Proceedings of the Jangjeon Mathematical Society www.jangjeon.or.kr
28 (2025), No. 3, pp. 353 - 370 http://dx.doi.org/10.17777/pjms2025.28.3.353

ON r— DYNAMIC COLORING OF EDGE CORONATION
OF GRAPHS

NANDINI.G, VENKATACHALAM. M, LOKESHA. V, AND DAFIK

ABSTRACT. Let G = (V(G), E(G)) be a graph with vertex set V(G) and
edge set F(G). The edge corona of G1 and G> is denoted by G1 ¢ G2 is
the graph obtained by taking m; copies of G2 and then joining the end
vertices of i-th edge of G'1 to every vertex in the i-th copy of G2. An
r-dynamic coloring of a graph G is a proper coloring ¢ of the vertices
such that |[¢(N(v))| > min{r,d(v)}, for each v € V(G). The r-dynamic
chromatic number of a graph G is the minimum k such that G has a
r-dynamic coloring with k colors. In this paper, we obtain the r-dynamic
chromatic number of the edge corona of the path and several graphs.
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graph, double star graph, edge corona, fan graph, path, prism graph,
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1. INTRODUCTION

The r-dynamic chromatic number was first introduced by Montgomery [3].
It is also studied under the name - hued [16], [17]. An r-dynamic coloring
of a graph G is a proper coloring and it maps ¢ from V(G) to the set of
colors such that (i) if uv € E(G), then c(u) # c¢(v), and (ii) for each vertex
v € V(G), |e(N(v))| > min{r,d(v)}, where N(v) denotes the set of vertices
adjacent to v, d(v) its degree and r is a positive integer. The r-dynamic
chromatic number of a graph G, written y,.(G), is the minimum & such that
G has a r-dynamic proper k-coloring. In this paper, we consider only the
graphs which are simple, finite, loopless, and connected. For all terms and
definitions that are not specifically defined in this paper, we refer to [2]. The
r-dynamic chromatic number has been studied by many authors, for example
in [1,2,5-10,12-15].

2. PRELIMINARIES

Let G be a graph with n; vertices and m; edges. Let G5 be a graph with
ng vertices and mo edges. The edge corona [4] of G; and G3 is denoted by
G1 © G4 is the graph obtained by taking m; copies of G2 and then joining
the end vertices of i-th edge of G; to every vertex in the i-th copy of Ga.

Lemma 2.1. [11] x,(G) > min{r,A(G)} + 1
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3. RESULTS

In this section, we find the r-dynamic chromatic number of Edge Corona
of Path with Path, Cycle, Complete graph, Complete Bipartite graph, Fan
graph, Double star graph and Prism graph. Firstly we will show the lower
bounds of r-dynamic chromatic number of the graphs and we prove our
theorems.

Lemma 3.1. Let P, ¢ P,, be the Edge Corona of a path graph P, with P,,.
The lower bound of r-dynamic chromatic number of P, ¢ Py, is

4, 1<r<o(P,oPp)—1,
Xr(Pno Pn) > 4r+1, §(P,oPp) <r < A(P,oPp) — 1,
A(P,oPp)+1, r> A(P, o Py).

Proof. Let V (P,o Py) = {yi:1<i<n} U
{z;j:1<i<n—-1,1<j<m} and E(P,o Py) =
{yivit1:1<i<n-1} U {xijxi(jﬂ):1§i§n71,1§j§m71} U

{Zijyi, Tijyir1 11 <1 <n—1,1 <5 <m}.

For 1 <r < 4(P,o Py)—1, by the definition of the Edge Corona graph,
the vertices V' = {4, %;(j11), ¥, ¥ir1}(1 <0 <n — 1,1 < j <m — 1) induce
a clique of order Ky in P, ¢ P,,. Thus x,(P, ¢ Py) > 4.

For §(P,oP,,) <r < A(P,oP,)—1, based on Lemma 2.1, we have x,(G) >
min {r, A(G)} + 1 such that x,(P, ¢ Pp) > min{r,A(P,o Pyp)}+1=r+1.

For r > A(P, ¢ Py,) ,we obtain x,(P, ¢ Py) > min{r,A(P,o Py)}+1=
A(P, ¢ Pp,) + 1. It concludes the proof. O

Theorem 3.2. Let n,m > 3, the r-dynamic chromatic number of P, ¢ Py, is

4,1<r<3,
Xr(PpoPp)=qr+1,4<r<A-1,
2m + 3,7 > A.

Proof. The maximum and the minimum degrees of P, ¢ Py, are A(P,¢Py,) =
2m + 2 and (P, ¢ P,,) = 4, respectively.

Case 1: 1 <r <3

Based on the Lemma 3.1 , the lower bound is x, (P, ¢ Py,) > 4 . To show
the upper bound, we define a map C; : V (P, ¢ P,) — {1,2,3,4} by the
following.

Cl(yl,yg, e ,yn) = {1, 2, 1, 2, 1, 2, .o }

Cy (i1, i, - -« Tim) = {3,4,3,4,3,4,...}.

Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
X?“(Pn < Pm) < 4. Thus, Xlgrgg(Pn <>Pm) =4.

Case 2: 4<r<A-1

Based on the Lemma 3.1, the lower bound is x, (P, ¢ P,) > r+ 1. To show
the upper bound, we define a map Cy : V (P, o P,) — {1,2,...,r+ 1} by
the following.

Co(y1,y2, -+, yn) = {1,2,1,2,...}

Subcase (i): r <m+1

Cg(acil,xig,...,x,-m) = {3,47...77’—1— 1,3,4,.. }
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Subcase (ii): r > m +1

If n is even

For 1 <i<(n-—2)/2,

Cz(x(%—m’ L(2i—1)25 « = » L(2i—1)m> L(2i)15 L(24)25 - - - 7$(2i)m) =
{3,4,...,7+1,3,4,...}

CQ('r(n—l)lvx(n—l)% . ,x(n_l)m) ={3,4,...,m+2}

If n is odd
For1<i<(n-1)/2,
02(13(21‘71)17 T(2i-1)25 + + - » L(2i—1)m> L(2i)1> L(24)25 - - - 71'(2i)m) =

{3,4,...,7+1,3,4,...}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
Xr(Pp o Pp) <r+1. Thus, xa<r<a—1(Pn ¢ Pp) =1+ 1.

Case 3: r > A

Based on the Lemma 3.1, the lower bound is x, (P, ¢ Pp) > A(P,oPp)+1 =
2m 4+ 2+ 1 = 2m + 3 . To show the upper bound, we define a map
Cs:V (P,oPy)—{1,2,...,2m + 3} by the following.

