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DEGENERATE GENERALIZED HERMITE POLYNOMIALS:
OPERATIONAL AND MONOMIALITY PROPERTIES

MOHAMMED FADEL

ABSTRACT. In the current study, we derive certain properties of the
degenerate 2-parameter 3-variable Hermite polynomials, degenerate 1-
parameter 2-variable Hermite polynomials and multi-index degenerate
Hermite polynomials through the generating formula along with their
series definition and derivative relations and then we explore the opera-
tional identities for these polynomials. Also, we derive the monomiality
identities for the degenerate 2-parameter 3-variable Hermite polynomi-
als and degenerate multi-index Hermite polynomials.
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1. INTRODUCTION

Hermite polynomials propose adaptable simple solutions to boundary
value problems, which have a wide range of uses in applied sciences. Dat-
toli and colleagues discovered applications for Hermite polynomials in optic
wave transfer and quantum mechanics theory [9, 7]. Dattoli and Torre [10]
established two-variable, one-parameter Hermite polynomials, which have
since been extended by others. Subuhi with Rehana Khan defined the Her-
mite polynomials with three variables and two parameters [19, 18]. The
multi-variable and multi-index Hermite polynomials have been employed
to the model quantum-phase-space mechanics as it relates to wave prop-
agation, as well as the investigation of charged-beam transport concerns
in classical mechanics [8]. Several branches of mathematics are essential
across various fields and exhibit a keen interest in special functions. Her-
mite polynomials constitute a prominent subset of these distinguished poly-
nomial sequences. Mathematicians have investigated degenerate variants
of particular Hermite polynomials and numbers to enhance their analyti-
cal characteristics and broaden their range of applications (e.g., see here
[32, 25, 16, 22, 14, 24, 26, 27, 15]).

For the rest of this section, we will construct certain symbols and revisit
several well-known results that are important throughout this article.

For any non-zero A € R, the degenerate exponential function is provided
as[4, 5, 28, 13]:
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where (x)g » denotes the A-falling sequence supplied via
(2)  (x)or=1, (@)or=z(x —N)...(x — (0 —1)N), 6>1.

The degenerate two-variable Hermite polynomials, represented as Hy(z, y|\),
were examined via their respective generating function and series expansion.
[16]:
0
(3) QN5+ NS = ZngyP\) . myeC,
6=0 ol

[0/2] 0—w
1 log(1+ \) 9—9

= 0! W < <
(4) Hy(z,yl\) =106 wE:O @ ] < 3 ) T ¥, 0<w<

N D

The degenerate three-variable Hermite polynomials Hy(z,y, z|\) were ex-
plored through the generating relation and series expansion [16]:

% 0
) A+NTA+N5 (1+0)F ZHg(m,y,zM)%, z,y € C.
6=0 ’

The degenerate three-variable Hermite polynomials Hy(z,y, z|\) were ex-
plored through the series definition [16]:

0
0<r<-.
weTE3

[0/3] r

log(14+A)\" 2" Hyp_3,(x,y|\)
— f E

(6) Hg(l‘, Y, Z|)‘) 6! ~ ( A > r'(0 _ 3’/‘)'

or, equivalently (0 < w < 0—3&’ 0<r< g)
[0/3] [(6—3r)/2]

0—w—2r
(7)  Hp(z,y, 2|\ _912 Z ((1%)0)

x073rf2wywzr
rl wl(0 — 3r)1(0 — 3r — 2w)!’
The next partial derivatives with Hy(z,y, z|\) remain valid [16]:

log(1+ A)
A

) 2 Hy(a,y.2]A) =0

9z H@—l(xayaZ|A)7 Z > 17

om 6! log(1+ M) \™
< <é.
st = ot () ), 0<mso

The concept of monomiality is an effective tool for studying polynomials
and their characteristics. The concept of monomiality originated in the
early nineteenth century, with J. F. Steffensen [31] proposed the definition
of poweroid. Dattoli [12] developed and expanded the concept of quasi-
monomiality.
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A polynomial set {pp(z)}gen is described as quasi-monomial when we can
identify two special operators, M and P. These operators, known as multi-
plicative and derivative operators, play a crucial role in the structure of the
polynomial set through:

(9) M {ps(x)} = pps1()
and
(10) P{py(z)} = Opo—1 ().

