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NEIGHBORS STRESS SUM ENERGY OF GRAPHS

M. KIRANKUMAR, M. RUBY SALESTINA, P. SIVA KOTA REDDY,
AND ISMAIL NACI CANGUL

ABSTRACT. In this article, we introduced the concept of the Neighbors
Stress Sum of a vertex and a new matrix for a connected graph G. In
this matrix, the sum of the i-th row and the i-th column are both equal
to the Neighbors Stress Sum of the i-th vertex. Additionally, we define
a new graph energy variant called the Neighbors Stress Sum Energy,
denoted as Engss(G), for a graph G. Further, we established bounds,
and characterized the largest eigenvalue of NSS(G).
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1. INTRODUCTION

In this article, we will be focusing on finite, unweighted, simple, and
undirected graphs. Let G = (V, E) denote a graph. The degree of a vertex
v in G is denoted by d(v). The distance between two vertices u and v in G,
denoted d(u,v), is the number of edges in the shortest path (or geodesic)
connecting them. A geodesic path P is said to pass through a vertex v if v
is an internal vertex of P, meaning v lies on P but is not an endpoint of P.
Neighborhood of a vertex v is defined as

Ng(v) ={u e V(G) | w € E(G)}.

Gutman [6] introduced the concept of graph energy, denoted by E(G),
as the sum of the absolute values of the eigenvalues of its adjacency ma-
trix, A(G). Eigenvalues are fundamental to the study of graphs, as they are
intricately linked to many important graph invariants and extreme proper-
ties. As a result, graph energy, while being a specific form of matrix norm,
has garnered significant attention from both pure and applied mathemati-
cians. Spectral graph theory, which focuses on matrices associated with
graphs, their eigenvalues, and graph energies, plays a crucial role in ana-
lyzing graph structures through the application of matrix theory and linear
algebra. Various types of graph energies related to topological indices have
been introduced and extensively examined in the literature. Numerous ma-
trices can be related to a graph, and their spectrums provide certain helpful
information about the graph [1,3,5,7,10-12,18,20-22,33,40, 41].
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In 1953, Alfonso Shimbel [36] introduced the notion of vertex stress for
graphs as a centrality measure. Stress of a vertex v in a graph G is the num-
ber of shortest paths (geodesics) passing through v. This concept has many
applications including the study of biological and social networks. Many
stress related concepts in graphs and topological indices have been defined
and studied by several authors [2,4,9,13-17,19,23-32,34,35,37-39]. A graph
G is k-stress regular [4] if str(v) = k for all v € V(G). The following indices
have been defined using stress of vertices in a graph to explain some prop-
erties of chemical compounds.

The square stress sum index SSS(G) [31] of a simple graph G(V, E) is
defined as
SSS(G) = Z [str(u)? + str(v)?] .
weE(G)
The stress-sum index SS(G) [27] of a simple graph G(V, E) is defined as
SS(G) = Z [str(u) + str(v)] = Z d(v)str(v).
weE(G) veV(G)
The second stress index S2(G) [28] of a simple graph G(V, F) is defined as
S2(G) = Z str(u)str(v).
weE(Q)
The first stress index S;(G) [28] of a simple graph G(V, E) is defined as
S1(G) = Z str(v)?.
vEE(Q)

In this paper, we introduce the neighbors stress sum matrix of a graph G
and define the neighbors stress sum energy Fngs(G) based on its eigenval-
ues. This new approach extends the concept of graph energy to incorporate
stress-related measures, offering a fresh perspective on graph invariants. We
also establish bounds for Engs(G) in relation to other graph invariants.

2. NEIGHBORS STRESS SUM OF A VERTEX, NEIGHBORS STRESS SUM
MATRIX AND THE NEIGHBORS STRESS SUM ENERGY

In this section, neighbors stress sum of a vertex, Neighbors stress sum
matrix and the Neighbors stress sum energy of a graph are discussed.

Neighbors stress sum of a vertex v, denoted by Ns(v), is defined as sum of
stress of adjacent vertices of v, that is:

Ns(v) = Z str(u).

uENG(v)

Inspired by the works on topological indices and related matrices, eigenval-
ues and bounds, we introduce the following matrix and energy associated
with stress sum index for a graph G and find the bounds of the same for a
connected graph.
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Neighbors stress sum matrix for a graph G with vertex set V(G) = {v1, va,...,vp}
is defined as NSS(G) = [as;] where

nxn’

—d(v;)str(v;), i=7;
a;j = | str(v;) + str(v;), % j and v; ~ vj;

0, otherwise,

where str(v;) denotes the stress of the vertex v; and d(v;) denotes the degree
of the vertex v;.

The neighbors stress sum polynomial of a graph G is defined as
Pnss@)(N) = NI — NSS(G)|,

where [ is an n X n unit matrix.

