Advanced Studies in Contemporary Mathematics www.jangjeon.or.kr
36 (2026), No. 2, pp. 95 - 108 http://dx.doi.org/10.17777/ascm2026.36.2.004

SOME NEW IDENTITIES INVOLVING TRUNCATED
EXPONENTIAL BASED APOSTOL-GENOCCHI POLYNOMIALS

NEHA SHARMA , MOHAMMAD SHADAB, CHETAN KUMAR SHARMA, TAEKYUN KIM* AND
JOSE LUIS LOPEZ-BONILLA

ABSTRACT. This study defines the generating function of a mixed-type polynomial
called the Truncated Exponential-based Apostol-Genocchi polynomials of order . We
additionally identify various important characteristics and identities, such as the im-
plicit summation formula, the correlation formula, and the formulas for their partial
derivatives. In addition, we research various connections with Stirling numbers.

1. Introduction and Preliminaries

The present study aims to present the vital characteristics of G(k)(x), the general-
ized Genocchi polynomials of order k. When k = 1, we obtain the classical Genocchi
polynomials:

G (z) = Gp(x).
If x = 0, we obtain the generalized Genocchi numbers of order k:
a®0) = a®.
When k = 1, these reduce to the usual Genocchi numbers:
Gn(0) = Gy.

For details on the generalized Bernoulli numbers B®*)(z) and the generalized Euler
polynomials E®*)(z), which are closely related to G¥)(z), the reader may refer to the
classical works of Norlund, who has extensively studied these families of polynomials.
Several references to Genocchi’s work can also be found in [10]. Although Genocchi
polynomials share many properties with Bernoulli and Euler polynomials, they possess
certain unique and distinctive characteristics. Indeed, Genocchi polynomials are inter-
esting in their own right.

This article presents new results concerning Genocchi polynomials, and some of the
observations on Genocchi numbers may also be new.
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GENOCCHI NUMBERS

The definition of Genocchi numbers (see [10]) is as follows:

2t =, i
Y :T;)Gna, It < . (1.1)
From this generating function, we observe that Gy = 0.
Since tanh ¢ is an odd function, the function tant—ht is even in t. Thus, we conclude that
G =1, Goany1=0 (n=1,2,3,...). (1.2)
The first few Genocchi numbers are (see [10]):
n |0 1 2 4 6 8 10 12 14 16 18 20

Gn|0 1 -1 1 =3 17 —155 2073 —38227 929567 —28820619 1109652905

Designating the Bernoulli numbers by B, (i.e., B, = B1)(0)), we know (see [10])
that:

Genocchi’s Theorem.
GQm =2m Egm_1(0), (13)
where F,(x) denotes the Euler polynomials.
According to [10], the Euler numbers E,, are defined by

E,=2"En(3),

and not by the value E,(0) = EM(0).

A recent appearance of Genocchi numbers occurs in [10], where the author investigates
integers arising from the Bessel function J;(z). In this context, Genocchi numbers appear
as part of the value of o9, (v), the Rayleigh function.

GENERALIZED GENOCCHI POLYNOMIALS

Definition and Basic Properties. The generalized Genocchi polynomials of order k,
denoted by G%k) (x), are defined by

2t \F L & tn

This definition implies that
GFz)y=0 (n<k), (1.5)
and moreover,
G%O)(x) =z".

Polynomials and special number sequences play important roles in various scientific
disciplines, including pure and applied mathematics, physics, and engineering. They
are frequently encountered in areas such as fluid dynamics, number theory, quantum
mechanics, differential equations, and mathematical physics (see [4, 16, 17]). Duran et
al. [8] studied Bell-based Bernoulli polynomials and their applications. Husain et al. [12]

investigated the properties of Bell-based Apostol-Bernoulli polynomials, while Khan et
al. [13] explored Bell-based Euler polynomials and their applications.
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Inspired by these developments, the present study examines the Apostol-Genocchi
polynomials of degree 1 in the framework of Bell polynomials. We establish several
properties, including correlation formulas, derivative identities, implicit summation for-
mulas, relations with Stirling numbers, and several special cases. Furthermore, we derive
symmetric identities and discuss their connections to known identities in the literature.