The commutation relation that results is fulfilled by the operators M and
P:

(11) [P,M]=PM—MP =1.

If M and P have differential realizations, the differential equation fulfilled
by pg(x) may be derived via a particular relation:

(12) MP {py(z)} = 0 py(z).

Since the sequel po(x) = 1, therefore py,(z) can be expressed as:

(13) po(x) = M {po(z)} = M?{1}.

Motivated by the possibility and significance for applications of numerous
types of special polynomials and numbers in various problems within com-
binatorics, number theory, differential equations, numerical analysis, and
other areas of mathematics and physics, which have recently been examined
by several researchers. Also, motivated by the classes of degenerate special
functions that provide an analogue of the classical polynomials, offering a
foundational framework for mathematical investigation across various disci-
plines, including umbral calculus and combinatorics. Furthermore, we are
motivated by the principal benefit of employing degenerate special polynomi-
als, which lies in their extensive applicability as a robust mathematical tool
for modeling complex systems across various disciplines, including physics,
engineering, and computer science, as well as in providing a comprehensive
framework for theoretical investigation in pure mathematics. I have laid
out the following portions of this paper accordingly: Section 2 presents the
degenerate 2-parameter 3-variable Hermite polynomials Hy(x,y, z; s1, S2|\)
and degenerate 1-parameter 2-variable Hermite polynomials Hy(z,y; s1|\)
through the generating formula, along with their series definition and deriv-
ative relations. Section 3 explores the operational rules for the degenerate
three variables Hermite polynomials Hy(z,y, z|)\), degenerate two param-
eters two variables Hermite polynomials Hy(z,y; s1|A), degenerate two pa-
rameters three variables Hermite polynomials Hy(x,y, z; s1, s2|A) and degen-
erate incomplete Hermite polynomials hg ,(x,y, 7|A). In Section 4, I explore
the monomiality properties for degenerate 2-parameter 3-variable Hermite
polynomials Hy(z,y, z; s1, s2|\) and degenerate incomplete Hermite polyno-
mials hg ., (x,y, T|A).
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2. DEGENERATE GENERALIZED HERMITE POLYNOMIALS

In this part, we create degenerate 2-parameter 3-variable Hermite poly-
nomials Hy(z,y, z; $1, s2|\) and degenerate 1-parameter 2-variable Hermite
polynomials H,(x,y; si|A) through generating formula along with their se-
ries definition and derivative relations. Also, we present certain results for
degenerate multi-index Hermite polynomials with their associated formal-
ism.

2.1. Degenerate Two Parameters Three Variables Hermite Poly-
nomials.
We create degenerate two parameters three variables Hermite polynomials
Hy(z,y, z; 81, 82| A) via the corresponding generating value:
(14)
ot ysit? zs9tS ad
A+NYA+N) 3 A+ 3 =) Hy(w,y, 2815390t w,yeC.
0=0

Expanding the left part of the formula (14), then by establishing the appro-
priate powers of t for every factor in the subsequent expression, we gain the
next series description of Hy(z,y, z; s1; S2|\):

(15)

Hy(z,y, 2; 515 52|A) = Z h o

[0/3] T .
(zOg(l +A>) (2sq)7 Ho=sr (.43 521)
r=0

0
0<r<=-,
) —r—3

or, equivalently for 0 < w < %, 0<r< g
(16)

(0/3] [(6—3r)/2] (

Hy(x,y, 2z 515520 = Y >
r=0 w=0

Theorem 2.1. For degenerate two parameters three variables Hermite poly-
nomials Ho(x,y, z; $1, s2|A), the next facts about partial derivatives are valid:

(17)

log(1+ ) "™ ()05~ (ys1) (z52)"
A rlwl(0 — 3r — 2w)!