Cg(yl, Y2, ... 7yn) == {1, 2, 3, 1, 2, 3, .. }

For1<i<(n-2)/2,

03(1’(21‘71)17 L(2i—1)25 + + s L(2i—1)m» T(24)1> L(20)25 - - - »$(2i)m) =
{4,5,...,2m + 3}

C3(T(n-1)1s T(n-1)2 - - -+ T(n—1)m) = {45, ..., m + 3}

If n is odd
For1<i<(n—-1)/2,
03(33(2@'—1)1, L(2i-1)25 « - » L(2i—1)m> L(2i)15 L(24)25 - - - 7$(2i)m) =

{4,5,...,2m + 3}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
Xr(Pn ¢ Pp) < 2m+ 3. Thus, x;>aA(P, ¢ Py) = 2m + 3. It completes the
proof. O

Lemma 3.3. Let P, o C,, be the Edge Corona of a path graph P, with C,,.
The lower bound of r-dynamic chromatic number of P, ¢ Cy, is

4, 1<r<§(PyoPy)—1,
Xr(ProoCpm) > 7 +1, §(ProPp) <r<A(P,0Cp)—1,
A(P,oCp) +1, 1> A(P, 0 Cp).

Proof. Let V (P, oCp) ={yi : 1 <i<n}U{zy;: 1 <i<n—-1,1<j<m}
and E (P, oCyp) = {viyit1 : 1 <i<n-—1} U
{xijxi(jﬂ) : 1Sign—l,lgjgm—l}u{xﬂxim:1§i§n—1}u
{Zijyi, Tijyir1 : 1 <1 <n—1,1<j <m}.

For 1 <r < §(P,oCp)— 1, by the definition of the Edge Corona graph,
the vertices V' = {4, ¥;(j41), ¥, ¥ir1}(1 <0 <n — 1,1 < j <m — 1) induce
a clique of order Ky in P, ¢ Cp,. Thus x,(P, ¢ Cp,) > 4.

For §(P, ¢ Cp) <1 < A(P, ¢ Cy,) — 1, based on Lemma 2.1, we have
Xr(G) > min{r, A(G)} + 1 such that x, (P, ¢ Cp) > min {r, A(P, o Cp)} +
1=r+1.

For r > A(P,, ¢ Cy,) ,we obtain x, (P, ¢ Cp,) > min{r,A(P,oCp)}+1=
A(P, ¢ Cy,) + 1. It concludes the proof. O
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Theorem 3.4. Let n,m > 3, the r-dynamic chromatic number of P, o Cy, is

4,1 <r <3, mis even,
5,1 <r <3, mis odd,
5,r =4, m = 0(mod3),
7,7 =4,5, m =25,

Xr (P o Cin) = 6,7 =4, m otherwise,
6,r =5, m#5,
r+1,6<r<A-1,
2m +3,r > A.

Proof. The maximum and the minimum degrees of P,, oCy, are A(P,,0Cy,) =
2m + 2 and 0(P, o Cy,) = 4, respectively.

Case 1: 1 <r<3

Sub case 1: m is even

Based on the Lemma 3.3 , the lower bound is x,(P, ¢ Cy,) > 4 . To show
the upper bound, we define a map C; : V (P, ¢ Cy,) — {1,2,3,4} by the
following.

Cl(yl,yg, e ,yn) = {1, 2, ]., 2, 17 2, . }

C1(Z‘Z’1, Ly« v oy xim) = {3,47 3, 4, s }

Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
Xr(Pn o Cp) <4 . Thus, x1<r<3(Pn ¢ Cp) =4, mis even .

Sub case 2: m is odd

Based on the Lemma 3.3 , the lower bound is x,(P, ¢ Cp,) > 4. However,
we can not attain the best lower bound. Suppose x;,(P, ¢ Cy,) = 4. Define a
map Cy : V (P, 0 Cp) — {1,2,3,4} by the following.

Cg(yl, Y2,y e evy yn) = {1, 2, ]., 2, ]., 2, . }

Cg(xﬂ, L2y« -« xi(m_l)) = {3, 4, 3,4, e ,3, 4}

If we choose any of the colors {c1, ca,c3,c4} to color the vertex @i, , it
contradicts to the adjacency condition. Thus, it concludes that x,(P,oCyp,) >
5.

To show the upper bound, we define a map Cy : V(P,oCp) —
{1,2,3,4,5} by the following.

Cg(yl, Y2, . v vy yn) = {1, 2, 1, 2, 17 2, .. }

02(331‘1, Ly« v vy Iim) = {3,47 3, 4, ey 3,4, 5}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
Xr(Pn o Cp) <5 . Thus, x1<r<3(Pp ¢ Cp) =5, m is odd.

Case 2: r=4

Based on the Lemma 3.3, the lower bound is x,(P, ¢ Cy,) > 7+ 1=5.
Sub case 1: m =0 (mod 3)

To show the upper bound, we define a map Cs : V (P, o Cp,) — {1,2,...,5}
by the following.

C3(y1, 92,5 yn) = {1,2,1,2,1,2,.. .}

Cg(xﬂ, L2y evvy xim) = {3,47 5, 3, 4, 57 ey }

Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
Xr(Pn o Cp) <5 . Thus, xp=4(Pp ¢ Cp) =5, m=0 (mod 3).

Sub case 2: m =5
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However, we can not attain the best lower bound. Suppose x,(P,oCh,) = 5.

Define a map Cy : V (P, ¢ Cp,) — {1,2,3,4,5} by the following.
04(y1,y2, e ,ym) = {1,2, 1, 2, 1,2, .. }
Cu(zi1, mia, . . ., xi5) = {3,4,5, 3,4}

It implies |¢(N(x;1))| = 3. It contradicts with the r-dynamic condition,
|e(N(x1))] > 4. For the same reason x, (P, ¢ Cy,) # 6. Thus, it concludes
that x,(Po 0 Cr) > 7.

To show the upper bound, we define a map Cy : V (P, o Cp,) — {1,2,...,7}
by the following.

C4(y1, Y2,y yn) = {1, 2, 1, 2, 1, 2, .o }

C4($Z'1, T2y« - - ,.Z'im) = {3,47 5, 6, 7}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
Xr(Pp o Cp) <7 . Thus, xp=45(Pp0oCp) =7, m=25.

Sub case 3: For m otherwise.

However, we can not attain the best lower bound. To show the upper bound,
we define a map C5 : V (P, ¢ Cy,) — {1,2,...,6} by the following.

