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THE TRANSCENDENTAL VALUES OF SPECIAL FUNCTIONS

HYUN SEOK LEE AND DMITRY V. DOLGY

ABSTRACT. In general, there is no framework for the irrationality or transcen-
dency of the analytic functions unless some special functions. Some of conse-
quences are widely known on the special functions satisfying differential equa-
tions. Firstly, we consider E-functions and then the G-functions introduced by
Siegel in 1921. Secondly, we consider the meromorphic functions satisfying dif-
ferential equations as in the so called Schneider-Lang Theorem. Lastly, we deal
with analytic functions satisfying functional equations.

1. WEIERSTRASS DREAM

E. Strauss (1886) tried to prove that a transcendental function which is analytic
in an open domain D of C containing 0 cannot take rational values at all points of
D. According to P.Stickel, K. Weierstrass sent him a letter where he supplied him
with a counterexample.

For a transcendental function f, denote E the set of algebraic numbers o such
that f (o) is algebraic. Thanks to to the work by A. Hurwitz (1891), P. Stickel
(1895), G. Faber (1904), C.G Lekkerkerker (1949), A.O. Gel’fond (1965), K.
Mabhler (1965), it is known that if S is a countable subset of C and T is dense
subset of C, there exist transcendental functions f mapping S into T, as well as its
derivatives.

Theorem 1.1 (A.J. van der Poorten [18] ). There are transcendental entire func-
tions f such that D* f(a) € Q( &) for all k >0 and all algebraic o.

Theorem 1.2 (J. Huang, D. Marques, M. Merb [19]). For each countable subset
A of C and each family of dense subsets Eq s of C indexed by (a.,s) € AxN, there
exists a transcendental entire function f : C — C such that £ (o) e Eg.s.

Theorem 1.3 (D. Maraques and G. Moreira (2014)). There exists many transcen-
dental entire functions f with the property that both f and its inverse function
assume algebraic value at algebraic points.

2. RIEMANN ZETA FUNCTION
Definition 2.1. (Euler-Mascheroni Constant) The Euler-Macheronic constant de-

fined by the following limit:

11 1
lim|1+<+-+-+—=-logN|=7=0.5777 215 664 9---.
2 3 N

n—-oo
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> 1
The Basel Problem (1644) : )" —
n=11

In 1644, Pietro Mengoli (1626 - 1686) asked the exact value of the sum

1 1 1 1 1 1 1
—+—=+=+—=+=l+-+=—+—+:-=1644934....
2 Ry 179" 16

Euler found the exact sum to be 7>/6 and announced this discovery in 1735

2.1. Euler’s Proof. The sum of the inverse of the roots of a polynomial f with
F(0)=1is -f'(0) : For
l+aiz+ass® ++apd" = (1-12)-(1-04,2)

we have o) ++--+ 0, = —ajy.

Write
sinx RS A
—=l-—=—+=-=+
X 3 51 7!
Set z = x°.
The zeroes of the function
siny/z .z . 2 72
VZ 3151 7!
are 2,472,972, hence the sum of the inverse of these numbers is
Z 1 1
P
n>1 n°mw 6
sinx x2 sinx X2 ® 1 n?
— = -=5= | — =]l -—=+... = —=—.
X sl nemw X 6 on 6

His arguments were based on manipulations that were not justified at the time,
although he was later proven correct, and it was not until 1741 that he was able to
produce a truly rigorous proof.

2.2. Special Values of Zeta Function.

Definition 2.2. (Riemann Zeta Function) The complex function which is defined
for R(s) > 1 by the Dirichlet series

ORI

Definition 2.3. (Bernoulli numbers) The Bernoulli numbers B, are a sequence of
signed rational numbers that can be defined by the exponential generating function

t _1—£+Z(—1)"+IB 12
-1 2 4 "(2n)!’
-l -t gL g ]
Y = — = — = — = — e,
1 6’ 2 307 3 427 4 307

Theorem 2.1 (Euler’s formula).

¢ (2n) =22 (;;")!77:2” (n>1).

7? P 0 o
© (2=, E@) =55 6(0) =515, C(®) = 5 =5
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Theorem 2.2. {(s) has has a meromorphic continuation to C with a unique pole
ins=1 of residue 1.

llm(C(s) - —) =7.
Definition 2.4. (Euler Gamma Function)
(1 + l/n) f°° -1 -
I'(s)= X eMdx.
(5= H] l+s/n 0 ¢
Theorem 2.3. (Beta Function)
1
B(a,b) = H(a)T(b) = f X1 -x)bdx.
I'(a+b) 0

Theorem 2.4. (Functional Equation of the Riemann Zeta Function)
Connection between {(s) and §(1-5) :

E(s)= 25! sin(zws/2)T(1-s){(1-3s).
e Trivial zeroes of the Riemann zeta function -2, -4, -6, ---.

e Riemann Hypothesis : The non-trivial zeroes of the Riemann zeta func-
tion have real part 1/2.