0 log(1+ A
—Hy(z,y,2;51;52|\) = wHe_l(x,y,Z;suwlx\), 0>1,

ox
(18)

™m

- log(1 + A\
H@(I,y,2;81;52|)\) = <M

A

Hxm ) Hg_m(l',y,z;51;82|)\), 92”%
(19)

log(1+ )\)H

0
—Hy(z,y, z; 515 52| A) = s1 ) 9—2(,y, z; 515 52| A), 6> 2,

y
(20)
log(14+ \)

0
—Hy(x,y, z; 515 52| \) = 2 3

0z
(21)

Hy_3(z,y, z; 51; 52| \) 6 >3,

B log(1+ A
~—Hy(x,y,2; 515 52|\) = y%

681 H@*Q(J%QVZ;SI;SQP‘)? 0 > 27
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(22)
log(14+ A
a%He(x,%Z; s1;852|A) = Z%Hefs(%y, 2; 513 52| ), 6> 3.
2

Proof. Considering the partial derivative for each aspect of (14) with respect
to x, we receive
(23)

o0

Ys1 t2 z32t3

L+ N5 (1+A) 5 (1+A) 3

m_ tlog(l +A)

0
%HG(LZ/,Z;SUSQ\)\) h

0=0

Implementing the equation (14) upon the right portion of the equation (23),

we yield
>~ 9 log(1+ \)
g o Ho(@,, 2 159 At = % % Ho(z,y, 2 515 52\t

Thereby, when the matching quantities of ¢t on each part are compared, we
determine assertion (17).

Furthermore, by calculating the m!* partial derivative value of each part of
(14) with regard to x and continuing the preceding procedures of proving
equation (17), we obtain statement (18).

Afterward, considering the partial derivatives for each part of the equation
(14) concerning y, z.s1 and s2. Then again, carry out the steps in the equa-
tion’s proof (17). This will yield the assertions (19), (20), (21) and (22), in
that order.

Theorem 2.1 has been fully proved.
O

Remark 2.1. (i) Takingx =z =0 and x =y = 0 in equation (14), we
obtain the initial conditions for Hy(z,y, z; s1; s2|\) as follows (6 =
0,1,2...):

1 0
(24)  Hg(0,y,0551;82|A) = <M) (s19)/?) and

log(1+ M)\’
H(0.0,5:53520) = (XA ) (e,

(ii) Moreover, we obtain the initial conditions for Hg(x,y, z; s1; $2|\) by
taking y = z = 0 and z = 0 in equation (14) in formula (14) one by
one [22, 16]:
(25)
log(1+ A
Hy(x,0,0;51;82|A) = (M

0
) o and (o, Ossnisal) = ol i ),
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(iii) By setting y=0 within expression (14), we immediately derive the
next series:
(26)

[0/3] 0—2r ; ~\O—3r r
(Y PGy

H 189N\ =
(@, 7 521%) ; A rl(@—3r)!
(iv) Finally, swapping x = 2z, y = —1 and z = 0 into equation (14)
yields [22]:
(27) Hy(z,—1,0;s.52|A) = Hg(x|\).
Once more, for m = 2, 3 in formula (18) and utilizing formulas (19), (20),
we obtain the next partial differential equations for Hy(x,y, z; s1; s2|A):

Corollary 2.2. The partial differential equations for Ho(z,y, z; s1; s2|\) are
given below:

0? log(t+A) 1 9

(28) WHe(w’yJ;Sl;Sﬂ)\) = 3 Sla—yHo(w,%Z;Sl;Sﬂ)\)
and

3 1 2
(29) @He(xayazésl;sﬂ)\) = (M) 8—2%1{9(96,1/,2;31;52|)\).