C5(y1, Y2, ... ,yn) = {1, 2, 1, 2, 1, 2, .o }

3,4,5,3,4,5,...,3,4,5,6, m = 1(mod3)
3,4,5,6,3,4,5,6,3,4,5,...,3,4,5, m = 2(mod3)
Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
Xr(Pn ¢ Cp) <6 . Thus, xp=4(Pp ¢ Cp,) =6, m=1,2 (mod 3).

Case 3: =5, m #5.

Based on the Lemma 3.3, the lower bound is x,(P, ¢ Cp) >7+1=6. To
show the upper bound, we define a map Cg : V (P, ¢ Cy,) — {1,2,3,4,5,6}
by the following.

Cﬁ(yl, Yo,y yn) = {1, 2, 1, 2, 1, 2, .. }

Sub case 1: m =3

If n is even

For1<i<(n-—2)/2,

Co(T(2i-1)1, T(2i-1)2: T(2i-1)3: T(20) 1, T(2i)25 T(20)3) = 13,4, 5,6,3,4}
C6(T(n—1)1> T(n—1)2) T(n—1)3) = 13,4, 5}

If n is odd

For1<i<(n-1)/2,

06(33(21'—1)1737(2z'—1)2»95(21‘—1)3”95(21')1796(21')2,33(21')3) ={3,4,5,6,3,4}

Sub case 2: m # 3

Cs(zi1, T2, - ., Tim) =

3,4,5,6,4,5,6,...,4,5 m = 0(mod3),m # 3
cﬁ(xila'r’ﬂv PN ,Iim) = 3,4,5,6,3,4, 57 ce ,3,4, 5m= 1(m0d3)
3,4,5,6,3,4,5,6,4,5,6,...,4,5,6 m = 2(mod3)
Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
Xr(Pn ¢ Cp) <6 . Thus, xy=5(P,¢Cp) =6, m#b5.
Case 4: 6<r<A-1
Based on the Lemma 3.3, the lower bound is x,(P, ¢ Cp,) > r+1 . To show
the upper bound, we define a map Cr : V (P, ¢ Cy,) — {1,2,...,7+ 1} by
the following.
Cr(y1, 92, yn) = {1,2,1,2,...}
Sub case 1: 6 <r<m+1
Cr(zi1, iz, - -« Tim) = {3,4,...,7+1,5,6,7,5,6,7,...}

357



358

Nandini. G. Venkatachalam. M, Lokesha. V and Dafk

Subcase 2: m+2<r<A-1

If n is even

For 1 <i<(n-—2)/2,

C7($(21‘—1)1a L(2i-1)25 « = » L(2i—1)m> L(2i)15 L(24)25 - - - 7$(2i)m) =
{3,4,...,7+1,3,4,...}

C?(I(n—l)lv L(n—1)25- - - 7x(n—1)m) = {3’ 4,...,m+ 2}

If n is odd
For1<i<(n-1)/2,
07(1’(21‘71)17 T(2i-1)25 + -+ » L(2i—1)m> L(2i)15 L(24)25 - - - >$(2i)m) =

{3,4,5,...,r+1,3,4,...}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
Xr(Pp o Cp) <7+ 1. Thus, xe<r<a—1(PnoCp) =1+ 1.

Case 5: r > A

Based on the Lemma 3.3 | the lower bound is x,(P,¢Cp,) > A(P,0Chp)+1 =
2m 4+ 2+ 1 = 2m + 3 . To show the upper bound, we define a map
Cs:V (P,oCp) — {1,2,...,2m + 3} by the following.

C’g(yl7 Yo,y yn) == {1, 2, 3, 1, 2, 3, .. }

If n is even

For1<i<(n-—2)/2,

Cs(l”(%q)ly L(2i—-1)25 + + s L(2i—1)m>» T(24)1> L(20)25 - - - ,‘T(Qi)m) =
{4,5,...,2m + 3}

C8(T(n-1)1s T(n-1)2 - - -+ T(n—1)m) = {4, 5, ..., m + 3}

If n is odd
For1<i<(n-1)/2,
CS(x(Qi—l)la L(2i—1)25 « + s L(2i—1)m> T(2i)1> L(20)25 - - - 795(21‘)m) =

{4,5,...,2m + 3}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
Xr(Pp ¢ Cp) < 2m + 3. Thus, xy>a(Pn ¢ Cp) = 2m + 3. It completes the
proof. O

Lemma 3.5. Let P, ¢ K,,, be the Edge Corona of a path graph P, with K,,.
The lower bound of r-dynamic chromatic number of P, ¢ K., is

m+2, 1 <r <§P,o Kp),
Xr(PpoKm)>r+1, 6(ProKp)+1<r<A(P,oKy)—1,
A(P,oKp)+ 1, r > A(P, o Kpy,).

Proof. Let V(PpoKp) = {yi:1<i<n} U
{zij:1<i<(n—1),1<j<m} and

E(ProKp) ={yyit1:1<i< (n—1)}

U{xijxikzlgig (n—l),l§j§(m—1),2§k§m,k>j}u
{wijyi7xijyi+1 01 S 7 S (nf 1),1 S j S m} .

For 1 <r <4(P, o Kp,) , by the definition of the Edge Corona graph, the
vertices V' = {zij, ¥, i1 }(1 <i <n—1,1 < j < m) induce a clique of
order K42 in P, ¢ K. Thus x, (P o Kp) > m+2.

For §(P, ¢ K) +1 < r < A(P, ¢ K,;) — 1, based on Lemma
2.1, we have x,.(G) > min{r,A(G)} + 1 such that x,(P, ¢ K,,) >
min{r,A(P, o Kp)} +1=r+1.
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For r > A(P, o Kp,) ,we obtain x, (P, ¢ Kp,) > min{r,A(P, oK)} +1=
A(P, o Kp,) + 1. It concludes the proof. O

Theorem 3.6. Let n,m > 3, the r-dynamic chromatic number of P, ¢ Ky,
18

m+2,1<r<m+1,
Xr(PnoKp)=<qr+1m+2<r<A-—1,
2m 4+ 3,r > A.

Proof. The maximum and the minimum degrees of P,,o K, are A(P,0K,,) =
2m + 2 and (P, ¢ K,;,) = m + 1, respectively.

Case 1: 1 <r<m-+1

Based on the Lemma 3.5 , the lower bound is x;, (P, ¢ K;,) > m+2 . To show
the upper bound, we define a map C; : V (P, o Kp,) = {1,2,...,m + 2} by
the following.

