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CORDIALNESS OF CORONA PRODUCT OF STAR AND
PATH

V. MURUGAN, AUDACE AMEN VIOUTOU DOSSOU-OLORY,
AND K. PRABAKARAN

ABSTRACT. The corona GOH of two graphs G with V(G) = {v1,...,vp, }
and H with po vertices is a graph obtained by taking one copy of G and
p1 copies of H , and then for each v; € V(G), joining the vertex v; with
an edge to every vertex in the i*" copy of H. Cordial labeling is an
assignment of labels to the vertices of the graph G from the set {0,1}
which induces the edge labeling for each edges as the sum of their end
vertices congruent modulo 2 such that the difference between the num-
ber of vertices labelled 0 and 1 is at most one as well as the difference
between the number of edges receiving labels 0 and 1 is at most 1. De-
ciding whether a given graph is cordial is an NP-complete problem. In
this paper we prove that the corona product of Star and Path admits a
cordial labeling.
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1. INTRODUCTION

Throughout this paper we consider a graph to be simple and con-
nected. Labeling of a graph is an assignment of numbers (labels) to the
vertices or edges, or both, of the graph subject to certain conditions.

In 1967, Rosa [11] introduced a hierarchical series of labeling called
p,0, 3 and « labelings as a tool to settle a famous conjecture on graph de-
composition, posed by Ringel [10], which states that ” A complete graph on
2m + 1 vertices can be decomposed into 2m + 1 copies of any tree with
m edges”. The conjecture still remains open due to the difficulty of la-
beling trees. Later on, many weaker versions of the above labelings were
introduced. In 1987, Cahit [2] introduced cordial labeling as a weaker ver-
sion of S labeling (which is also famously called graceful labeling). Let
G be a graph and let f be a labeling defined on the vertices of G, that is,
f:V(G) — {0,1} which induces the edge labeling of G as g : E(G) — {0,1}
by g(uv) = |f(u) — f(v)|. Let V; denotes the number of vertices labeled 4,
i =10,11in G and &; denotes the number of edges labeled i, ¢ = 0,1 in G. The
above labeling f to G is said to be cordial if [Vy — V1| < 1 and |§ —&1| < 1.
A graph G is said to be cordial if it admits a cordial labeling.

It is interesting to note that, even though cordial labeling is a weaker
version of the graceful labeling, some graphs are graceful but not cordial.
For example, K, is graceful but not cordial. Conversely, there are some
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graphs are cordial but not graceful, for example, K. g (one vertex union of
two copies of K3) is cordial, but not graceful. Thus, understanding the
structural property of cordial graphs is an independently interesting and
difficult problem. Cairnie and Edwards [9] proved that deciding whether a
given graph is cordial is an NP-Complete problem. We refer to [4] for a brief
survey on cordial graphs.

1.1. The Corona between Star and Path. Let P,, S, and C,, denote a
path with n vertices, a star with n + 1 vertices, and a cycle with n vertices
respectively.

Let G be a graph with V(G) = {v1,...,vp, } and ¢ edges, called the
center graph, and H be another graph with py vertices and g2 edges, called
the outer graph. The corona between the graphs G and H, denoted as
G ® H, is defined as the graph obtained by taking p; copies of H and for
each i, 1 <i < pq, the vertex v; of G is made adjacent to all the vertices of
the i** copy of H.

Observe that, [V(GOH)| = pi1(1+p2) and |[E(GOH)| = q1+p1(p2+42)
In general, GO H 2 HOQG.

Nada et. al. [5] proved that P, ® Cy, is cordial if and only if (n,m) =
(0,2) (mod 4). Nada and et. al. [6] proved that C,, ® P, is cordial for
all n > 3;m > 1. Nada and et. al. [7] gave the necessary and sufficient
conditions for cordial labeling of the corona product between paths and
fourth power of paths be cordial. Ashraf Elrokh and et. al. [1] proved that
cone and lemniscate graphs to be cordial. Nada and et. al. [8] introduced
the concept of Total Product cordial labeling and they have proved that the
corona product of paths and second power of fan graphs to be total cordial.
Elmshtaye and et. al. [3] proved that total cordial for the corona product
of paths and the third power of double fans-generalized fans. Motivated
from the above results, In this paper, we prove that, S, ® P,, admits cordial
labeling for all n,m > 1.