Remark 2.2. We obtain the generating function for degenerate two param-
eters two variables Hermite polynomials Hy(x,y; s1|\) by taking z = 0 in
equation (14) as follows:

yslt2

(30) (1+N)3(1+N73

= Hy(z,y;s1 M),  xzyeC.
6=0

Ezpanding a previous equation via (30) then juztaposing identical powers of
t on the each part, provides the series description for Hg(x,y; s1|\):

[0/2] o 0—w )02 (1151
o st = 3 () Sy

w=0

By differentiating equation (30), with respect to x,y,s1, we obtain the re-
spective subsequent derivatives for Hg(x,y; s1|\):

log(1+ X)

0
(32) %Hg(xvy; 81|)‘) = 2\ Hefl(iﬂa% Sl|)‘)7 0 > 1;
0 log(1+ X
(33) —Hp(z,y;51|\) = 81MH9_2(I,y;81‘)\), 6>2
Oy A
and
0 log(1+ A
(34) 6—81H9(l“,y; s1|A) = Q%He—z(x,y; s51|A), 6>2.
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2.2. Degenerate Multi-index Hermite Polynomials.
We generate incomplete degenerate Hermite polynomials hg,(z,y, T|A)

via a subsequent generating formula:
ulo¥
0! w!

TUY

=1+NT A+ N+ AR

(35) > how(@,y,7IN)

0,w=0

By extending the right part of the formula (35) and then matching the
corresponding values of ¢t on each part of the resultant formula, we obtain
the subsequent series formula.

min[0,w] 04+w—s $,.0—s, w—s
log(1+ A T Y
(36) how(@,y,7IA) =0lw! <_( \ )) 0 —5)(w—s)ls!"

s=0

The boundaries condition for hg,(x,y,7|A) is derived by inserting 7 = 0
into the formula (35):

log(1+ X) O+w 0 w
I vy

(37) ho w(z,y,0|X) = (

The theorem that is employed for demonstrating the partial derivatives for
ho w(z,y, T|N):

Theorem 2.3. For hy.(z,y,T|)\), the subsequent partial derivatives are

valid:
(38)
0 log(1+ A

Ehé‘,w(x,y,Tp\) = %9 Whafl,wfl(xayaT)a 07w > 1a
0 log(1+ A

(39) _hG,w(x7y7T|)\) = Mahe—l,w(xvva‘)‘)v 0 Z 17
ox A
0 log(1+ A

(40) a*yhe,w(l‘,y,ﬂ)\) = %w}l&w—l(zw%ﬂ)‘)a w > 1.

Proof. Considering the partial derivative of every part on formula (35) with
the parameter 7, we receive
(41)
o0

0 ulv® log(14+ )
Z Ehe,w(x?y77—|)\)0! UJ' =u )\
6,w=0

TUY

A+ A+0T 1 +05.

So putting the formula (35) onto the right half within the formula (41), that
we gain

oo o0
0] u¥r®  log(1+\) uf Lyt
—h A = ho—1w— Ao
9%;0 87’ G,w(x7y77—| )9! w' \ 0%;1 0—1,w 1(1‘7va| )(0 — 1)!(w — 1)!

As a result, comparing the connected u, v values across every part produces
statement (38).
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Afterward, we calculate the partial derivatives for every value of the for-
mula (35) in terms of « and y. This offers us

o0

0 uov log(1+ X) zu yo Tuv

D) > gphow(ev TN = o3 — (VT AT AR,
o0

0 ulo® log(1 4+ ) zu w Tuv

(43) agoa—yha,w(w,y,flh)m = v N T () (1)

Then, to produce assertions (39) as well as (40), respectively, we replicate
the procedure described in the equation’s proof (38).

Theorem 2.3 has been fully proved. O

As A — 0, formulas (14), (30) and (35) give the generating relations of
H0(337ya2;81§52)» H9(9U7y§51) [197 18} and ha,w(xaya’r) [8]

The application of operational forms has clearly facilitated the study of spe-
cial polynomials, since we gain the operational definition for degenerate gen-
eralized Hermite polynomials Hy(x,y, 2|\), Ho(z,y; s1|\), He(z,y, 2; 51, $2|\)
and degenerate incomplete Hermite polynomials hg . (z, y, T|A).

