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COMMUTATIVITY OF DMAP
SOLVABLE TOPOLOGICAL GROUPS
WHOSE CLOSURES OF IMAGES OF REPRESENTATIONS
ARE CONNECTED

A. 1. SHTERN

February 16, 2026

ABSTRACT. By a DMAP topological group we mean a topological group
which has sufficiently many (not necessarily continuous) finite-dimensional
unitary representations or, equivalently, sufficiently many (not necessarily
continuous) finite-dimensional irreducible unitary representations. In the pa-
per, improving our earlier result, we prove that a solvable DM AP topological

group is commutative, and some consequences of this fact are indicated.

§ 1. INTRODUCTION

In 1934, for any given topological group G, von Neumann [1] introduced
a closed normal subgroup (and even a characteristic subgroup) of G formed
by all elements g € G such that ¢(g) = 1 for every almost periodic function
@ on G. This subset obviously coincides with the intersection of the kernels
of all finite-dimensional continuous complex unitary representations of G
(or, equivalently, with the intersection of the kernels of all irreducible finite-
dimensional continuous complex unitary representations of G).
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A topological group G is said to be mazimally almost periodic (MAP) if
this subgroup is the identity subgroup, which is equivalent to the condition
that the irreducible finite-dimensional continuous complex unitary represen-
tations separate the points of G.

Using a 1936 result of Freudenthal (who described the connected topologi-
cal MAP groups with countable open basis), Weil [2] proved that a connected
locally compact group G is MAP if and only if it is a direct product of a vec-
tor group and a compact group. The proof works, in particular, because a
solvable compact connected topological group is commutative.

The last fact, which is one of the most frequently used tools in the study of
structure phenomena involving compact topological groups, plays an impor-
tant role, for example, in “a handbook for the expert” [3]; it was multiply used
by the author of the present paper in a series of results dealing with not nec-
essarily continuous finite-dimensional unitary representations of connected
locally compact groups [4]-[12]; this series heavily uses some automatic con-
tinuity results for finite-dimensional locally bounded linear representations
of Lie groups ([4]-[6]).

For the “discontinuous” version of the Freudenthal-Weil theorem, see [10].

The author of the present paper somewhat extended the class of groups
for which the solvability implies the commutativity.

Theorem 1 [13]. A connected MAP solvable topological group is commuta-
tive.

By a DMAP topological group we mean a topological group which has
sufficiently many (not necessarily continuous) finite-dimensional representa-
tions, i.e., a topological group which is an MAP group when equipped with
the discrete topology. Certainly, a MAP group is a DMAP group, and ex-
amples of commutative topological groups without nonidentity continuous
characters show that the converse assertion fails to hold.

In the paper [14], the following assertion is proved.

Theorem 2. A solvable DMAP topological group having a chief series all of
whose Abelian factors are divisible is commutative.

In the present paper, we replace the divisibility assumption for these fac-
tors by another condition, and thus prove the following theorem.

Theorem 3. A solvable DMAP topological group having sufficiently many
finite-dimensional (not necessarily continuous) irreducible unitary represen-
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tations such that the closures of their images in these representations are
connected is commutative.

The condition of Theorem 2 ensures the validity of the condition of Theo-
rem 3, which is clear from the proof of Theorem 2 in [14]. Thus, Theorem 3
is a generalization of Theorem 2.

8 2. PROOF OF THEOREM 3

Let G be a solvable DMAP topological group.

Since G is a DMAP group, there are sufficiently many finite-dimensional
(not necessarily continuous) irreducible unitary representations 7 of G' (where
the term “sufficiently many” means, as usual, that the family of representa-
tions separates the points of G).

The image of G under a representation 7 is a solvable group. Therefore,
the closure G of this image is a compact solvable Lie group. By the assump-
tion of Theorem 3, this closure is also connected. By the generalization of
the famous Lie theorem on finite-dimensional complex (not necessarily con-
tinuous) irreducible representations of a connected Lie group (see [15]), 7 is
one-dimensional.

Since 7 is an arbitrary finite-dimensional (not necessarily continuous) ir-
reducible unitary representation of G in a family separating the points of the
group, it follows that the images of any two elements of the group commute.

By the assumption concerning the family of representations 7, these rep-
resentations separate the points of the group GG. Hence, any two elements of
the group G commute.

This completes the proof of the theorem. [

§ 3. CONCLUDING REMARKS

It should be noted that some connectivity or divisibility condition is quite
necessary in any theorem of the above kind. Indeed, the symmetric group Ss
of three elements is finite (and thus compact), solvable, and noncommutative.

For an example of a pseudocompact group which is connected but not
divisible, see [16].
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