From the above observation, we have |V (S, ® Pp,)| = (n 4+ 1)(1 +m)
and |E(S, © Pp) =n+ (n+1)(m+m—1) = 2m(n + 1) — 1. Hence the
number of vertices in S, ® P,, is odd only when n and m are even, otherwise,
it is even and the number of edges of S, ® P,, is always odd. Hence if S,, ® P,
admits a cordial labeling then |€y — &;| =1 and

1, if n and m even

Vo — V1| =
Vo i {O, otherwise .

2. CORDIALNESS OF CORONA BETWEEN STAR AND PATH

In this section the cordial labeling of corona product of Star and Path
is established. Before proving the main result, we prove few lemmas which
will support our main result.

Lemma 2.1. The corona product graph S, ® P, n > 1 admits cordial
labeling.

Proof. Consider the graph S, ® Py,n > 1. Let the vertices of S;, be named
as vp, U1, V2, ..., Uy, Where vy is the center of S, and let P’ : uj be the ith copy
of the path P; which is connected to the vertex v; of Sy, for i,0 < i < n.
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Let us define the labeling f on the vertices of S,, © P; by first labeling
the vertices of S,, as f(v;) =1, for 1,0 <i <mn.

Then label the vertices of the i copy of Py, for all i, 0 < i < n as
f(u) =0,
From the above labeling, we observe that Vo =n+1=V; and & =n,& =
n+ 1. Hence Vo — V1| = 0 and |§ — &1| = 1. Thus the above labeling is
cordial for the graph S, ® P;, n > 1. O

An example of cordially labeled corona product graph S,, ® P; for
n =4 and n = 5 is given in Figure 1.

FicURE 1. The graph S,, ® P;,n = 4,5 with cordial labeling

Lemma 2.2. The corona product graph S, © P, n > 1 admits cordial
labeling.

Proof. Consider the graph S, © P>, n > 1. Let the vertices of S,, be named as
V0, V1, V2, ..., Up, Where vy is the center of S, and let Pj : uiu} be the ith copy
of the path P, which is connected to the vertex v; of S, for i,0 < i < n.
Let us define the labeling f on the vertices of S,, ® P by first labeling
the vertices of S, as f(v;) =1, for ¢,0 <i < mn.
Then label the vertices of the ‘" copy of Py, for all 4, 0 < i < n as
follows.
If i is even (including 0), then f(u}) =1 and f(ub) =0
If i is odd, then f(u}) =0 and f(u}) = 0.
From the above labeling, we observe that,

y L2 s even S dntd " n s even
0 = . ;o V= .
#, n is odd ' @, n is odd

and & =2n+1, & = 2n + 2. Hence

1, nis even
Vo = V1| = ’ d |[&—-&|=1
Vo i {O, n is odd o €0 1

Thus the above labeling yield a cordial labeling for the graph S, ® Ps,
n>1. O

An example of cordially labeled corona product graph S, ® P» for
n =4 and n = 5 is given in Figure 2.

183



184

V. Murugan, Audace Amen Vioutou Dossou—Olory and K. Prabakaran

1 j 1 1
0 0 1 0 0 0 1 0
5S40 Py

FIGURE 2. The graph S,, ® P>,n = 4,5 with cordial labeling

Lemma 2.3. The corona product graph S, ® P3, n > 1 admits cordial
labeling.

Proof. Consider the graph S,, ® P;. Let the vertices of S, be named as
Vg, U1, V2, ..., U, Where vg is the center of S,, and let P§ : uiuéu’d be the it"
copy of the path Ps which is connected to the vertex v; of Sy, for 7,0 < i < n.
Let us define the labeling f on the vertices of S,, ® P3 by first labeling
the vertices of S, as f(v;) =i+ 1 (mod 2), for i,0 <i < mn.
Then label the vertices of the i*" copy of Ps, for i, 0 < i < n as follows:
If i is even , then f(ul) =1, f(uy) =1 and f(u}) =0
If i is odd, then f(ul) =0, f(u}) =1 and f(u}) = 0.
When i = 0 and n is even, f(u}) =0, f(u3) =0 and f(u}) = 1.
When i = 0 and n is odd, f(ul) =1, f(u9) =1 and f(u3) = 0.
From the above labeling, we observe that Vo = 2n + 2 = V; and & =
3n+2,& =3n+ 3. Hence Vo — V1| =0 and |§ — &1| = 1. Thus the above
labeling is cordial for the graph S, ® Ps, n > 1. O

An example of cordially labeled corona product graph S,, ® Ps for

n =4 and n = 5 is given in Figure 3.