3. OPERATIONAL IDENTITIES

Through this portion, we discover that the application of operational forms

has eased the study of special polynomials. We can explore the operational
rules for the degenerate three variables Hermite polynomials Hy(z,y, z|A),
degenerate two-parameter two-variable Hermite polynomials Hy(z, y; s1|)\),
degenerate two-parameter three-variable Hermite polynomials Hy(z, y, z; s1, $2|\)
and degenerate incomplete Hermite polynomials hg ., (, y, T|A).

We recall the following operational representation for the degenerate two-
variable Hermite polynomials Hy(z, y|)\) satisfied the below property [16]:

(44) Hy(z,y|\) = exp <myaa_;> (MY '

Theorem 3.1. The upcoming operational form is demonstrated through the
He(xvyvzp‘)"

2 3
(45) Hy(z,y,2|\) = exp ((log(1>\+)\)> Z(‘fgﬁ)

A 8_2 zlog(14 A)\?
P\ Tog(1+ 1) Y 922 ) ’
82

3 . .
where 5 and % are the 2™ and 3" derivative operators.
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Proof. From formula (3), it is easy to see

(46)
o3 0! log(1+ M)\ 0
- = : <m< -.
D Hy(x,y|\) =3 ( 3 ) Hy_sr(z,y|A), 0<m< 3

Applying the equation (46) in the right region of the formula (6), we attain

0 (l ()\ /\)zaa_g.?))r
og(14+
(47) Hy(,y,2]0) =) gr—,ﬁHe(x,yl/\){l},
r=0 ’

or, correspondingly
ot po2) = e (et ) Hole oV 1)
log(14 X)) 0x3
Applying formula (44) to the right half of the aforementioned equation re-
sults in the assertion (45). O
Presently, we arrive at the subsequent outcome:

Theorem 3.2. The degenerate two-variable one-parameter Hermite polyno-
mials Ho(x,y, z; $1|\) and degenerate three-variable two-parameter Hermite
polynomials Hy(x,y, z; $1; 82|\) achieve via the next respective operational
identities:

A 0?2\ 1 [xlog(1l+\) o
(48)  Hop(z,y;s1|A) = exp (my‘sl@) 0! <f>

and

A 2y
(49) Hy(x,y,2; 515 52|\) = exp ((m) ZSQ@)
erp <4)\ 9818—2) 1 <7xlog(l * )\))0.
log(1+X\)7 922 ) 0! A
Proof. Tt is clear that

o (Ilog(1+)\)>9_ . 9! (xlog(1+)\)>92“

oA A — 2w)! A
! log(1+ M) \*™ (log(1 + M)\ 4 o
~ (6 2w)! < A ) (A) S
Utilizing the preceding equation to the right aspect of the formula (31), we
acquire
> o (ymdy)” 0
Hy(w, y; 5110 = 2_% (log(f+ A)> ( g ) - (xlf’g“; ”) .

Consequently, we arrive at the statement (48).

In view of equation (32), we have

830.:

log(1+ X)
Ox3w

3w
3 ) Ho_3(x,y; 51| A).

Holo,y: s1|) = (
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Utilizing the preceding formula on the right part of the formula (15), we
acquire

D S 225 il wH ( :51|A)
> Tog(TH+X) 2923 o\T,Y; 51
Hg(x,y,z;51;32|)\) = Z I ,

w=0

or, equivalently

A 2 93\ 1
Hy(x,y, 2; 51; 52| \) = exp Tog(L 1) 28253 aHe(x,y;sl\)\).

Using equation (48), we get the statement (49).

Theorem 3.2 has been fully proved. (]

The operational definitions (45), (48) and (49) greatly simplifies the study
of the properties of Hy(x,y, z|\) Hy(z,y;s1|A) and Hy(x,y, z; s1, s2|A) and
their generalizations as well as from these definitions. We can now establish
the analogous operational identities for h,  (z,y,7|\).

Theorem 3.3. Regarding h, ,(x,y,T|)\), the operational definition after-
ward is true:

(50)

B A998 log(1+N)\? [ log(1+A\)\*
he’“(x’y’Tl)\)_exp<7—l0g(1+/\)8x8y) (x A > y A '

where % and a% are the derivative operators.