To introduce a new family of Apostol-Genocchi polynomials of order 7, we make use
of the truncated exponential polynomials e, (z) (see [1, 6, 19, 20]) defined as follows:

m r

em(z) =Y % (m € No) (1.6)

r=0
which are the first m + 1 terms of the Maclaurin series for e”.
The gamma function[1, 20])

T(z) = /0 et dr (R(z) > 0) (1.7)
in particularly,
Pm+1)=m!= /OOO e~ "t"™dt (m € Np) (1.8)
we obtain(see,[6])
em () = % /OOO ez +t)mdt (m e No) (1.9)

The Truncated Exponential polynomials e, (u) are defined by the generating function
(see [6],

eﬁt o0

— = em()t™,  (Jt| < 1). (1.10)
(P

The generating relation (1.10)can be easily derived by taking the Cauchy product of
the two Maclaurin series e®® and ;1. Differentiating both sides of identity(1.10) with
respect to the variables ¢t and x, respectively, yields the following differential- recurisve
relation (see [6]

dii:em(x) =em-1(z), (meN) (1.11)
and
em+1(z) = (1 + ﬁ <1 - %)) em(x) (m € Np). (1.12)

These two relations are incorporated to give the second-order differential equation (see

[6]-

em(z) =0, (m € Np). (1.13)

d2 d
e 4
{x dx? (m + ) dx +
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The applications of Genocchi polynomials can be observed in number theory and
classical analysis. They play important role in integral representation of differentiable
periodic functions. They are also used to approximate the differentiable periodic func-
tions in terms of polynomials.[22, 3, 11].

The Genocchi polynomials G, (x) and the Genocchi numbers G, (0) are defined by the
following generating function (see [3, 21]):

2t — 1"
xt _ e
(1) =2 O < m (1.14)
If we take x = 0, then the Genocchi number G,,(0) = G,, is defined by
= e, (<) (1.15)
= —ln ) T :
er+1  “=nl
The generating function of the Genocchi polynomials of order v (see [21, 23]) is as
follows:
= t" 2t \7
(M (gl — ot 17—
;}Gn (o =e (et+1> ;o (It <m 17 :=1) (1.16)

If we take z = 0 in (1.14), i.e., G%V)(O) = GS), they are called the Genocchi numbers,
defined as follows:

> " 2t \?
M _ 1.1
%Gn n! (et+1) ’ (1.17)

The generating function of the generalized Apostol-Genocchi polynomial Gy, (z, A) of
order v € C (see [5, 18, 23]) is as follows:

xt 2t )’Y_ Ooﬁ ) o o
« }</\et+1 _r;)n!Gn (x;A), (t+logh<m 17 :=1), (1.18)

with
G (w51) = GO (), (1.19)

and
GO0 0) =G (), (1.20)

They are known as the Apostol-Genocchi numbers GSJ) (M) of order 7. The second-kind
Stirling polynomials, denoted as S3(n, k;x), and Stirling numbers, denoted as Sa(n, k),
have generating functions defined as (see[1])

X:SQ(n,k:;ac)i = u, (1.21)

! |
"0 n! k!
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when © = 0 in (1.21), i.e., Sa(n,k) are known as the Stirling numbers (exponential
generating function), the generating function is as follows (see[1])

et -1
> Sa(n, k T (1.22)

n>0

2. New Family of truncated exponential based Apostol-Genocchi
polynomials

Here, we define the generating function of the new family of truncated exponential
based Genocchi-Apostol polynomials of order v. We also derive correlation formulae for
truncated exponential based Genocchi-Apostol polynomials of order +.

Definition 2.1 The generating function of truncated exponential based Apostol-
Genocchi polynomials of order v can be defined in the following way.
For arbitrary v € C and n € N, we defined truncated Exponential Based Apostol Genoc-
chi polynomials of order v by means of following generating function:

et 2t \7 &
— () . 1Y =
(1_yt)' <)\et_1) TLZ::O(eGn )((L‘,y7)\),(|t+10g/\| <7Tv]- . 1)7 (21>

Subsituting x = 0 and y = 1 in (2.1), let us define a Truncated Exponential based
Apostol Genocchi polynomials of order ~ydefine as:

G0 PV i _1yt). <Aeft_ 1)7 (2.2)

Remark 2.1 if we choose v = 0 in 2.1 we have to reduce Truncated Exponential
based Apostol Genocchi polynomials of order = reduce to the truncated exponential
polynomial.

Z GO (2, y; \)—. (2.3)
1 —yt o n!

Remark 2.2 if we choose y = 0 , and A= 1 in 2.1 we obtain familiar Genocchi
polynomials of order G, v)(x) of order v (see [14,15] :

o) ot (Z2 N St e
n=
Remark 2.3 if we choose y=0,y=1and XA =1 in 2.1 Truncated Exponential based
Apostol Genocchi polynomials of order eG,(ﬁ) (x,y) reduces to usual Genocchi polynomial

B, (x)

2t = "
n=0 :

Remark 2.4 If we choose A = 1 then 2.1 reduces to truncated based polynomials of
order 7 .
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> xt ¥
) B 2
PLCHIENY (1_yt> () ZGnexy . (26)
Theorem 1. For v € C and n € N, the following relation holds true:
" (n
eng’Y) (%y; )‘) = Z (k‘) GI(;Y) ({E; /\)en—k(y>' (27)
k=0
Proof. By using relation (2.1), we have:
n o xt
™ .At_:( 2t ) G
ZeG” (@ y; )n! Aet +1 11—yt

n>0

- ()
det +1 1—yt

(I;G ’Y) (z; ) k') (T;OE ) (2.8)