Cl(yl,yg, ce ,yn) = {1, 2, 1, 2, 1, 2, .o }

For1 <i<(n-1), Ci(wn, i, -, Tim) = {3,4,...,m+ 2}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
X'r'(Pn <o Km) < m+ 2. Thus, Xlgrgm—i—l(Pn <o Km) =m-+2.

Case 2: m+2<r<A-1

Based on the Lemma 3.5 , the lower bound is x,(P, ¢ Ky,) > 7+ 1 . To show
the upper bound, we define a map Cs : V (P, oK) — {1,2,...,7+ 1} by
the following.

Cg(yl,yg, e 7yn) = {1, 2, 1, 2, .. }

If n is even

For1<i<(n-2)/2,

02(35(21‘71)17 L(2i—-1)25 + + s L(2i—1)m» L(24)1> L(20)25 - - - »éU(Qi)m) =
(3,4,...,r+1,3,4,...}

CoT(n-1)1s T(n-1)2 - - -+ T(n—1ym) = {3: 4, ..., m + 2}

If n is odd
For1<i<(n-1)/2,
02(35(21‘—1)1’ L(2i—1)25 « + s L(2i—1)m> T(2i)1> L(20)25 - - - 7$(2i)m) =

{3,4,5,...,r+1,3,4,...}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
Xr(Pp ¢ Kp) <r+ 1. Thus, Xm+2§r§A—1(Pn oKp)=r+1.

Case 3: r > A

Based on the Lemma 3.5 , the lower bound is x, (PoKp) > A(PoKp)+1 =
2m + 2+ 1 = 2m + 3 . To show the upper bound, we define a map
Cs:V (PyoKy)—{1,2,...,2m + 3} by the following.
Cg(yl, Y2,y yn) = {1, 2, 37 1, 2, 3, . }

If n is even

For1<i<(n-—2)/2,

03(95(22‘—1)1’ L(2i—1)25 - - - » T(2i—1)ym> L(24)1> L(24)25 - - - >$(2i)m)
{4,5,...,2m + 3}

C3(£(n—l)l» L(n—1)25- - - 7x(n—l)m) ={4,5,....m+3}

If n is odd
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For1<i<(n-—1)/2,

03(1”(21‘71)17 L(2i-1)25 « - +» L(2i—1)m> L(2i)15 L(24)2 - - - 7x(2i)m) =
{4,5,...,2m + 3}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
Xr(Pn ¢ Kim) < 2m+ 3. Thus, x;>aA(P, ¢ Kp,) = 2m + 3. It completes the
proof. O

Theorem 3.7. Let P, o K, ,, be the Edge Corona of a path P, with a
Complete Bipartite graph Ky, . For k > 3, m,n > 2,m <n, the r-dynamic
chromatic number of Py o Ky, 5 15

4,1<r <3,
2(r—1),4<r<m+2,
r+mm+3<r<n+2,
m+n+2n+3<r<m+n+1,
r+lm+n+2<r<A-1,

2m +2n+ 3,7 > A.

XT‘(Pk‘ <¢ Km,n) =

Proof. The graph P, o Kpun is connected graph

with vertex set V(Pyo Kmn) = {vi:1<i<k} U
{Zisyyir : 1 <i<k—1,1<s5<m,1 <t <n} and edge set
E (P OKm,n) = {U'L'Uz'-H 1<i<k-— 1} U

{Tisyi : 1 <i<k-1,1<s<m,1<t<n}U

{viis, ViYit, Vi1 Tis, Vig1¥ir 1 1 <1<k —1,1<s<m,1 <t <n}

The maximum and the minimum degrees of Py ¢ Ky, ,, are A(Py 0 Ky ) =
2(m+n+1) and (P © Ky, n) = m + 1, respectively.

By the definition of the Edge Corona graph, the vertices V =
{vi, V11, Tis, Yt J(1 < i < n—1,1 < s < m,1 <t < n) induce a clique
of order Ky in Py ¢ K, . Thus x; (P © Kppn) > 4.

Case 1: 1 <r <3

The upper bound for x, (P ¢ Kp,n) are by explicit construction.

Define a map C; : V (P o Kpm ) — {1,2,...,k} by the following.

Cl(’ljl, V2. ,Un) = {1, 2, 1,2, 1, 2, .. }

01(3’}1‘5) =3 and Cl(yit) =4

The map C; : V(P o K n) — {1,2,3,4} gives the upper bound
X1<r<3(Pr ¢ Kip) < 4.

Hence X1§r§3(Pk OKm’n> =4.

Case 2: 4<r<m-+2

Define a map Cy : V (P ¢ K ) — {1,2,...,k} by the following.
Ca(v1,v2,...,0n) =1{1,2,1,2,1,2,...}

Cz(l‘is) = {3747 cee 77",3, 3, .. }

Colya) ={r+1,r+2,....2(r=1),r+1,r+1,...,}

It is clear that Cy is a map Cy : V (P, o Ky ) = {1,2,...,2(r — 1)} .
Hence X4<r<m+2 (Pk < Km’n) = 2(7" — 1) .

Case 3: m+3<r<n+2

Define a map C5: V (P, ¢ Kmn) — {1,2,...,k} by the following.
Ca(vr,va, ... vn) = {1,2,1,2,1,2,...}

Cg(%‘is) = {3747 Lo, mA+ 2}

Cs(y) ={m+3,....r+m,m+3,m+3,...,}
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It is clear that Cs is a map C5: V (P, o Kpyp) — {1,2,...,2(r — 1)} .
Hence Xm+3<r<nt2(Pr o Kmpn) =r+m .

Case 4: n+3<r<m+n+1

Define a map Cy : V (P 0 K n) — {1,2,...,k} by the following.
Calvr,va,s ... vn) = {1,2,1,2,1,2,...}

Ca(xis) = {3,4,...,m+2}

Ca(yir) ={m+3,....m+n+2...,}

It is clear that Cy is amap Cy : V (P, o Kpyn) — {1,2,...,2(r — 1)} .
Hence Xnt3<r<min+1(Pe© Kmpn) =7 +m .

Case 5: m+n+2<r<A-1

Define a map C5 : V (P, o K n) — {1,2,...,k} by the following.