Proof. Tt is clear that

o o (xlog(lJr/\))e <yzog(1+A)>” . 9! w!

Oxs Oy A A —s)H(w—s)!
0—s w -5
(log(1)\+ A)) <l09(1; A)) (log(lj /\)> sy

With the use of the previous equation upon the right part of the formula
(36), we acquire

A 5 50° 9
> (log(1+)\)) L= log(1+ X) o log(1+ M) \“
hs,w (v,y,7) = Z o] T X y 5 ;
s=0 ’
or, equivalently
A 00)°
> (Tzog(lﬂ)ma—y) log(1+X)\? [ log(1+ )\
o (229:7) = 3 s T /N '

s=0

We gain the statement (50) through the use of the series expansion of expo-
nential function into the right part of the previous formula.

We have finished proving Theorem 3.3. O
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To illustrate our section, we give actual examples by expressing the opera-
tional identities of the degenerate generalized Hermite polynomials Hy(z, y, 2|A),
Hy(z,y;51|A\), Ho(x,y, z; 51, s2|A) and degenerate incomplete Hermite poly-
nomials hg,(z,y, T|A).

Example 3.1. By applying formulas (44), we derive the results that follow:

Haongo o) —eop (2 ey (A P (oo NN
3L, Y, 2]A) = exp log(1+)\)zax3x erp lOg(1+)\)ya$2 A '

Example 3.2. By applying formulas (48), we derive the results that follow:

A 0%\ 1 (zlog(1+ A\ 5
i) = eop (ot ) 5 (45

Example 3.3. By applying formulas (49), we derive the result that follows:

A 0?
Hy(x,y, 2; 515 52| \) = exp <my81@>

or A ZSiS 1 (zlog(1+ ) 7
P\logt + %023 ) 71 ) :

Example 3.4. By applying formulas (50), we derive the result that follows:

B A o 0 log(1+M\? [/ log(1+ X))\
h‘”“’“'””p<Tlog<1+A)a_xa_y> <x X ) )

The concept of quasi-monomials to special functions has enabled research
into their features, particularly several operators and other key identities. In
this part, we cultivate the Hg(x,y, 2; 51, 52|\) and hg (2, y, T|A) are quasi-
monomials.

4. QUASI-MONOMIALITY PROPERTIES

In this section, we explore monomiality properties for degenerate two-parameter
three-variable Hermite polynomials Hy(z,y, z; s1, $2|\) and degenerate in-
complete Hermite polynomials hg . (x,y, T|A).

The monomiality of degenerate two-parameter three-variable Hermite poly-
nomials Hy(z,y, z; $1, s2|\) is established by achieving the next result:

Theorem 4.1. The degenerate two-parameter three-variable Hermite poly-
nomials Hy(x,y, z; 1, $2|\) are quasi-monomial via regard for the next mul-
tiplicative and differential operators:

- 1 log(1+ \) 0 A 0?
1) M= oys; L 13 N .
(51) @+ 1) ( N s T TN 2 a2

and

A A 9]
(52) P= log(1+ \) 0z
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Proof. By calculating the partial derivative of each facet of equation (14)
concerning t, we can easily obtain

3 _ log(1+ X
(53) ZH0<$7y,Z;sl,s2|)\)9t9 1= %

0=1

(z + 2ysit + 3282t2)

ys

2 2s 3
A+ NT 1+ 0F 1+ 03, ayec.

Using equation (14), we acquire

(o]

-1 _ log(1+X) ¢ 0
(54) D Hylw,y,z5 51, ;o[ MOt~ = =20y Hy(w,y, 2 51, 52| \)t
=1 6=0
log(L+))
+ 2%951 > Ho 1(2,y, 2 51, 52| \)t?
=1
log(1+1)) <
+3w28221{9—2('x7@/72; 51752|>\)t0? T,y € C.
=2
From equation (17), we achieve
(55)
0> log(1+A)\?
@Ha(%%z;shsﬂ)\) = (%) Hy_s(z,y,2;81,82[A),  0>2.

