the empty graph when gcd(n,3) = 1. So
ABC(EC(D,;)) = 0 when gcd(n,3) = 1. O

Theorem 4.5. Let D, be the dihedral group of order 2n. Then the geometric-
n when ged(3,n) =3,

ithmetic index, GA(EC(D,,)) =
arithmetic index, GA(EC(D,,)) {Owhenng(??x”):l’

Proof. Let D,, be the 2n order dihedral group.

GA(EC(Dy)) = Ly, uyeE(EC(D,) % is the Geometric-Arithmetic

index [23] of EC(D,,).
Case 1. When gcd(n,3) =3
Using Theorem 3.6, there are n edges with vertices on both ends having

degree 2 when gcd(n,3) = 3. Thus GA(EC(D,)) = n x 223;2 = n when
ged(n,3) =3.

Case 2. When gcd(n,3) =1

Using Theorem 3.6, EC(D,) is the empty graph when gcd(n,3) = 1. So
GA(EC(D,;)) = 0 when gcd(n,3) = 1. O

CONCLUSION

In this research structural representation of the equal-cubic graph of a
finite group is given. Also structural properties such as girth, independent
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number, clique number, chromatic number, chromatic polynomial, match-
ing number, weakly perfectness, Laplacian polynomial, domination num-
ber of equal-cubic graph of a finite group are calculated. Various topologi-
cal indices of the equal-cubic graph of a dihedral group are also obtained.
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