05(1}1,1)2,...,1)") = {1,2,172,1, ,...,}

If k is even

For1<i<(k—2)/2,

05(3?(21;1)17 s L(2i-1)ymoy Y(2i-1)15 -+ Y(2i—1)ns L(20) 15 - -+ 5 L(2i)yms Y(20)15 - -+ »

y(Qi)n) = {374,...,7‘+ 1,3,47...}

C5(T(1)1s -+ T 1)ms Yk—1)15 - - - Yk—1)n) = {3,4, ..., m+n+2}

If £ is odd

For 1 <i<(k—1)/2,

Cs(ﬂ?(%q)h sy T(2—1)my Y(2i—1)1s - -+ Y(2i—1)ny L(20) 15 - - - L(20)ymo Y(2i)15 - - +»
y(Qi)n) = {374,...,7‘+ 1,3,47...}

It is clear that Cs is amap Cs : V (Py o Kppy) = {1,2,...,7 + 1} .
Hence Xm+n+2§TSA71(Pk < Km,n) =r+1.

Case 6: 7 > A

Define a map Cg : V (P © Kimn) — {1,2,...,2m + 2n + 3} by the following.
C(j(’l)l,’ljg, ce ,Un) = {1, 2, 3, 1, 2, 3, .. }

If k is even
For1<i<(k—-2)/2,
06(55(21‘—1)17 s L(2i—1)yms Y(2i—1)15 - -+ Y(2i—1)ns L(2i) 15 - - 5 L(20)yms Y(20)1 - - +»

y(%)n) = {475, ceey 2m + 2n + 3}

Co(T(k=1)15 > T(k—1)m> Yk=1)1> - - s Y(h—1)n) = 14, 5,...,m +n + 3}

If k is odd

For1<i<(k—-1)/2,

06(55(21'—1)17 s L(2i—1)mo Y(2i—1)15 - - -5 Y(2i—1)n> L(240)15 - - =5 L(2i)mo> Y(2i) 15 - - - »
y(?i)n) = {475, ceey 2m + 2n + 3}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence,
Xr (P © Kmpn) < 2m + 2n+ 3. Thus, x;>A(Pr ¢ Kimp) = 2m + 2n+ 3. It
completes the proof. O

Lemma 3.8. Let P, ¢ Fi,, be the Edge Corona of a path graph P, with
Fy . The lower bound of r-dynamic chromatic number of P, o Fy p, is

5, 1 <r <0(PyoFim),
XT(PTLOFLW)Z T+17 6(Pn<>F1,m)+1STSA(PTLOFLm)_L
A(PnOFLm) +1, r> A(PnOFLm)‘
Proof. Let V (PpoFim) ={y;i: 1 <i<n}U{4;:1<i<(n—1)}
U{zjj:1<i<(n—1),1<j <m} and edge set
E(Py o Fim) = {yiyis1, vijzije1y s 1 <i < (n—1)} U
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{Aizij, Aiyi, AiYir1, TijYi, TijYim 1 1 <i < (n—1),1 < j <m}.

For 1 <r < (P, Fim) , by the definition of the Edge Corona graph, the
vertices

V= {5, Ti(j41), Ais Ui, vir1 }(1 <7 < (n — 1)) induce a clique of order Kj
in P, o Fi . Thus xr(Poo Fim) > 5.

For §(P, o Fipm) +1 <1 < A(P, o Fi,,) — 1, based on Lemma 2.1 , we
have x,(G) > min {A(G),r}+1=r+1. Forr > A(P, o F1 ) , we obtain
Xr (P o Fim) > min{r,A(P, o Fi )} +1=A(P, ¢ Fi,)+ 1. It concludes
the proof. O

Theorem 3.9. Let n,m > 3, the r-dynamic chromatic number of P, o F y, is

5,1 <r <4,
Xr(PpnoFim)=<r+1,<r<A-1,
2m + 5,7 > A.

Proof. The maximum and the minimum degrees of P, ¢ F ,,, are A(P, ¢
Fim) =2m+ 4 and §(P, © F1 ) = 4, respectively .

Case 1: 1 <r<4

Based on the Lemma 3.8, the lower bound is x,(P, ¢ F1,,) > 5 . To show
the upper bound, we define a map Cy : V (P, o F1 ) — {1,2,3,4,5} by the
following.

Cl(yl, Yo,y yn) = {1, 2, 1, 2, 17 2, .. }

FOI‘lSiﬁ(TL*l), Cl(Al):?)

C1(IZ’1, Ly« v vy xim) = {4, 57 4, 5, s }

Now, it is easy to check that r-adjacency condition is fulfilled. Hence
Xr(Pn <>F17m) < 5. Thus X1§r§4(Pn OFLm) = 5.

Case 2: 5<r<A-1

Based on the Lemma 3.8, the lower bound is x, (P, ¢ F1,m) > r+ 1. To show
the upper bound, we define a map Co : V (P, ¢ F1 ) — {1,2,...,7+ 1} by
the following.

Co(y1,92, -5 yn) = {1,2,1,2,...}

Subcase 1: 5<r<m-+2

For1<i<(n—1),Cs(4;)=3.

Cz(xﬂ,xig,...,.fim) = {4,5,...,7"—1— 1,4,5,6,...}

Subcase 2: m+3<r<A-1

If n is even

For1<i<(n-—2)/2,

C2(A2i-1,T(2i—1)15 T(2i=1)25 - - - » T(2i—1)m> A2, T(2i)1, T(20)25 - - - » T(2i)m) =
{3,4,5,...,r+1,4,5,...}

C2(An71, L(n—1)1> L(n—-1)25- - - ax(nfl)m) = {37 4,5,...,m+ 3}

If n is odd

For1<i<(n—-1)/2,

Ca(Azi-1, T(2i—1)15L(2i—1)25 - - - > L(2i—1)m> Ay, L(2i)1> L(23)25 -+ +» x(2i)m) =
{4,5,...,r+1,4,5,...}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence
XT’(PTL OFl,m) <r+1. Thus X5§7”§A—1(Pn <>F1,m) =r+1.

Subcase 3: r > A
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Based on the Lemma 3.8, the lower bound is x,(Pp ¢ F1,m) > A(Pp o Fim) +
1=m+3+4+1=m+4. To show the upper bound, we define a map
Cs:V (PyoFim)—{1,2,...,2m + 5} by the following.

