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SOME RELATIONS DERIVED FROM CERTAIN
FAMILIES OF SPECIAL NUMBERS COMPRISE
BERNOULLI, TRIANGULAR, AND OBLONG
NUMBERS

ELIF BERIL SEYITOGLU

ABSTRACT. The main objective of this article is to discover new relationships between
perfect square numbers and binomial coefficients, which stem from Pascal’s triangle
and have been hidden in our subconscious since middle school. Therefore, in this man-
uscript, we investigate some certain families of special numbers with their fundamental
properties. We also investigate relations among the Bernoulli numbers, the triangular
numbers, and the Oblong numbers. Our aim is to discover some novel formulas derived
from these relations.
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1. INTRODUCTION

While studying Pascal’s triangle in middle school math class, we noticed some rela-
tionships that we pondered for a long time. This led us to examine these relationships
more comprehensively and in detail. As a result of this research, we discovered that
these relationships were not coincidental, but rather part of a larger idea and a new
set of concepts. The aim of this article is to find new relationships between the bino-
mial coefficients that make up Pascal’s triangle and the numbers they generate, and to
examine existing relationships between these numbers and other special numbers and
polynomials.

Definition of the triangular number, denoted by T;,, is given by

(1) Ty 1424 +n,

which is the sum of the first n integers [7,8]. Tthese numbers can also defined by

©) T, - <n—2|—1>

(cf. [2,7-9], and see also [11]- [13]).
By using the Principle of Mathematical Induction method, Nelsen [7,8] showed that

3Tn + Tnfl = Toy.

The triangle numbers can be showen by the ID ” A000217” in https://oeis.org/A000217.

The triangle numbers are counts objects arranged in an equilateral triangle. These

numbers are a type of figurate numbers, related to the square numbers and cube num-

bers, and the Oblong numbers are two dimensional figurate numbers. That is, the nth
1
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triangular number is the number of dots in the triangular arrangement with n dots on
each side, and is equal to the sum of the n natural numbers from 1 to n, (cf. [9], [11]- [13]).

A relation between the Oblong numbers O,, and the triangular numbers T), is given
by:

(3) O, =n(n+1) =2T,,
(cf. [9], [11]- [13]).

The Bernoulli numbers and polynomials are given, respectively, by

By = 1,
1
By = 3
1
B? - 6’
BS = 07
1
By, = ——
4 30,
Bs = 0,
1
Be = —
6 42’
so on; and
Bo(m) = l,
1
B (z) = T3,
1
By (x) = xQ—x—i—g,
3 3 1
Bs(x) = x3—§x2+§m,
1
By(z) = x4—2x3+x27%,
5 5 1
Bs(z) = x5—§x4+§$3—6:€,
) 1 1
Bs(z) = a®—32°+ Sat — % 4+ —

2 2 42’
and so on (cf. [3]- [5], [6], [10]).
Formula of the sums of consecutive positive integers, in terms of the Bernoulli numbers
and polynomials, is given by

— -n Bn-i—l(k) B Bn+1

7= n+1

(4)

(]

.
[S

(cf. 1], [3]- [5], [6], [10]). For n =1,2,3, using (4), we have the following formulas:

-1

Bi(k)— B
Zy“:il()l L=k,
=1

S

<.



Here we note that we discovered that the literature on Bernoulli numbers and their
definitions dates back to the 1600s (cf. [1], [3]- [5], [6], [10]). We found that very complex
functions related to them exist. We obtained our results by giving several Bernoulli
numbers and polynomials that we can use throughout the sections of this paper. As
a result, new formulas about triangular numbers can be discovered using higher-degree
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. Byk)—By k(k—1)

. J= B B 5

j=1
=, Bik)-B3 k(k—1)(2k—1)
Z] = 3 = 6 :
j=1

Bernoulli polynomials.

In the next section, we give some novel formulas, which are including the Bernoulli

numbers, the triangular numbers and the Oblong numbers.

In this section, we give relations and formulas among the Bernoulli numbers, the

2. MAIN RESULTS

triangular numbers and the Oblong numbers.

Theorem 2.1. The following formula holds true:

X k(k—1)(2k — 1)

6

—1
(T +Tj1) =
j=1

Proof. Using the following well-known formula, we get

(7)

T+ T ="
(cf. [9], [11], [13]). This formula give us
k-1 k-1
(T3 +Tj—1) = Zj2
j=1 j=1

By combining equation (6) with the above formula we get

Using Bs (k) = k3 —

theorem.

e

—1
(Tj +Tj—1) =
1

Bs(k) — Bg.