Theorem 2.5 ([9], F. Lindemann). 7 is a transcendental number, hence §(2k) also
fork>1.

Theorem 2.6 ([9], Hermite-Lindemann). Transcendence of log o and P for a and
B non-zero algebraic numbers with log a + 0.

2.3. Diophantine Question. Determine all algebraic relations among the num-

bers
£(2), €(3), £(5), ¢(7), -

Conjecture 2.1. There is no algebraic relation among these numbers ; the numbers

$(2), ¢(3), ¢(5), ¢(7), -

are algebraically independent.

e In particular the numbers {(2n+ 1) and {(2n+1)/x*"*! for n > 1 are ex-
pected to be transcendental.

Theorem 2.7 ([20], R. Apéry). The number

£@3)= Z =1.202056903159594285399738161511--

n>1

is irrational.

Theorem 2.8 ([16], T.Rivoal). Let € >0. For any sufficiently large odd integer a,
the dimension of the Q-vector space spanned by the numbers 1,§(3),£(5),--,{(a)
is at least .

—&

1+log2

loga.

e In[21], W. Zudilin : At leas one of the four numbers

€(5), §(7), £(9), £(11)

18 irrational.
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Theorem 2.9 (S. Fischler, W. Zudilin).
There exists odd integers ji and j, with 5 < j1 <139 and 5 < j, <1961 such that the
Sour numbers 1,£(3),8(j1),8(j2) are linearly independent over Q.

3. MAHLER’S FUNCTIONS

The name Fredholm series is often wrongly attributed to the power series

x()=37

n=0

According to [23], Ferdholm studied rather the theta series

>

n>0

Theorem 3.1 ([22], A. J. Kempner). The number X(1/2) is transcendental num-
ber

In [23], Much more general results were achieved by K. Mahler in 1930, and
then in 1969 he get the following theorem.

Theorem 3.2 (K. Mabhler (1969)). The transcendence of the values at algebraic
points of the function

xa(z)=>z" ford>2

n>0

The point is that this function satisfies a functional equation

Xa(@)=z+ () (<)

In order to prove algebraic independence of of values, it suffices to prove the alge-
braic independence of the functions.

Theorem 3.3 ([4], P. Bundschuh and K.Viénidnen ). For [ > 1, denote by ®; the
I-th cyclotomic polynomial and set ®(x) = 1 —x. For d > 2, define

Fua(x) =TT @1(z")

720

Given positive integers d >2 and | > 1. The the following statements are equivalent

(i) d is composite or does not divide |
(ii) Fy 1 is hypertranscendental.
(iii) Fy 1 is not a rational function.

Using the functional equation
Fy(2) = ®1(2) Fa ()

together with Mahler’s method, they deduce deep results of algebraic independence
on the values of this infinite product and its derivatives.
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4. E-FUNCTIONS

In [1-3], consider E-functions and then the G-functions introduced by Siegel in
1929.

Definition 4.1. (E-function) Consider a power series
f(2)= Z —7" e Q[[z]]
n>0

such that

® a, increases at most exponentially in n

e f satisfies a linear differential equation with coefficients in Q(z)

o The common denominator of ag,ay,---,a, increase at most exponentially in n.

o The general definition replaces the rational numbers a, by algebraic num-
bers.

e Examples of E-functions are algebraic constants, polynomials with alge-
braic coefficients, e°, cosz and sinz

Bessel’s function of index 0 is also a E-function

Jo(z) = Z( ,)2( )

n>0

which is a solution of the Bessel differential equation
1
Y+ =y +y=0.
Z
Generally, for A € C, if we define
2n
i)
K, (2) = :
( Z(:) (A+1),n!\2
then the function
A
(_1)n(z/2)2n+l 1
J. = K
2(3) Zl A(n+ 142 r(x+1) 2(2)

is a solution of the differential equation

2y oy + (2 -2%)y =0,

and J_; (z) is a solution of the same differential equation. Modified Bessel func-
tions of the first kind are

2n+A
1}( (Z) Z (2/2)

/l
n‘F(n+1+)L) (i),

Further examples of E-functions are Siegel hypergeometric E-functions. Letay,---,a;,by,-

be rational numbers with m > [ and by,--+,b,, not in {0,-1,-2,---} and b,, = 1.

Define
c = (al)n"'(al)n
! (bl)n"'(bm)n

fR)=) "

n>1

Sett=m—1[. Then

is an E-function.