C3(y17 Y2, - 7yn) = {17 2? 37 17 27 37 e }

If n is even

For1<i<(n-—2)/2,

C3(Agi—1, L(2i-1)1>L(2i—1)2) - - - s L(2i—1)m> Asi, L(24)1,X(20)2) - -+ » $(2i)m) =
{4,5,6,...,2m + 5}

03(14"—17 L(n—1)1> L(n—=1)25- -+ I(nfl)m) = {47 5,6,...,m+ 4}

If n is odd

For1<i<(n—-1)/2,

C3(A2i-1,T(2i— 1)1, T(2i-1)25 - - - » T(2i—1)m> A2, T(20)1, T(20)25 - - - » T(2i)m) =
{4,5,6,...,2m + 5}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence
Xr(Ppo Fim) < 2m+ 5. Thus xr>a (P ¢ Fim) = 2m + 5. It completes the
proof. O

Lemma 3.10. Let P, ¢ K1 mm be the Edge Corona of a path graph P, with
Kimm- The lower bound of r-dynamic chromatic number of Pp ¢ K1 mm is

4, 1<r< 5(Pn<>K1’m,m),
Xr(PnOKl,m,m) >er+1, 5(Pn <>[(l,m,m) +1<r< A(Pn <>I(l,m,m) -1,
A(Pn <& Kl,m,m) —+ 1, r> A(Pn OKl,m,m)-

Proof. Let V (P o Kimm) ={vi : 1 <i<n}U{y;:1<i<(n—1)}U
{£ij:1<i<(n—1),1<j<m}U{y;:1<i<(n—-1),1<j<m}.

E (Pn QKl,m,m) = {Uivi+1 1< < (Tl — 1)} U
{uizij, zijyij : 1 <i < (n—1),1 <j<m}pu
{uivi,uiviﬂ,xijvi,xijviﬂ,yijvi,yiijh: 1 S 1 S (’I’L — 1), 1 S j S m}

For 1 <r < 6(Py ¢ Ki,mm) , by the definition of the Edge Corona graph,
the vertices V' = {@;, us, vi, vig1}(1 <@ < n—1) induce a clique of order Ky
in Pn < Kl,m,m-

Thus xr(Pn ¢ Kimm) >4 .

For 0(P, o Kipmm)+1 <r < A(P, ¢ Kimm)—1, based on Lemma 2.1,
we have x,(G) > min{A(G),r}+1=r+1.

For » > A(P, ¢ Kimm) , we obtain (P, ¢ Kimm) >
min{r,A(Pp o Kimm)} +1 = A(Py ¢ Kimm) + 1. It concludes the
proof. O

Theorem 3.11. Let n,m > 3, the r-dynamic chromatic number of
Pn0K17m7m 1S

4,1 <r <3,
Xr(PnOKl,m,m): T+174§TSA_17
dm +5, r > A.
Proof. The maximum and the minimum degrees of P, ¢ K1, m are A(P, o

K1 mm) =4m+4 and 0(Py, © K1 mm) = 4, respectively.
Case 1: 1 <r <3

363
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Based on the Lemma 3.10, the lower bound is x, (P, ¢ K1 m,m) > 4 . To show

the upper bound, we define a map Cy : V (P, ¢ K1 mm) — {1,2,3,4} by the

following.

Cy(v1,v2,...,0,) =1{1,2,1,2,1,2,...}

For 1 S 7 S (n — 1), Cl(ui) = Cl(yij) =3 and Cl(.’L'ij) =4.

Now, it is easy to check that r-adjacency condition is fulfilled. Hence

XT(Pk < Kl,m,m) < 4. Thus X1§T§S(Pn <© Kl,m,m) =4

Case 2: 4<r<A-1

Based on the Lemma 3.10, the lower bound is x,(Pn ¢ K1 mm) > 7+ 1
To show the upper bound, we define a map Cy : V (P, ¢ Kimm) —

{1,2,...,7 + 1} by the following.

CQ(Ul,UQ, - ,’Un) = {1, 2, 172, 1, 2, .. }

Subcase 1: 4 <r<m-+2

For 1 <i<(n-—1), Cou;) =3 .

CQ(Z‘jl,Ii27...,Iim) = {4,57...77‘+ 1,4,4, .. }

Ca(Yi1, Yizs - - -, Yim) = {5,4,5,5,...}

Subcase 2: m+3<r <2m+2

Forlgz‘g(n—l), Cz(ui):?).

Cz(x'ﬂ,xig, .. .,.’L‘z‘m) = {4,57 Lo, m A+ 3}

Co(Yi1, Yizy - - > Yim) = {m+47m+5,...,r+ 1,5,4,575,...}

Subcase 3: 2m+3<r<A-1

If n is even

For 1 <i<(n-—2)/2,

Co(ugi—1, T(2i—1)5> Y(2i—1)5> U2, T(20)5> y(zi)]') ={3,4,...,7+1,3,4,...}

Co(Un—15 T(n—1)1> T(n—-1)25 - - - » T(n—1)m> Yn—1)1> Yn—1)2> - - - » Y(n—1)m) ==

{3,4,...,2m + 3}

If n is odd

For1<i<(n-1)/2,

Ca(ugi—1, T(2i—1)5> Y(2i—1)5> U2, T(20)5> y(zi)]') ={3,4,...,7+1,3,4,...}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence

X?“(Pk <o Kl,m,m) <r+1. Thus X4§T‘SA71(PTL OKl,m,m) =r+1.

Case 3: r > A

Based on the Lemma 3.10, the lower bound is x, (P, ¢ Kimm) > A(P, ©

Kimm)+1=4m+4+1=4m+5. To show the upper bound, we define a

map Cs: V (P, 0 Kimm) — {1,2,...,4m + 5} by the following.

Cs(v1,v2,...,0,) =4{1,2,3,1,2,3,1,2,3,...}

If n is even

For1<i<(n-2)/2,

Cg(u%,h m(?i*l)j? y(?ifl)j: U2i, LL’(Qi)j, y(2i)j) = {4, 5, 6, ce ,4m + 5}

03(un—17 L(n—1)1> L(n—1)2> -+ L(n—1)m> Y(n—1)1> Y(n—1)25 - - - 7y(n—1)m) ==

{4,5,...,2m + 4}

If n is odd

For1<i<(n-1)/2,

Cg(u%,h x(?i*l)j? y(?ifl)j: U2i, LL’(Qi)j, y(2i)j) = {4, 5, 6, ce ,4m + 5}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence

Xr(Pn o Kimm) < 4m+5. Thus x;>A(Pn 0 K1 mm) = 4m+ 5. It completes

the proof. O
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Lemma 3.12. Let P, o Py, 2 be the Edge Corona of a path graph P, with
Pp2. The lower bound of r-dynamic chromatic number of P, o Py, 2 s

4, 1 <r < (P, o Ppna2),
Xr(Pn <>Pm’2) ><er+1, (5(Pn <>Pm72) +1<r< A(Pn <o Pmp) —1
A(Pn QPm,Q) +1, r> A(Pn o Pm72).