001 110

1 1
1 ZX 1 1 0 1 0

010 110 010 110 010 110 010 110 010
S1OP3 S5 © Py

FI1GURE 3. The graph S,, ® P3,n = 4,5 with cordial labeling

2.1. Cordial labeling of S, ® P,, m > 4. In the labeling process of
Sp @ Pp, m > 4, we first label the vertices of S, (vo,v1,v2,...,v,, where
vo is the center of star). And then labeling the copies of P,. We denote
Pl :uiul---ul, be the i'" copy of P, which is connected to the vertex v;

of S,, for i,0 <1i < n.
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Let f¢, be the labeling that is defined on the vertices of P, for i,0 <
i <n.
When m =0 (mod 4), that is, m = 4s, for some s € N, s > 1, we define the
labeling f}, as xyzt (xyzt repeated s times).

That is,
z, j7=1 (mod4)
i Yy, j=2 (mod4
flay = { % =2 (mod
z, j7=3 (mod4)
t, 7=0 (mod4)

Similarly, when m = 1,2 and 3 (mod 4), We define the labeling f¢, as zyzta,
zyztab and wyztabe respectively. Here zyzt repeated s times.
More precisely, the labeling f}, is given in Table 1.

TABLE 1. The labeling of the i*" copy of Py, m = 1,2 and 3 (mod 4)

Ifm=4s+1,s>1 |Ifm=4s+2,s>1 |[Ifm=4s+3,s>1
x, j=1 (mod4
) z, j=1 (mod4) ‘7 (
z, j=1 (mod4) Yy, j=2 (mod 4
] Yy, J=2 (mod 4) _
Yy, j =2 (mod 4) z, j=3 (mod 4
) z, j=3 (mod4) ‘
f(u) =]z j=3 (mod4) t, =0 (mod 4
) t, =0 (mod4) _
t, j=0 (mod4) a, j=4s+1
. a, j=4s+1 )
a, j=4s+1 b, j=4s+2
b, j=4s+2 )
c, j=4s+3

For a given labeling of S,,® P,,,, we denote x; and y; to be the number of
vertices labeled i of S;, and the number of edges labeled i of S, respectively.
Let al be the number of vertices labeled i of the copies of P, which are
connected to the vertices labeled j of Sy, and let b} be the number of edges
labeled ¢ of the edges copies of P, which are connected to the vertices
labeled j of S,,. Let ¢/ be the number of edges labeled i of the edges which
are connected to the vertices labeled j of S, to the copies of P,,.

Hence V; :xi—l-a?—i—a} and &; :yi—l—b?—o—cg—l-bzl —i—czl7 for i,4 =0, 1.
Theorem 2.4. The corona product graph S, ® P, m > 4 admits cordial
labeling.

Proof. Consider the graph S,, ® P,,. Let S, : vg,v1, v, ..., v, be a star and
let P! :uiub---ul, be the i*" copy of P, which is connected to the vertex
v; of Sy, for 4,0 < i < n.

We define the labeling on the vertices of S,, ® P, as follows:

We first label the vertices of S, by f(v;) =i+ 1 (mod 2), for 7,0 < i < n.
Then define the labeling fi on the copies of P,,,m > 4, which is connected
with the vertex v;, where 0 < i < n, of S, as follows,

For m =0,1,2 (mod 4), the labeling f¢, is given in Table 2.
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TABLE 2. The labeling f!, defined on the i copy of Py,, for
m=0,1,2 (mod 4)

For0<i:<n
For m i >0 and i is even including 0 | ¢ > 1 and 7 is odd
m =0 (mod 4) | f}, =0110 fr, = 0011
m =1 (mod 4) | fi, = 01100 fi, =00111
m =2 (mod 4) | fi, =001101 fi, =001110

When m = 3 (mod 4), the labeling f! is given in Table 3.

