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ABSTRACT. The centerfree connected topological groups with compact con-

nected normal subgroups are described.

§ 1. INTRODUCTION

As is well known, a centerfree connected Lie group is linear. It is less
known that every group of this kind is the direct product of Iwasawa’s largest
compact connected centerfree normal subgroup N ([1], Theorem 14, and [5],
Proposition 1), and a centerfree Lie subgroup of elements commuting with NV
elementwise. These assertions were generalized in [5] to centerfree connected
locally compact groups.

We extend both results to centerfree connected topological groups admit-
ting a compact connected normal subgroup. The main tool is Iwasawa’s
decomposition theorem ([1], Theorem 1’; see also [2], Theorem 9.82, (i)).
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§ 2. PRELIMINARIES

Recall the details of Theorem 2 in [1]. This theorem claims that, if G is a
connected topological group and N a compact normal subgroup of G, then
the set H of all elements in G commuting with every element of N is a closed
normal subgroup of G and G = HN. Therefore, the centers Zy of H and
Zn of N are closed subgroups of the center Z of G.

Note that an element z € Z can be represented as the product z = h,n,.
It follows from

z=aza ' =ah.a"'n, = h.n,

for any a € H that

for any a € H, and hence h, € Zy. Similarly, n, € Zx. Next, it is clear that
HNNCZy

and, similarly,
HNN C Zy.

However, by (1.17) in [1], the intersection H N N is Zy. Similarly, H N
K = Zy. Hence Zny = Zp. Conversely, it is clear that any element of Zy

commutes with N and H, and thus commutes with G, which means that
Zn C Z. Similarly, Zy C Z. Thus,

L CLyln =24ZNn =2y,
Therefore,
2 CLysn CZ

and, finally,
Zn=Zy=NNH=17Z.

This completes the proof of the following assertion.

Proposition 1. Let G be a connected topological group, let N be a compact
normal subgroup of G, let H be the set of all elements in G commuting with
every element of N is a closed normal subgroup of G, and thus G = HN by
Twasawa’s decomposition theorem (Theorem 2 in [1]). Then

ZJ=HNN=/Zny=4Zy.
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In particular, G is centerfree if and only if N N H = {e}, and then N and
H are centerfree. In this case, G is the direct product of N and H ([1], the
text after (1.17)).

Iwasawa himself noted that HNN is contained in the center of G (see [[|the
end of the page 515]1)

8§ 3. MAIN RESULTS

Theorem 1. Let G be a connected topological group with trivial center. Let
N be a compact normal subgroup such that G/N is a Lie group. Then N is
connected.

Proof. Let there be a compact normal subgroup N such that G/N is a Lie
group and N # Ny, where Ny stands for the connected component of the
identity element in N. Then the quotient group GG/Ny has nontrivial center.
Indeed, N/Ny is a totally disconnected normal subgroup of the connected
group G/Np, and thus N/Ny is central in G/Ny. Therefore, the quotient
group G/Np is not isomorphic to H(Np). On the other hand,

G /Ny = (H(No)No)/No = H(No)/(H(No) N No)

(recall that Ny is compact and use § 3 of [3]). Therefore, the center of Ny
is nontrivial, and thus the center of GG is nontrivial. A contradiction. This
means that the assumption N # Ny cannot hold.

Theorem 2. Let G be a centerfree connected topological group with a com-
pact normal subgroup K. Let N be the normal subgroup formed by the el-
ements of G that commute with every element of K. Then K and N are
centerfree and G is the direct product of K and N.

Proof. The assertion immediately follows from Proposition 1.

Corollary 1. FEvery centerfree connected Lie-projective topological group is
a direct product of the greatest connected compact normal subgroup which
contains all other connected compact normal subgroups and is a centerfree
connected compact group (and thus a product of (possibly infinitely many)
centerfree simple Lie groups) and the centerfree normal subgroup elementwise
commuting with the compact normal subgroup.