Proof. Let V(Ppo Pnya) = {vi:1<i<n} U
{Zij,yi5: 1 <i<(n—1),1<j<m} and

E (P, o Pp2) = {vivig1: 1 <i< (n— 1)} U
{ZijTi(ja1), TimTits YijYi(+1), Yimyi 1 <i < (n—1),1<j < (m—-1)} U

{-Tijyij 11<i< (n - 1)a 1<5< m} U {xmvzaywvuxuvz—&-lvyzﬂ}z+1

1 <i < (n=1),1<j < m}. Forl <7 < §PyoPrya) .,
by the definition of the Edge Corona graph, the vertices V =
{Ui,’l}i+1,$ij,wi(j+1)}(1 <i<n-11<j < m) induce a clique of
order K4 in P, ¢ Pp, 2.

Thus x,(Pn ¢ Pp2) > 4.

For 6(P, ¢ Ppn2) +1 < A(P, ¢ Pp2) — 1, based on Lemma 2.1 , we have
Xr(G) > min{AG),r}+1=r+1.

For r > A(P,, ¢ Py 2), we obtain x,(Pp ¢ Prm2) > min {r, A(P, o Pp2)}+1 =
A(P, ¢ Py 2) + 1. It concludes the proof. O

Theorem 3.13. Let n,m > 3, the r-dynamic chromatic number of P, ¢ Py, 2
15

4,1 <r <3, m1is even,

5,1 <r <3, mis odd,

5,r =4, m = 0(mod3),

6,7 =4, m otherwise,

6,7 = 5,m = 0(mod4),

Xr(Pp© Ppa)=48r=5,67 m=23,6,7,11,

7,7 =15,6, m otherwise,

r+ 1,6 <r<A-—1,m=0(mod4),
r+1,8<r<A-1, m=3,6,7,11,
r+1,7<r <A —1m otherwise,

dm + 3,7 > A.

Proof. The maximum and the minimum degrees of P, ¢ Py, 2 are A(P, ©
Pp,2) =4m+ 2 and (P, ¢ Pp2) = 5, respectively.

Case 1: 1 <r <3

Subcase 1: m is even

Based on the Lemma 3.12, the lower bound is x,(Py ¢ Pp2) >4 . To show
the upper bound, we define a map C; : V (P, ¢ Py, 2) — {1,2,3,4} by the
following.

Ch(v1,v9, ... vn) = {1,2,1,2,1,2,...}
FOI‘lSiS(TL—l), Cl(xﬂ,gtlg,...,xim):{3,4,3
For 1 < 1 < (77, - 1), Cl(yilyin; ce ,y,m) = {4,374, yoo }

365
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Now, it is easy to check that r-adjacency condition is fulfilled. Hence

Xr(Pn ¢ Pp2) < 4. Thus x1<r<3(Pn ¢ Pp2) = 4,m is even.

Subcase 2: m is odd

Based on the Lemma 3.12, the lower bound is x, (P, ¢ P, 2) > 4. However,

we can not attain the best lower bound. Suppose x, (P, ¢ Py, 2) = 4. Define

amap Cy: V (P, ¢ Py2) = {1,2,3,4} by the following.

02(111,1)2, e ,Un) = {1, 27 172, 1, 2, .. }

For 1 <1< (TL - 1), CQ(Iﬂ,l’iQ, ce vxi(mfl)) = {3,4, 3,47 ce 73,4}

If we choose any of the colors {ci,co,c3,cs} to color the vertex x;p, it

contradicts to the adjacency condition.

For 1 <i<(n—1), Co(yiz,---,Yim) = {3,4,3,4,...3,4}

If we choose any of the colors {c1,co,c3, ¢4} to color the vertex y;1, it contra-

dicts to the adjacency condition. Thus, it concludes that x, (P, ¢ Pp2) > 5.

To show the upper bound, we define a map Co : V (P, ¢ Py, 2) — {1,2,3,4,5}

by the following.

02(111,1)2, e ,Un) = {1, 27 172, 1, 2, .. }

For 1 <1< (TL - 1), CQ(xil,l’iQ,...,Iim) = {3,473,4,...,3,4,5}

For 1 S 1 S (n - 1), CQ(yil,yiQ, e ayim) = {5,3,4,3,4, .. .3,4}

Now, it is easy to check that r-adjacency condition is fulfilled. Hence,

Xr(Pn OPmQ) < 5. Thus, XISTSS(Pn <>Pm,2) = 5, m is odd.

Case 2: r =14

Based on the Lemma 3.12, the lower bound is x,(Py ¢ Ppn2) > 1+ 1=5.

Sub case 1: m =0 (mod 3).

To show the upper bound, we define a map Cs : V (P, ¢ Py 2) — {1,2,...,5}

by the following.

03(’01, V2. ,Un) = {1, 2, 1,2, 1, 2, - }

For 1 < 1 < (TL — 1), Cg(.%‘ﬂ,%ig, ce ,.Z'im) = {3,47 5,3,4,57 .. }

For 1 < 1 < (n - 1), Cg(yil,yig, ce ;yim) = {573,4, 5, 3,47 .. }

Now, it is easy to check that r-adjacency condition is fulfilled. Hence

Xr(Pp ¢ Pr2) <r+1. Thus xy=4(P, ¢ Py2) = 5.

Subcase 2: m otherwise.

We can not attain the best lower bound. To show the upper bound, we define

amap Cy: V (P, o Pp2) = {1,2,...,6} by the following.

Cy(v1,v2,...,0,) =4{1,2,1,2,1,2,...}

For 1 < 1 < (n — 1), Cy(Tit, iz, -+, Tim) =
3,4,3,4,5,m =5,
3,4,5,3,4,5,...3,4,5,6,m = (mod3)
3,4,5,6,3,4,5,6,3,4,5,...,3,4,5,m = 2(mod3)

For 1 S 7 S (TL — 1), C4(yi17yi2a e »yim) =
4,5,6,5,6,m = 5,
6,3,4,5,3,4,5,...,3,4,5,m = 1(mod3)
4,5,6,3,4,5,6,3,4,5,6,...,4,5,6,m = 2(mod3)

Now, it is easy to check that r-adjacency condition is fulfilled. Hence

Xr(Pp o Pro) < 6. Thus xr=4a(Pp ¢ Pp2) = 6, m otherwise.

Case 3: r =5, m =0 (mod 4).
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Based on the Lemma 3.12, the lower bound is x, (P, ¢ Pp2) > r+1=06. To
show the upper bound, we define a map Cs : V (P, ¢ Pp2) — {1,2,...,6}
by the following.