TABLE 3. The labeling f!, defined on the it" copy of P,,, for

m =3 (mod 4)
For0<i<n
Foralln |ifi=0 ifi>1andiiseven | if 4 > 1 and 7 is odd
nis odd | f}, = 0011011 | f;, = 0011011 fr, = 0011010
n is even | f} = 0011001 | f;, = 0011011 fr, = 0011010

From the labeling f, that is defined on the vertices of S,,, Table 4 gives
the values of x; and y;,7 =0, 1.

TABLE 4. The values z; and y;,i = 0,1 obtained from the

labeling f
Forallm | xy | Yo | Y1
3 n n n n
n is even §+1 §+—il- 115 . §+1
3 n n n— n
nisodd | %57 |57 |55 |5

From the labeling f? that is defined on the copies of Py, m > 4, which
are connected to the vertices v;, where 0 < i < n, of Sy, Table 5 gives the
values of al,i =0,1;j =0, 1.

TABLE 5. The values of a/,i = 0,1;j = 0,1 which are ob-
tained from the labeling f,

For m " al,i=0,1;5=0,1
ag ag aj ay
m = As n is even | ns ns + 2s ns ns + 2s
nisodd | ns+s ns+s ns+s ns+s
m— ds 41 n is even | ns ns+25+%+1 ns—i—% ns + 2s
nis odd | ns+s ns+s+ 44 ns+s+ 51 [ns+s
nis even | ns+ 2 ns+2s+2+1|ns+ 2 ns+2s+2+1
m =4s+ 2 : 2 2 2 2
nisodd [ns+s+ "L |[ns+s+ 231 ns+s+ " [ ns+ s+ 4L
mo—4s+3 niseven | ns+n ns+%+25+2 ns—i—% ns+n+2s+1
nisodd |ns+n-+s+1 ns—l—s—l—”TH ns—l—s—l—”TH ns+n+s+1
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TABLE 6. The values of V;,i = 0,1 which obtained from the
labeling that is defined on S, ® P,

m n Vi, i =0,1
Vo Vl
n is even 2ns+2s+% 2ns+2s+%+1
m = 4s
n is odd 2ns+25+"7+1 2ns+25+"T+1
m— 4s + 1 niseven | 2ns +2s+n+1 2ns+2s+n+1
- nisodd |[2ns+2s+n+1 2ns+2s+n+1
niseven |2ns+2s+n+2+1|2ns+2s+n+2 +2
m:48+2 s n+21 n+21
n is odd | 2ns 4 2s + 3("5~) 2ns 4 25 + 3("5~)
m—4s + 3 n is even | 2ns + 25 4 2n + 2 2ns +2s+2n+1
- n is odd | 2ns +2s+2n + 2 2ns + 25 +2n + 2

187

Hence we have V; = z; +a +a;, for i = 0,1 which is given in Table 6.
From the labeling f! that is defined on the copies of Py,,m > 4, which are
connected to the vertices v;, where 0 <14 < n, of S, Table 7 gives the values
of bl,i=0,1;5=0,1.

TABLE 7. The values of bg,i = 0,1;7 = 0,1 which obtained
from the labeling f%,

m n bl,i=0,1;7=0,1
by by by bi
n is even | ns ns+2s—2—-1|ns—2 ns + 2s
m =4s 2 2
nisodd | ns+s ns+sf”7+1 ns+sf"7+1 ns+s
m— s+ 1 n is even | ns + 4 ns + 2s ns— g ns + 2s
- n is odd ns—i—s—l—"T'H ns -+ s ns—i—s—"T'H ns+s
= ds 42 n is even ns—l—% ns + 2s ns ns+25—|—%+1
- nisodd |ns+s+2- [ns+s ns+s ns+s+ 14
m—4s 43 n is even | ns ns+25+%+1 ns+n ns+25+%+1
nisodd | ns+s ns—i—s—l—"T“ ns+s+n-+1 ns—i—s—‘—”T+1

