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PSEUDOCHARACTERS ON TOPOLOGICAL GROUPS
DEFINED BY PSEUDOCHARACTERS
ON DISCRETE QUOTIENT GROUPS

A. 1. SHTERN

ABSTRACT. We indicate necessary and sufficient conditions under which a
continuous pseudocharacter on a separated topological group is defined by a

pseudocharacter on a discrete quotient group of this group.

§ 1. INTRODUCTION

All topological groups under consideration satisfy the axiom T5.

For the information concerning pseudocharacters on groups, see [1]-[3].
Let G be a topological group, and let f be a continuous pseudocharacter
on G. Recall than the set ker f = {g € G : f(g) = 0} is called the kernel of
the pseudocharacter f and the set of all elements n € ker f such that

flgn) = f(g) forall geG

is called the center of the pseudocharacter f and is denoted by Z;. This set
is a closed normal subgroup of G [4].
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§ 2. PRELIMINARIES

Lemma 1. Let G be a topological group and let f be a continuous pseu-
docharacter on G. The following conditions are equivalent.
(i) The pseudocharacter f vanishes on an open normal subgroup of G.
(i1) The center Zg of f is open.

Proof. (i) = (ii) It follows from an obvious generalization of the assertion in
Theorem 4.1 d) of [4] (where locally compact groups are mentioned instead of
arbitrary separated topological groups) that, if a continuous pseudocharacter
f vanishes on a closed normal subgroup N of G, then this pseudocharacter
is defined by a pseudocharacter F' on the quotient group G/N by the rule
f = F om, where m stands for the cfnonical quotient mapping 7: G — G/N.
Therefore, f(gn) = f(g) for all ¢ € G, which means that N C Z;, which
immediately implies that Z; is open, since Z¢ is open by assumption.
The converse assertion is obvious.

§ 3. MAIN THEOREM

Theorem 1. Let G be a topological group and let f be a continuous pseu-
docharacter on G. The following conditions are equivalent.

(i) There is a discrete quotient group G/N of G with the canonical mapping
m:G — G/N and a continuous pseudocharacter F' on G/N such that f =
Fom.

(ii) The pseudocharacter F wvanishes on sone open normal subgroup N
of G.

(iii) The center Zy of the pseudocharacter f is open.

Proof.

(i) = (i)

If G/N is discrete, then the identity element eq,y is open in G//N, and
by the continuity of 7, the kernel N of 7 is an open normal subgroup of G.
This means that (ii) holds.

(il) = (iii)

This follows from the lemma.

(iii) = (i)

This follows from the obvious generalized version, for the separated topo-
logical groups, of the assertion in Theorem 4.1 d) of [4], as in Lemma 1.
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§ 4. DISCUSSION

The values of every ordinary continuous additive real character on a to-
tally disconnected locally compact group admitting a compact open normal
subgroup are bounded on some compact open normal subgroup, and hence
the restriction of this character to the chosen compact open normal subgroup
vanishes. Therefore, the kernel of this character is open, and thus the char-
acter is defined by a character of the quotient group of the original group by
the kernel of this character. The above theorem shows that, for continuous
pseudocharacters, the situation is similar.
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