Applying series rearrangement, we obtain

=2 <i (Z) ay (:v;A)En-k(y)> g (2.9)

n>0 \k=0
After simplification using series rearrangement, we obtain the desired result (2.7). O

Theorem 2. Consider v € C and n € N, the following relation holds true:

Gy N =Y (Z) G ) Ena(:9) (2.10)

k=0
Proof. By using result (2.1), we obtain

n 2zt
(g ) o = (2 )7 G

() e )

{ZG“ } {ZE z,y)— } (2.11)

Applying the series rearrangement, we obtain

=2 {i (Z) G?)(A)Enk(y)} g (2.12)

n>0 (k=0
After simplification using series rearrangement, we obtain the result (2.10).
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Theorem 3. Fory € C and n € N, following relation holds true:

G (2,3 \) = 2”: <Z> eG,(:)(y;)\) 2z K, (2.13)

k=0
Proof. By using result (2.1), we obtain

tn 21 ot e2xt
GO (@ ( ) . ,
(@45 A) n! et +1 (1—yt)

={(Aiil)”}{afyt)}-e“

FY) ' 2xt™
et {2 o)

= {3367 (A

n>0 k>0

t n+k
(2.14)

.3_| 8,

Applying the series rearrangement, we obtain

= {Xn: (Z) Gy (y; ) - 227 y’“} g (2.15)

n>0 k=0
After simplification by using series rearrangement, we obtain the result (2.13).
d
Theorem 4. Consider v € C and n € N, the following relation holds true:
" fn
G (@ +y, 50 =Y ( k) G (@ N Enei(y, 2). (2.16)
k=0

Proof. By using result (2.1), we obtain

21 7 e(Rrty)t
)\et—l-l) C(1—zt)

() e,
() e )

{ZGW):M }{ZE yi 2 } (2.17)

G (@t y, 2 \) = (

n>0 n>0
After simplification by using series rearrangement, we obtained the result (2.16). O
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3. Implicit Summation Formulae

This section devoted to derive the useful identities such as the implicit summation
formulae for the truncated exponential based Apostal polynomials of order ~.

Theorem 5. For arbitrary n € N and v1,v2 € C, we have the following identity:

n

eGgﬂ—Pm)(xl + x2,Y; )‘) = Z <Z> 6G§:1) (xla Y; >‘) 6GSL’Y,23<; ($2, Y3 )‘) (31)
k=0

Proof. By using the following identity in relation (2.1):

( 2% )’Yl+"/2 e2(@1tza)t B < ot >v1 g2zt < t >72 e2xat
et +1 L—yt  \ et +1 1—yt \ et — 1 1—yt

Z G(%) (21, : \)— tt Z GO (g )\)tk
1, Y ]{?' 2,Y; k!

k>0 n>0
n
n!

_ () o) !
ZZ G -7317,% )k‘ eGn’YQ (xQ’y’)\)n

n>0k>0
t?’l
= ZE”;) G (m ) (z1,y; )k' eG(W)(J:g,y, )\)
n tn
= {Z <k> G (@1, N) G2 (22,9 /\)} a (3.2)
n>0 | k>0 :

After simplification by using series rearrangement, we obtain the result (3.1).

= Z( ) GO (21,53 A) oGO (22, 33 M) (3.3)

Theorem 6. For arbitrary n € N and v1,v2 € C, we have the following identity:

ARG VAERT Z Z ( )( ) (2= 2" G @y N, (34)

n=0m=0

Proof. We use the following well-known series manipulation formula:

:EJr > " ym
Zf y) -3 f(n—i—m)m%. (3.5)

n,m=0

By replacing ¢ With t+ v in (2.1), we obtain:

2(t+v) 7 ettv—1 72,T v (t+v)n
{(—WUH) }{ew )} = e2elee) S G0y N

k,l=0
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2(t + U) 7 y(ettv—1) —2I(t+v tk ol
{(W> } {e } k:;o Gk+l Z,Y; )k. WE (3.6)
Now, replacing « with z in the equation above:
2t +0) \ [ et _ -2e(ehe) o) tk !
{<W> }{e } k;o Grn(2, 43 0) 1577 (3.7)
From equations (6) and (3.7), we get:
tk kol
U 2 z—2z)(t+v) th v
MZO Gk+l z,Y; )k'ﬂ = ¢2(@=2)( MZO Gk+l 2,; )\)Eﬂ (3.8)
Next, we have:
S tk !
= Z (z— 2) n+m Z G](€7+)l (x,y; \) = (3.9)
n,m=0 n' ’/TL' k,1=0 k'l

Finally, simplifying the expression:

_Z Z ( )( > 72)n+mt§!% Ggﬁl e (T Y3 ), (3.10)

k=0mn,m=0
which proves the result. U

Theorem 7. For arbitrary n € N and v1,v2 € C, we have the following identity:

" nfn+1
eGng(x + 1, y; ) Gn—i—l(ZB Y; ) = Z 2 ( k ) eG;(:)(%y; )\) (311)
k=0
Proof. Using the relation (2.1), we get
Q) ) ¢
eGn+1(x + 1 » Ys )‘)_ - G (ZC Y; )\)E (312)
Applying the generating function,
2% (V) (2z+1)t o (v)  p2at
= ( > ¢ - < ) S (3.13)
Aet +1 11—yt Aet +1 1—yt
Expanding the series,
9 (7) ,(2z+1)t 9 (v) 2zt 2)"
:< t ) ¢ _< ¢ ) N i C) i (3.14)
et +1 1—yt et +1 1—yt = (n—1)!
Rewriting the sum representation,
tk t" +k
= ZeGk(I,y; )\)H +1 ' Contk (3.15)
k>0 iso (n+1)!

Finally, simplifying leads to:
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- Zzn<”+ ) GO (2, y; \). (3.16)

Theorem 8. For v = 1 and n € N |, the following relation hold true:
1
en(l‘7 y) = n—_H {)\eGn-‘rl(fE +1,y; /\) e Gn+1(.’11, Y; )‘)} (317)

Proof. using the result (2.1) for v = 1 and defination of bivariate bell polynomials ,we
get

we have ,

n 2xt
ZGn(w,y;A)t— = i{ ‘ }

t
= n!l et +1

t_
:(Aet 1) ZG T,y A

n>0
e

el —1 2t et
ot et +11—yt
1 \ 2% e(2:c+1)t 2% 62;1:25
Tt <Aet+1) 11—yt _(Aet+1>1—yt '

1 tn £
— AgoG T4+ Ly A = Gnel@, g N (3.18)

tn
o (3.19)

= n+1 > Gz + 1,43 A) —e Gu(z,1:0)}
n>0
by equating the both side , we obtained the result(3.8) O

Theorem 9. Ifn >0 and v € C, the following relation holds:

G (z,y; A ZZ( ) 2)kS2(4. k) G (35 ), (3.20)

where So(j, k) denotes the Stirling numbers of the second kind.
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Proof. We begin with the generating function:

oo n o7 2zt
S GOy = ( 2t ) ¢
nzoeG” (@, 4; )n! Xet+1) 1—yt

Rewrite €% = (1 + (e — 1))

tn 2t \7 1 & (e?t — 1)k
) V) — 2 : A
Z oG (2,4 /\>n! ()\et + 1) 1—yt kzo(x>k k! ’

n>0

Now apply the Stirling expansion

=S S0 k) (2t
j=0

to obtain

n>0 k=0 j=0
Rearranging the product of exponential generating functions gives
i m
Z Gy ) = 20 (ZMZ ( ) )20, k) oG (v A)) o
n= J 0

Comparing coefficients of ¢ /n! yields the desired identity. O

4. DERIVATIVE FORMULA

Theorem 10. for all ne N the partial derivative Truncated FExponential based Apostol
Bernoulli polynomials of ordery w.r.t as follows:

0

o L O @iy N} = 20 G () (4.1)
Proof. Using the following relation:
3( o2t ) _ 2t€2:rt, (42)
or \1—yt 11—yt
From equations (4.2) and (2.1), we have:
(G ) = 20,6 (a5 0). (4.3)

O

Theorem 11. The partial derivative w.r.t y of Truncated Fxponential based Bernoulli
polynomials of order ~ as follows:

S { G} - Zk( ) O, (23 New1(v) (4.4)

k>0

105
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Proof. First, we compute the derivative of rlyt):

0 1 -1 t
oz {(1 — yt)} T2 " (=)= (1 —y1)2 (4.5)

t t
BTN (4.6)

Now, using the relation (2.1), we take the derivative of the series:
o) S G0 i ) t" o) ( 2t )7 et
“ s\ b = .
ox Tm AT Y AT Oz | \ et +1 1—yt

n>0
A t y y

tn tk
_ ) (g2 0y . v U
=" Gy (53 0) Zenfkk! k

n>0 © k>0
ST AN ¢
=n) k|, | eGlp(@iy Nera(y) - (4.7)
k>0
By equating both sides, we obtain the result (4.3). 0

5. CONCLUSION

Inspired by mized polynomial applications, we propose a novel family of truncated
exponential-based Apostol-Genocchi polynomials of order v and examine their various
beneficial identities, such as correlation formulas, implicit summation formulae, and
derivative formulas.

Based on the findings of this study, we may define other mized-type polynomials such
as truncated exponential based Apostol-Euler polynomials and truncated exponential based
Apostol-Bernoulli polynomials in the future.
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