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Abstract

We use known results about sum of squares to obtain identities
involving Bell polynomials, Stirling numbers and the sum of divisors
function.
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1 Introduction

Li [1, 2] deduced the relation:

k
Ri(n) = 3 (~ 1) (’“) ), n> L, )

where r;(n) and Ri(n) denote the number of representations of n as a
sum of j squares [3-5] and k& nonvanishing squares [3], respectively.
On the other hand, we know [6-8] that 7(n) is a polynomial in k of degree

n, with the structure:
n

rr(n) = Z a(n, DK, (2)

=1



78

H. Kumar, T. Kim, R. C. Singh Chandel, J. Lopez—-Bonilla

whose application in (2) gives the interesting expression:

n

Ri(n) = k1 " a(n,1)S}, (3)

1=1
where participate the Stirling numbers of the second kind [9-11] such that:

l

amJy:%Bmmmuyuumwumn—mAm—z+n% (@)

involving the partial Bell polynomials [6, 12-14] and the sum of divisors
function o(m)[15-17]:

ol — o ()
A(n) = o is even , (5)
o(n), n is odd ,

besides, the values A(1) =1, A(2) = -2, A(3) =4, A(4) = —4,.. .,
give the sequence A186690 [18]:

1,-2,4,—4,6,—8,8,—8,13, —12,12, —16, 14, —16, 24, —16, 18, —26, 20, —24,
32,-24,24,—32,31,—28, ... (6)

In Sec. 2 we employ (3), (4) and certain results for Ri(n) [2,3] to ob-
tain identities involving Stirling numbers, sum of divisors function and Bell
polynomials.

2. Integers as a sum of nonvanishing squares

We know the following values for the number of representations of an integer
as a sum of nonvanishing squares [2]:
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0, k=1
Rgmzzm@@ Sﬁ) 4, k=2, Ru1(m)=0, m>2Ryon)=0, n>3,
0, k>3
4 8, k=3
A (ol gl g _ [ 8, _om-3,
Ru(3) 3k(%3 35! +g) -{& b2y Bnea(m) =27 m —3), m >4,
R,(n) =n! a(n,l)Sl[ I = nla(n,n) =2" n>1, (7)

and some of them can be applied in (3) and (4) to deduce identities, for
example:

i:?BmmMﬂ%“Jn—MAM—Z+U)

l=n—a

[n—a] o 07 a = 1, 2
) _{SQWDA—& n>a+1 ®)

The results indicated by Grosswald [3] for Ry(n) imply via (3) and (4)
that:

=k

n=12,....k—1, 9)

and:
0, k=6Tandn=k+b beQ={1,24,5710,13},
C(n, k) = 0, k=4dandn=k+c¢, ce€QU{25 37},
0, k=bandn=%k+d, deQU{28}.
(10)

Remark. The sequence (5) can be written in terms of the sum of inverses
of odd divisors of n :

A(n) = (—1)”_1nZdlné (11)

odd
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such that [2, 19-23]:

3 (=1) (ﬁ)w(n) -y (=1) Ry (n) = %A(n) (12)

~ G\ ~
o0 0 ] 1.7 1 ,19//( )
J4
Aln _ (13)
; ; L—g¥ — 8930,9)°

involving a Jacobi theta function [24, 25].

References

1]

2]

W. Li, Singular connection and Riemann theta function, Topology and
its Applications 90(1-3) (1998), 149-163.

J. D. Bulnes, R. C. Singh Chandel, H. Kumar, P. S. Kota Reddy, J.
Lépez-Bonilla, Li’s relation involving the number of representations of

an integer as a sum of squares and application in difference equations,
Jnanabha 55(2) (2025), 37-41.

E. Grosswald, Representation of integers as sums of squares, Springer-
Verlag, New York (1985), Chap. 6.

C. J. Moreno, S. S. Wagstaft Jr, Sums of squares of integers, Chapman-
Hall/CRC, Boca Raton, F1, USA 2006.

G. E. Andrews, S. Kumar Jha, J. Lopez-Bonilla, Sums of squares, tri-
angular numbers, and divisor sums, J. of Integer Sequences 26 (2023),
Article 23.2.5.

H. Kumar, M. A. Pathan, M. Muniru Iddrisu, J. Lépez-Bonilla, Poly-
nomial expressions for certain arithmetic functions, J. of Mountain Res.
18(1) (2023), 1-10.

R. Sivaraman, J. Lopez-Bonilla, S. Vidal-Beltran, On the polynomial
structure of r¢(n), Indian J. of Advanced Maths. 3(2) (2023), 4-5.

R. Sivaraman, J. Lépez-Bonilla, S. Vidal-Beltrén, ry(n) is a polynomial
in k of degree n, Pandian J. of Math. Sci. 4(1) (2025), 45-47.



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]
[19]

[20]

[21]

Sum of squares and Bell polynomials

J. Quaintance, H. W. Gould, Combinatorial identities for Stirling num-
bers, World Scientific, Singapore 2016.

J. Lépez-Bonilla, S. Vidal-Beltran, A. Zuniga-Segundo, On the Gould’s
formula for Stirling numbers of the second kind, MathLAB J. 1(2)
(2018), 224-226.

A. Tturri-Hinojosa, J. Lopez-Bonilla, S. Vidal-Beltran, Some expressions
for Stirling numbers of the second kind, Furopean J. Appl. Sci. 11(4)
(2019), 1-3.

L. Comtet, Advanced combinatorics: the art of finite and infinite expan-
stons, D. Reidel, Dordrecht 1974.

D. Cvijovic, New identities for the partial Bell polynomials, Appl. Math.
Lett. 24 (2011), 1544-1547.

M. A. Pathan, H. Kumar, J. Lopez-Bonilla, H. Sherzad Taher, Identities
involving generalized Bernoulli numbers and partial Bell polynomials
with their applications, Jnanabha 53(1) (2023), 272-276.

R. Sivaramakrishnan, Classical theory of arithmetic functions, M.
Dekker, New York 1989.

G. Everest, T. Ward, An introduction to number theory, Springer-Verlag,
London 2005.

R. Sivaraman, J. D. Bulnes, J. Lopez-Bonilla, Sum of divisors function,
Int. J. of Maths. and Computer Res. 11(7) (2023), 3540-3542.

The On-Line Encyclopedia of Integer Sequences, https://oeis.org/.

J. W. L. Glaisher, Theorems in partitions, Messenger of Maths. 5 (1876)
91.

L. E. Dickson, History of the theory of numbers. II. Diophantine analy-
sis, Chelsea Pub., New York (1971), Chap. 9, page 3009.

S. Kumar Jha, An identity for the sum of inverses of odd divisors of n in
terms of the number of representations of n as a sum of squares, Rocky
Mountain J. Maths. 51(2) (2021), 581-583.

81



82 H. Kumar, T. Kim, R. C. Singh Chandel, J. L6pez—Bonilla

[22] H. E. Caicedo-Ortiz, J. Lopez-Bonilla, Expressions of Glaisher and Jha
to obtain the sum of inverses of odd divisors of an integer, Comput.
Appl. Math. Sci. 6(2) (2021), 23-24.

(23] J. L6pez-Bonilla, J. Yalja Montiel-Pérez, H. Sherzad Taher, Recurrence
relations and Jacobi theta functions, J. de Ciencia e Ingenieria 15(1)
(2023), 14-16.

[24] S. Cooper, Ramanujan’s theta functions, Springer, Switzerland 2017.

125] R. Roy, Elliptic and modular functions from Gauss to Dedekind to Hecke,
Cambridge University Press 2017.