Applying formulae (17) and (55), we obtain

A9
log(1+ \) Ox

A )2 52 >log(1+)\)

0+ 1) Hpr1(z,y,2;81,82 | A) = (x + 2ys

+ 3259 ( He(l'»y»2’§51752 | A)

log(1+ )/ 02 A

or, equivalently

1

log(1+ A
Hoi1(2,y, 281,82 | A) = ( B )

A

0
T+ 2ys1—

T 0+1 ox

32

3r5y— 2
+oEs log(1 + ) Ox?

)Ha(ff»yyz; 51,82 | A).

The monomiality rule (9) generates an expression for the multiplicative op-
erator M (51).

Assertion (52) originates straightaway from equations (17) and (10). O

Remark 4.1. Altering the multiplicative and derivative operators at expres-
sions (51) and (52) into monomiality formula (12), we gain the next differ-
ential equation of degenerate 3-variable Hermite polynomials Hy(x,y, z|\):
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T 1\ —_— 22— - _
0 (3 <log(1 + )‘)> 2823303 * log(14+ ) i Ox? + x@z 0

HQ(ZE, Y, z; 81, 52|)\) = 0.
Also, from equations (13) and (51), it follows that

1 [log(1+\) B A 2 \\’
(57) ((9+1)( A x”ysl%%zog(ux)z”@)) {1}

= H9($7y7 Z3 817$2|)\)a

which verifies series expansion (15) for degenerate incomplete Hermite poly-
nomials hg ., (z,y, T|\).

Theorem 4.2. The quasi-monomials for degenerate multi-index Hermite
polynomials hy ,(x,y, T|A) are affected via the subsequent multiplicative and
derivative operators:

- log(1+ ) A 7]
- log(1+ ) A 0
(59) My, = N (y + 7'7109(1 Y 81’)
and
(60) = 0

- log(1+\) 7

Proof. Considering the partial derivative of every portion of equation (35)
with respect to u, we acquire

i ol TN 0y R (N
o T Gy o T Bu

TUY

+(1 +A)%(1+A)%—a (14173,
ou
which gives

e 0—1,w
u’T v log(1+ A zu w ruv
D how(@u,7IN) T g(/\ )(1+)‘) (1405 (144) 3
=1,w=0 o

+mlog(1)\+ A)

Using equations (35), (42) and (43) in the right part of above equation, we
get
(61)

Rt w

00 u@—lvw log 1+ A\ U9U
Z he,w($7y7’r‘>\) (9_ 1)'w' _ ()\ ) Z (x+’r1})h07w($;ya7—|)\)0' w".
9=1,0=0 . o

TUY
AL

T+ 1+ A5 (14 A)

n=0
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From formula (43) then we compare the coefficients that have same powers
of t on each part of formula (61), we gain

log(1+ A) 0
\ (I+TlOg(1+)\) a_y)he,w(xvva‘A)a

which from formula (9), we get assertion (58).

A

(62) h’0+l,w($7y77|)‘) =

Moreover, to obtain the claim (59), we employ the partial derivative of each
side of formula (35) for v and apply the procedure for claim (58).

From equations (10) and (38), gives assertion (60).

Theorem 4.2 has been fully proved. (|

Remark 4.2. Substituting the multiplicative and derivative operators at ex-
pressions (58) or (59), (60) into monomiality formula (12), we deduce the
next differential equation of the degenerate incomplete Hermite polynomials

how(z,y, T|A):

(63) < 0 A 0 0

zg + Tma—ya—T — 9w> hg’w($,y77'|)\) = 07
or, equivalently

A 0 0
64 Iy, 2 99
(64) <y87' +Tl0g(1+)\) Oz Ot
Also, from equations (13) and (51), it follows that

log(1+ \) AN
(x/\ + T(9y) {1} = how(z,y, T|N),

- 6w> h9,w(x7y77—|)\) = 07

(65)
or, equivalently

(66) (ylog(l +) 0

0
N T@x) {1} = how(@,y, 7IN),

which verifies series expansion (15) for and degenerate incomplete Hermite
polynomials hg . (x,y, T|A).