113
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Theorem 4.1. Let K be a number field, E\,E,,---,E, be E-functions which are al-
gebraically independent over K (z) and satisfy a system of linear differential equa-

tions
n

vi=2 fi(x)y; (i=1,n)
Jj=1
with f;; € K[z] and & be a non-zero algebraic number in K not pole of the E;. Then
E\(a),Ex(), -, E (@) are algebraically independent.

5. G-FUNCTIONS

Definition 5.1. Consider a power series
8(z) = ) anz" € Q[[2]]
n>0
such that
e g has a positive radius of convergence
e g satisfies a linear differential equation with coefficients in Q(z).
e The common denominators of ay,ai,---,a, increase at most exponentially in n

The general definition replaces the rational numbers a, by algebraic numbers.
From the definitions, it is clear that 3,50 a,2" is a G-function if and only if },,5¢(an/n!)Z"
is an E-function. Examples of G-functions are algebraic functions, Gauss hyper-

. . a,b
geometric functions Flz( ’
c

b

z) = Z Mz" with rational parameters a,b,c,
n>0 (C)n

solutions of Picard-Fuchs equations over Q(z).

In [6-7], Fischler and Rivoal introduce the set G of all values taken by any
analytic continuation of any G-function at any algebraic point. They prove that G
is a countable subring of C which contains the field Q of algebraic numbers and
the logarithms of algebraic numbers. Conjecturally, G is not a field. According to
a conjecture of Bombieri and Dwork, G should coincide with the set of periods of
algebraic varieties defined over Q.

It is expected that ¥ does not belong to the field of fractions of G.

It is natural to ask.
Let g be a G-function which is not algebraic. Is it true that g(@) is algebraic for
at most finitely many algebraic oe?

In [25], for Gauss hypergeometric functions, the answer is given by a result of

b
Wolfart : Let f(z) = Flz(a’
c

z) with a,b,c € Q. Let A be the monodromy group

and o o
E={acQ]|f(a)cQ}

() If f is algebraic (A finite), then E = @

(2) If f is arithmetic, then E is dense in Q

(3) Otherwise, E is finite.

Leta=1/12.b=5/12, ¢ = 1/2. Then the quaternion algebra is M(2,Q) and the
monodromy group is SL(2,7Z). It can be show that

1/12,5/12 1\ Ei(n)
() R
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where

3 n
n
Ex(r)=1+240% L A(t) =qTT(1-¢")*

n>1 l-q n>1
and g = e*™°, J(7) = E4(1)3/1728A(7). In particular J (i) = 1.
From CM-theory it follows that if 7y € Q(i), Im(7) > 0, then both J(7p) and
E4(79)/E4(i) are algebraic.

6. SCHNEIDER-LANG THEOREM

Theorem 6.1 (Schneider-Lang (1966)). Let d > 2 be an integer and f,---, f; be
meromorphic functions of finite order growth. Assume f| and , are algebraically
independent. Let K be a number field. Assume that for 1 <i<d, the derivative f!
of fi belongs to the ring K[ f1,+, f4]. Then the set of w € C which are not pole of
f1, fa and such that f;(w) €K fori=1,2,--- d is finite.

An extension of the Schneider-Lang Theorem in several complex variables in-
cludes a number of further results, in particular Baker’s Theorem on linear inde-
pendence of logarithms of algebraic numbers, as well as a number of results related
with abelian functions and algebraic groups. Among these results is the Theorem
of Schneider (1941) on the transcendence of B(a,b) for rational numbers a and b
such that a + b is not a negative integer.

7. LINEAR AND ALGEBRAIC INDEPENDENCE

The transcendence of I'(a/b) for a/b € Q is known only for a restricted set of
values of a/b: in the interval (0, 1), we know that the numbers

r(1/6), r(1/4), r(1/3), T(1/2), I'(2/3), ['(3/4).1(5/6)

are transcendental, but we do not know any further irrational value of I'. It is
conjectured by Deligne, Rohrlich and Lang that any algebraic relations among
Gamma values at rational points should belong to the ideal of relations generated
by the standard relations, namely

Translation:
I'(a+1)=T(a),
Reflection:
I'(a)T'(1-a) =
(@r(1-a) sin(ma)
and

Multiplication: For any positive number n,
n-1

I1 F(a + S) = (2m) D2y 7na (U2 (ng)
k=0

An example is

r(12ar(11/24) - —=
[(5/24)I(7/24) =V3V2+ V3

aroot of X*—12X2+9.
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It is not known whether the three numbers I'(1/5),I'(2/5) and ™ are al-
gebraically independent: this would follow from the above mentioned conjec-
ture of Deligne-Rohrlihc-Lang, as shown by F. Adiceam, who also deduces from
Nesternko’s result that each of the three numbers

['(1/20)1(3/20)[(7/20)T(9/20)
[(1/5)0(7/20)T(9/2)
['(1/5)7'1(1/20)1(3/20)

is transcendental over the field Q(7, e”\/g).