The proof follows immediately from the above considerations.
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Corollary 2. FEvery centerfree connected Lie-projective topological group ad-
mits sufficiently many continuous (not necessarily unitary) finite-dimensio-
nal representations, which means that, for every nonidentity element g of
such a group, there is a continuous finite-dimensional representation of the
group for which the image of the element g differs from the identity operator
on the representation space.

Proof. Choose a neighborhood O of the identity element e in G that does not
contain the element g. Let N be a normal subgroup of GG such that N C O
and G/N is a Lie group. Then the canonical image 7y (g) of the element g in
G/N differs from the identity element of G/N. Since the Lie group G/N is
centerfree, its adjoint representation is faithful. Therefore, the composition
of the canonical homomorphism 7y and the adjoint representation of G/N
takes the element g to a nonidentity linear operator on the Lie algebra of
G/N (the representation space of the adjoint representation of G/N).

§ 5. COMMENTS ON LIE QUOTIENTS
BY CONNECTED NORMAL SUBGROUPS

There is a well-known characterization of connected finite-dimensional lo-
cally compact groups that are Lie groups. Namely, by Corollary 2.4 in [4],
a finite-dimensional connected locally compact group is a Lie group if and
only if the center of the group is a Lie group. This makes it possible to give a
simple criterion for a locally compact group to have “sufficiently many” con-
nected compact normal subgroups for the group to be the projective limit of
quotient Lie groups by connected compact normal subgroups.

Proposition 2. A connected locally compact group G is a projective limit
of its quotient Lie groups by connected compact normal subgroups if every
neighborhood O of the identity element contains a connected compact normal
subgroup No for which the quotient group Z/(Z N No), where Z stands for
the center of G, is a Lie group.

Proof. The condition concerning the quotient group of the center is necessary
by Corollary 2.4 in [4]. Conversely, let N be a connected compact normal
subgroup of G for which Z/(ZNN) is a Lie group. Then the group (ZN)/N,
which is canonically isomorphic to Z/(Z N N), is also a Lie group. If gN,
g € G, commutes with every element of G/N for any N, which gives gNhAN =
hNgN for every h € GG, then

gh = hgn(g.h)
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and
g 'h~'gh =n(g,h)

for some n = n(g,h) € N. Therefore, for any h € G there is an n(g,h) € N
such that h=tgh = gn(g,h). Since, for any neighborhood O of the zero
element, there is a connected normal subgroup N = Np with this property, it
follows that one can choose an n(g, h) € O for any O, and thus g~ *h~'gh = e
in G, which means that g € Z. In turn, this means that gN € ZN. We have
thus proved that the center of G/N is ZN/N, which is a Lie group, as was
noted above. It remains to use Corollary 2.4 in [4] in the other direction.
This completes the proof of the proposition.

Acknowledgments

I thank Professor Taekyun Kim for the invitation to publish this paper in
the Proceedings of the Jangjeon Mathematical Society.

REFERENCES

1. Iwasawa K., On some types of topological groups, Ann. of Math. (2) 50 (1949), 507—
558.

2. Hofmann K.-H. and Morris S. A., The Structure of Compact Groups. A primer for the
student—a handbook for the expert, de Gruyter Studies in Mathematics, 25, Walter
de Gruyter & Co., Berlin, 2006.

3. Weil A., L’intégration dans les groupes topologiques et ses applications. 2nd ed., Act.
Sc. Ind. No. 1145, Hermann, Paris, 1953.

4. Stroppel M., Lie theory for non-Lie groups, J. Lie Theory 4 (1994), no. 2, 257-284.

5. Shtern A. I., Centerfree connected locally compact groups, Proc. Jangjeon Math. Soc.
16 (2013), no. 4, 441-444.

DEPARTMENT OF MECHANICS AND MATHEMATICS,
Moscow STATE UNIVERSITY,
Moscow, 119991 RuSSIA, AND
NRC <KURCHATOV INSTITUTE> - SRISA,
Moscow, 117312 RuUSSIA, AND
Moscow CENTRE FOR FUNDAMENTAL AND APPLIED MATHEMATICS
Moscow, 119899 Russia
E-MAIL: aishtern@mtu-net.ru

75