Cs(v1,v2,...,0,) =1{1,2,1,2,1,2,...}

For1<:< (n - 1), 05(xi1,$i27 ce ,.Z'im) = {3,4,5,6, 3,475,6, .. }

For 1 < 1 < (n - 1), C5(yi17yi2; ce ;yzm) = {576,3,4, 5,673,47 . }

Now, it is easy to check that r-adjacency condition is fulfilled. Hence
Xr(Pp ¢ Prp2) < 6. Thus xr=5(Pp ¢ Ppn2) =6, m =0 (mod 4).

Case 4: r=5,6,7, m=3,6,7,11.

Based on the Lemma 3.12, the lower bound is x;(P, ¢ Pp2) > r+ 1. For
r = 5,6, We can not attain the best lower bound. To show the upper bound,
we define a map Cs : V (P, ¢ Pp2) — {1,2,...,8} by the following.
Cﬁ(vl,vg, cee ,'Un) = {1,2, 1,27 1,2, .. }

For1<i<(n-1),

3,4,5, m=3,
3,4,5,6,7,8, m =6,
3,4,5,6,7,8,5, m="T1,
3,4,5,6,7,3,4,5,6,7,8, m = 11,

CG(.’L'ﬂ, L3y e -y xzm) =

For1<i<(n-—1),

6,7,8, m =23,
7,8,3,4,5,6, m =6,
Cs(yi1, Yio, - - -, Yim) = {5,6,3,4,5,6,3,4,...} ¢ 8,6,3,4,5,6,7, m=7,
7,8,3,4,5,6,7,3,4,5,6,
m =11,

Now, it is easy to check that r-adjacency condition is fulfilled. Hence
Xr(Pp ¢ Pr2) < 8. Thus xr=567(Pn ¢ Pn2) =8, m=3,6,7,11.
Case 5: r = 5,6, m otherwise.
Based on the Lemma 3.12, the lower bound is x,(P, ¢ Pp2) > r + 1. For
r =5, We can not attain the best lower bound. To show the upper bound,
we define a map C7 : V (P ¢ P 2) — {1,2,...,7} by the following.
Define a map C7 : V (P, ¢ Pp2) = {1,2,...,k} by the following.
C7(U13U2» s ,’Un) = {L 2,1,2,1,2,.. }
For1<i<(n-1),
3,4,5,6,...,3,4,5,6,7,= 1(mod4),
3,4,5,6,...,3,4,5,6,7,3,4,5,6,7,m = 2(mod4),
Cr(zir, Tiz,s - - - Tim) = m > 10,
3,4,5,6,...,3,4,5,6,7,3,4,5,6,7,3,4,5,6,7,m =
3(mod4), m > 10,
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For1<i<(n-1),
6,7,3,4,5,6,...,3,4,5,6,3,4,5,m = 1(mod4),
6,7,3,4,5,6,7,3,4,5,6,...,3,4,5,6,3,4,5,m =
Cr(yi1, Y2, - -+ Yim) = 2(mod4), m > 10,
6,7,3,4,5,6,...,3,4,5,6,7,3,4,5,6,7,3,4,5,m =
3(mod4), m > 10,
Now, it is easy to check that r-adjacency condition is fulfilled. Hence
Xr(Pp ¢ Pp2) < 7. Thus xr=56(Py ¢ Pp2) = 7, m otherwise.
Case 6: 6<r<A—-1,m=0(modd), 8<r<A-1,m=3,6,7,11 and
7<r <A -1, m otherwise.
Based on Lemma 3.12, the lower bound is x, (P, ¢ Py 2) > r + 1. To show
the upper bound, we define a map Cg : V (P, ¢ Py 2) = {1,2,...,r+ 1} by
the following.
Cg(vl,’l)g,...,’l)n) = 1,271,2,...
Subcase 1: 6<r<m-+1
For1<i< (TL - 1) R C’g(xil,xﬂ,...,xi(r,l)) = {3,4,5,6,...,7’+ ].}
For m = 0 (mod 4), Color the remaining vertices z;; and y;; with the colors
as we used in case 4 . For m = 1,2,3 (mod 4), Color the remaining vertices
x;; and y;; with the colors as we used in case 5 .
Sub case 2: m+2<r<2m+1
For 1 < 4 < (n— 1), Cs(@it, s Tims Yils - - s Yi(r—m—1)) =
{3,4,5,6,...,r+1}
For m =0 (mod 4), Color the remaining vertices y;; with the colors as we
used in case 4 . For m = 1,2,3 (mod 4), Color the remaining vertices y;;
with the colors as we used in case 5 .
Subcase 3: 2m+2<r<A -1
If n is even
For1<i<(n-—2)/2,
Cs($(2i—1)17 s T(2i-1)mo Y(2i—-1)1> - - - Y(2i—1)m> L(2i) 1> - - +» T(28)m> Y(20)15 - - - »
y(gi)m) = {3,4,5,6,.”,1”4’ 1,3,4,. . }
Cg(aj(nfl)l, s T (=1)mo Y(n—1)1s -+ y(nfl)m) ={3,4,5,6,...,2m + 2}

If n is odd
For1<i<(n-—2)/2,
CS($(22'—1)17 s L(2i—1)ymoy Y(2i—1)1 -+ Y(2i—1)ms L(20)15 -+ -5 L(20)my Y(2i)15 - - -5

y(gi)m) = {3,4,5,6,”‘,1”4“ 1,3,4,. . }

Now, it is easy to check that r-adjacency condition is fulfilled. Hence
Xr(Pp o Pro) <r+1. Thus x(P, ¢ Pp2) =7+ 1.

Case 7: r > A

Based on the Lemma 3.12, the lower bound is x, (P ¢ Pr2) > A(Py¢ Pp2) +
1 = 4m+3. To show the upper bound, we define a map Cy : V (P, ¢ Pp2) —
{1,2,...,4m + 3} by the following.

Cg(’Ul,’UQ,...,Un) = 1,2,3, 1,2,3,...

If n is even

For1<i<(n—2)/2and1<j<m,

09(33(21'—1)1'7 Y(2i—-1)5> T (24)5> y(2i)j) ={4,5,6,...,4m + 3}

Cg(x(n_l)l, co s T(—1)m> Y(n—1)1s - - - ay(n—l)m) ={4,5,6,...,2m+3} If n is
odd CQ(I(Zifl)ja y(2i71)j7 I(Qi)j, y(?z)]) = {4, 5, 6, cen ,4m + 3} 1\IOVV7 it is easy



to check that r-adjacency condition is fulfilled. Hence x,(Pn¢ P 2) < 4m+3.
Thus xr>a(Pn © Pp2) = 4m + 3. It completes the proof. O
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