8. CONCLUSION

In summary, the journey from Euler’s pioneering work on the Basel problem
to the modern understanding of E-functions, —G-functions, and the values of the
Gamma function reveals the profound depth of transcendental number theory. While
significant milestones have been achieved-such as Apéry’s irrationality proof and
the transcendence results by Mahler and Siegel-many fundamental questions, in-
cluding the algebraic independence of various zeta values, remain completely open.
Exploring these special values not only bridges diverse domains of pure mathemat-
ics but also continually challenges our deep understanding of the boundary between
algebraic structures and analytic transcendence.

REFERENCES

[1] Y. André. G-functions and geometry. Aspects of Mathematics, E13. Friedr. Vieweg & Soh,
Braunschweigh 1960

[2] Y. André. G-fonctions et trascendance. J. Reine Angew. Math.,m 476:95-125, 1996

[3] Y. André. Groupes de Galois motiviques et périodees. Astérisque, to appear, (Seéminaire Bour-
baki, n° 1104, Nombembre 2015), 2016.

[4] P. Bundschuh and K. Viédndnen. Arithmetic properties of infinite products of cyclotomic poly-
nomials. Bull. Aust. Math. Soc., 93(3):375-387, 2016.

[5] S. Fischler. Irrationalité de valeurs de zéta (d’aprés Apéry, Rivoal,...). Astérisque, 294:vii, 27-62
2004.

[6] S. Fischler and T. Rivoal. On the values of G-functions. Comment. Math. Helv., 89(2):313-341.
2014.

[7] S.Fischler and T. Rivoal. Linear independence of values of G-functions.

[8] D. Masser. Auxiliary polynomials in number theory. Cambridge Tracts in Mathematics 207,
Cambridge University Press, 2016.

[9] M. R. Murty and P. Rath Transcendental numbers. Springer, New York, 2014.

[10] P. Tretkoff Complex ball quotients and line arrangements in the projective plane, volume 51 of
Mathematical Notes. Princeton University Press, Princeton, NJ, 2016.

[11] P. Tretkoff Periods and Special Functions in Transcendence, World Scientific, Advanced Text-
books in Mathematics, 2017

[12] Lang, Serge. Introduction to transcendental numbers. Reading, Mass (1966).

[13] G. Chudnovsky. Contributions to the theory of transcendental numbers. No. 19. American
Mathematical Soc., 1984.

[14] A. Baker Transcendental number theory. Cambridge University Press, 1990.

[15] A. Baker New Advances in Transcendence Theory. Cambridge University Press, 2008.

[16] T. Rivoal La fonction Zeta de Riemann prend une infinite de valeurs irrationnelles aux entiers
impairs. arXiv preprint math/0008051 (2000).

[17] M. Waldschmidt Diophantine approximation on linear algebraic groups: transcendence prop-
erties of the exponential function in several variables. Vol. 326. Springer Science & Business
Media, 2000.



The transcendental values of special functions

[18] A.J. van der Poorten. Transcendental entire functions mapping every algebraic number to an
algebraic number. J. Austral. Math. Soc., 8:192-193, 1968.

[19] J. Huang, D. Marques, and M. Mereb. Transcendental entire functions mapping a countable
dense subset into itself. Arch. Math., 95: 241-249, 2010.

[20] R. Apéry. Irrationalité de £(2) et £(3). Astérisque, 61: 11-13, 1979.

[21] W. Zudilin. One of the numbers §(5), £(7), £(9), {(11) is irrational. Russian Math. Surveys,
56(4): 774-776, 2001.

[22] A. J. Kempner. Uber die Transzendenz der Zahlen Z;‘:’lanz und ¥°,a . Math. Ann., 77:
511-521, 1916.

[23] K. Mabhler. Remarks on a paper by W. Schwarz. J. Number Theory, 1:512-521, 1969.

[24] C. L. Siegel. Uber einige Anwendungen diophantischer Approximationen. Abh. Preuss. Akad.
Wiss. Phys.-Math. KI1., 1: 1-70, 1929.

[25] J. Wolfart. Werte hypergeometrischer Funktionen. Invent. Math., 92: 187-216, 1988.

DEPARTMENT OF MATHEMATICS, KWANGWOON UNIVERSITY, SEOUL 139-701, REPUBLIC

OF KOREA
Email address: luciasconstant@kw.ac.kr

KWANGWOON GLOBAL EDUCATION CENTER, KWANGWOON UNIVERSITY, SEOUL 139-701,
REPUBLIC OF KOREA
Email address: dvdolgy@gmail.com

117