5. CONCLUSIONS

Hermite polynomials are useful for solving boundary value problems in
various fields, including numerical analysis and combinatorics. Their appli-
cations are in the chaotic light, quantum harmonic oscillators, optic wave
transfer and the theory of quantum mechanics problems. Several branches
of mathematics are important in many fields and have a strong interest in
special functions. Hermite polynomials are a significant subset of these dis-
tinguished polynomial sequences. Mathematicians have studied degenerate
forms of specific Hermite polynomials and numbers to improve their an-
alytical properties. In this explanation, we demonstrate a variety of new
properties associated with degenerate generalized and multi-index Hermite
polynomials, as well as the related formalism. In previous sections, we
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discussed how to employ the degenerate generalized and multi-index Her-
mite for enhancing the scenario. This paper explored the degenerate 2-
parameter 3-variable Hermite polynomials Hy(x,y, z; s1, s2|A) and degener-
ate 1-parameter 2-variable Hermite polynomials Hy(x,y; s1|\) through gen-
erating formula along with their series definitions and derivative relations.
Also, we presented the operational rules for the degenerate three variables
Hermite polynomials Hy(z,y, z|\), degenerate two parameters two variables
Hermite polynomials Hy(x,y; s1|)), degenerate two parameters three vari-
ables Hermite polynomials Hy(x,y, z; s1, s2|A) and degenerate incomplete
Hermite polynomials hg,(z,y, T|A). Moreover, we explored the monomi-
ality properties for degenerate two-parameter three-variable Hermite poly-
nomials Hy(x,y, z; s1, $2|\) and degenerate incomplete Hermite polynomials
how(x,y,7|A). To illustrate our conclusions, we gave actual examples by
expressing the degenerate operational identities of the generalized Hermite
polynomials Hy(x,y, z|\), Hy(x,y; s1|\), Hy(z,y, 2; 51, s2|A) and degenerate
incomplete Hermite polynomials hg ,(x,y, 7|A).

This study could be valuable both theoretically and practically, particularly
in fields involving distributions and combinatorics. Here are some possi-
ble applications for this study: Combined Analysis and Degenerate Theory:
degenerate 2-parameter 3-variable Hermite polynomials Hy(x,y, z; s1, $2|\)
and degenerate l-parameter 2-variable Hermite polynomials Hy(x,y; s1|\)
represent the number of partition of degenerate generalized Hermite poly-
nomials.

(1) Advantages of solving complex challenges: These polynomials aid in
the resolution of intricate mathematical issues that cannot be ad-
dressed using standard approaches. For example, they can be found
as solutions to differential equations in physics and engineering.

(2) Modeling Physical Phenomena: They are especially important in
mathematical physics, where they have been employed to describe
the quantum harmonic oscillator and Schrodinger equation solutions,
as well as in information theory and statistical mechanics.

(3) Versatile Applications across Disciplines: Their usefulness extends
to practical applications in signal processing, image processing, and
financial mathematics, where they may simulate variables such as
stock prices and interest rates.

(4) Theoretical Insights and Frameworks: Investigating degenerate forms
of classical polynomials (such as Legendre, Laguerre and Hermite)
yields deeper insights into their fundamental structure, behavior,
and underlying mathematical concepts. They frequently result in
the discovery of novel symmetry and combinatorial features.

(5) Facilitating Advanced Techniques: They are frequently built utiliz-
ing sophisticated operational formalisms and umbral calculus, which
provide systematic ways for manipulating functions and efficiently
deriving novel conclusions and identities.

(6) The study of degenerate special polynomials is a dynamic and ex-
panding field of study because it combines theoretical mathematical
studies with the need for varied and powerful answers to real-world,
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multidisciplinary problems. The capacity to generate hybrid and
multivariable versions of these polynomials broadens their potential
for modeling even more complicated, multidimensional systems and
phenomena in a variety of scientific and engineering fields.
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