From the labeling f¢, that is defined on the copies of P,,, m > 4, which
are connected to the vertices v;, where 0 < ¢ < n, of S,, Table 8 gives the
values of ¢/, =0,1;j =0, 1.
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from the labeling f2,
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n cji7z':O71;j:0,1
m cd ct ¥ cl
0 0 1 1
m— ds n is even | ns ns + 2s ns ns + 2s
o nisodd |ns+s ns—+s ns—+s ns—+s
n is even | ns ns + 2s ns+ 2 ns+2s+2+1
m=4s+1 ; A AT
nisodd |ns+s ns—+s ns+s+ "= | ns+s+ 2=
n is even | ns + 2 ns+2s+2+1|ns+2 ns+2s+ 2 +1
m=4s+ 2 - 2 2 2 2
nisodd |ns+s+2H [ns+s+ 22 ns+s+ 51 [ns +5 4 24
m— ds 43 niseven | ns+n ns+n-+2s+1 ns—l—% ns+%+2s+2
- nisodd [ns+s+n+1|[ns+s+n+1 |[ns+s+2L [ns+s+ 2371
Hence we have &; :yi—l-b?—}—c?—kb%—kcil, for 4,7 = 0,1 which is given
in Table 9.

TABLE 9. The values of &;,7 = 0,1 which obtained from the
labeling that defined on S,, ® Py,

n e;,t=0,1
m
€0 €1
niseven | 4ns+4s —1 4ns + 4s
m = 4s
nisodd |4ns+4s—1 4ns + 4s
mo—ds 41 n is even | 4ns +4s+n dns+4s+n+1
- nisodd |4ns+4s+n dns+4s+n+1
— 4s 49 niseven | 4ns+4s+2n+1|4ns+4s+2n+ 2
m=as nisodd |4ns+4s+2n+1|4ns+4s+2n+2
m—ds+3 niseven | 4ns+4s+3n+2 | 4dns+4s+3n+3
- nisodd |4ns+4s+3n+2 |4ns+4s+3n+3

Therefore, from Table 6 and Table 9, the values of [Vo—V; | and |Eg—&1 |
is given in Table 10.

TABLE 10. The values of [Vy — V1| and |Ey — &1| which ob-
tained from the labeling that defined on S, ® P,

m n Vo — Wi | [€0 — &1
niseven | 1 1
m =4s
nisodd |0 1
niseven | 0 1
m=ds+1 nisodd |0 1
n is even | 1 1
m=ds+2 nisodd |0 1
niseven | 0 1
m=4ds+3 nisodd |0 1

From Table 10, we observe that the labeling defined on S,,® P,,,, m > 4,
is a cordial labeling.

O
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The following theorem follows from Lemmas 2.1, Lemma 2.2, Lemma
2.3 and Theorem 2.4.

Theorem 2.5. The corona product graph S, ® Pp,, m,n > 1, admits cordial
labeling.
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3. APPENDIX

An example of cordially labeled corona product graph S, ® P, for
n = 3,4 and m = 4s, where s = 1 is given in Figure 4.

0110 0110
;1 %

1 0 1 0 1

0011 0110 0011 0011 0110 0011 0110
S30 Py S, 0Py

FIGURE 4. The graph S,, ® Py,n = 3,4 with cordial labeling

An example of cordially labeled corona product graph S, ® P, for
n =4 and m = 4s + 1, where s = 2 is given in Figure 5.
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011001100

001100111 011001100 001100111 011001100

FIGURE 5. The graph Sy ® Py with cordial labeling

An example of cordially labeled corona product graph S, ® P, for
n =4 and m = 4s + 2 where s = 2 is given in Figure 6.

0011001101

0011001110 0011001101 0011001110 0011001101

F1GURE 6. The graph S; ® Py with cordial labeling

An example of cordially labeled corona product graph S, ® P, for
n =>5 and m = 4s + 3, where s = 1 is given in Figure 7.

0011011

0011010 0011011 0011010 0011011 0011010

FIGURE 7. The graph S5 ® P; with cordial labeling

An example of cordially labeled corona product graph S, ® P, for
n =4 and m = 4s + 3, where s = 2 is given in Figure 8.
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00110011001

00110011010 00110011011 00110011010 00110011011

FIGURE 8. The graph Ss ® Pi; with cordial labeling
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