J

k2 +

[\CI[eV)
N|—=

Theorem 2.2. The following formula holds true:

k—1 5
(0j+0;1) = ng(k)-

J=1
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k and B3y = 0, after some calculations, we get result of
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Proof. Using (3) and the following well-known formula, we get
(8) 0 + 0;_1 = 25>
(cf. [9], [11], [13]), we get

k—1
>_(0;+05-1) =2 Zﬂ
j=1
By combining equation (6) with the above formula and using Bz (k) = k* — 3k + 1k
and Bsg = 0, after some calculations, we get result of theorem. O
Theorem 2.3. The following formula holds true:
23 B
Proof. Using the following well-known formula
g Kk —1)
13+23+---+(k—1)3:%
(cf. [1], [3], [14]) and (2), we get
B34 (k-13=T2,
Combining this formula with (5), we have
k—1
Y P =T
j=1
U

After some calculations, we get result of theorem.

We observe that proof of (7) can also be given by the Pascal’s triangle, is an infinite
triangular array of the binomial coefficients. It is easy to see that, from the nth adjacent
rows of this triangle is the perfect square. That is,

()

(o

(

IR0
(TGN

from the above, we have
n n n+1 9
=n”.
n—2 n—1
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From (7) and (3), we have the following theorems, respectively:

Theorem 2.4. The following formula holds true:

1
"N ("t 2T
n—2 n—1

Theorem 2.5. The following formula holds true:

n n n+1 7Oj+0j_1
n—2 n—1) 2 '

3. CONCLUSION

In this paper, we studied on the special numbers with their some fundamental prop-
erties. We also gave some certain families of special numbers involving triangular num-
bers, and the Oblong numbers, and other numbers. Moreover, We investigated relations
among the Bernoulli numbers, the triangular numbers, and the Oblong numbers. We
proved some theorems involving many novel formulas related to the Bernoulli numbers,
the triangular numbers, and the Oblong numbers. Some of these formulas are given as
follows:

o

-1
(T +Tj-1) =
1

k(k—1)(2k — 1)
: 7

.
I
B

-1
2
(05 + 0j-1) = 3Bs(k),
1

<.
Il

k—1
Y P =T
j=1

n n+1 Oj+0j71
—_ — . T.
<n—2>+(n—1) 2 ot

Our formulas can be extended to the alternating sums, which are related to the other
special numbers and polynomials. Our future plane aim to find their applications and
find solution them.

Acknowledgments The author would like to thank to the referees for their valuable
contributions.

and

REFERENCES

[1] T. M. Apostol, Sums of consecutive positive integers, Math. Gaz. 87(508) (2003), 98-101.

[2] T. Beldon and T. Gardiner, Triangular numbers and perfect squares, Math. Gaz. 86 (507) (2002),
423-431; https://doi.org/10.2307/3621134

[3] T. Kim, Some identities for the Bernoulli, the Euler and the Genocchi numbers and polynomials,
arXiv preprint arXiv:0912.4931

[4] T. Kim, Sums of powers of consecutive g-integers, Adv. Stud. Contemp. Math. 9 (2004), 15-18.

[5] D.S.Kim, T Kim, YH Kim and DV Dolgy, A note on Eulerian polynomials associated with Bernoulli
and Euler numbers and polynomials, Adv. Stud. Contemp. Math. 22 (3) (2012), 379-389.

[6] D. E. Knuth, Johann Faulhaber and sums of powers, Math. Comp. 61 (1993), 277-294.

141



142

Elif Beril Seyitoglu

(7] R. L. Miller, On proofs without words, Whitman College 2012,

https://www.whitman.edu/documents/academics/majors/mathematics/Miller.pdf

[8] R. B. Nelsen, Proofs Without Words: Ezercises in Visual Thinking, Washington DC. Mathematical

Association of America, 1993.

[9] H. E. Ross and B. I. Knott, Dicuil (9th century) on triangular and square numbers, Br. J. Hist.

Math. 34 (2) (2019), 79-94, ; https://doi.org/10.1080/26375451.2019.1598687.
https://en.wikipedia.org/wiki/Bernoulli_polynomials, (Accession date: 21 December 2025).
https://en.wikipedia.org/wiki/Triangular_number, (Accession date: 21 December 2025).

https://oeis.org/wiki/Triangular_numbers, (Accession date: 21 December 2025).
https://en.wikipedia.org/wiki/1_-%2B_2_%2B_3_%2B_4_%2B_%E2%8B%AF, (Accession date: 21
December 2025).

]
]
] https://oeis.org/wiki/Oblong numbers, (Accession date: 21 December 2025).
]
]

OzEL ANTALYA FINAL FEN LISEST ANTALYA-TURKIYE
Email address: elifberilsey@gmail.com