All the roots of the equation Pygg(a)(A) = 0 are real because the matrix

NSS(G) is real and symmetric. Therefore, these roots can be ordered as

Ny, > Ny, > --- > N,,, with Ny, being the largest and N}, being the

smallest eigenvalue. The neighbors stress sum energy of a graph is repre-
sented by

Enss(G) =Y [Ny
=1

Example: Consider the graph G given in Figure 1. The stresses of the

G

Ficure 1. A graph G

vertex of G are as follows:
str(vy) = str(vs) = str(vy) = str(vg) = str(vg) = str(vg) = 0, str(ve) = 19,
str(vs) = 1.

The neighbors stress of the vertex of G are as follows:

Ng(v1) = Ng(vs) = Ng(vs) = Ns(v7) = Ns(vs) = 19 ,Ns(v2) = 1 and
Ng(vg) = Ng(ve) =20,

Then, the neighbors stress sum matrix of G is given by
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0o 19 0 0 0 0 0 0
19 —133 19 19 20 19 19 19
0 19 0 0 0 0 0 0
0 19 0 0 1 0 0 0
NSS@E) =113 9 0 1 -3 1 0 0
0 19 0 0 1 0 0 0
0 19 0 0 0 0 0 0
0 19 0 0 0 0 0 0

3. PRELIMINARY RESULTS

In this section, we will document the necessary results to support our
main findings in section 4.

Theorem 3.1. Let ¢; and d;, for 1 < i <n, be non-negative real numbers.

Then
" " 1 My M: mim ? " 2
2 2 1412 1m2
E : E di < — 14/ + 4/ E id;
| K = v 4 ( mimso lWUWg) (il € 1) ’

where M1 = MaX1<i<n {Cz} ] M2 = maXj<i<n {di};ml = minlgign {Ci} and
mo = minlgign {dl}

Theorem 3.2. Let ¢; and d;, for 1 <i <n be positive real numbers. Then

ZC? ng - (Z Cidi> < % (M1 My — myms)®,

i=1
where M1 = maxlgign {Cl} ] M2 = maxlgign {di};ml = minlgign {Ci} and
mo = minlgign {dl}

Theorem 3.3. (BPR Inequality) Let ¢; and d;, forl < i < n be non-
negative real numbers. Then

n n n
n E Cidi — E C; E di
i=1 i=1 i=1

where a,b, A and B are real constants, that for each i,1 <i<mn,a<¢ < A

and b < d; < B. Further, a(n) =n {%1 (1 — % {%1)

< a(n)(A - a)(B - b),

Theorem 3.4. (Diaz—Metcalf Inequality) If ¢; and d;,1 < i < n, are non-
negative real numbers. Then

SRS < (r 4 R) (Zd) :
=1 =1

i=1
where v and R are real constants, so that for each i,1 < i < n, holds
rc; < dz < RCZ‘.
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Theorem 3.5. (The Cauchy-Schwarz inequality) If ¢ = (¢1, ¢, ..., ¢,) and
d = (di,da,...,dy) are real n-vectors, then

(See) = (5) (5)

4. BOUNDS FOR THE EIGENVALUES AND ENERGY

In this section, we discuss about bounds for the eigenvalues and energy.

Lemma 4.1. For any graph G we have

(i) Yev ey Nolv) = SS(G)

(it) > pev () str(v)Ns(v) = 255(G).

Theorem 4.2. Let G be a graph with the vertex set V(G) and edge set
E(G) with the neighbors stress sum matriv NSS(G). If Pyssa)(Nx) =
CoNY + ClN;\‘_l + CQN;_Q + -+ C, be the characteristic polynomial of
N(G), then

(i) Co =1

(i) Ch = SS(G)

(iii) Cy = % [(SS(G))2 - ZUEV(G) d(v)str(v)?| — S55(G) — 255(G).

Proof.

(1) From the definition of Pygg(g)(}), it follows that Cp = 1.

(ii) From the definition of Pygg(e)(A), we have

(—1)Cy = sum of all 1 x 1 principal minors of N(G)

2 @i
- Z d(v)str(v)

veV(G)

=— Z [str(u) + str(v)]

weE(Q)
= -55(G).
(iii) From the definition of Pygg(g)()), we have
(=1)2Cy = sum of all 2 x 2 principal minors of NSS(G)

2

1<i<j<n

E o E 2
A Qg5 aij

1<i<j<n 1<i<j<n

i n 2 n
(Z a”) = a}| - SSS(G) - 25(G)

i=1 i=1

aii Qg

aji  ajj

1
2

— 02:% (SS@)2— Y d)str(v)?| — SSS(G) — 25,(G).
veV(G)

255
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O

Theorem 4.3. Let NSS(G) = [ay),,.,, be the neighbors stress sum matriz
of a graph G and Ny, > Ny, > --- > N, be its eigenvalues. Then

(i) S0y Ny, = —S5(G).

(ii) Y7y Ny2 = S+ 2555(G) + 452(G), where S = ZUeV(G)(d(v)str(v))Q.

Proof.
(i) It follows by the trace of matrix.

zn: Ny, = Tr(NSS(G)) = —SS(G).

i=1

(ii) We have,

i N2 = Tr(NSS(G))?
=1

n n
=D aijai

i=1 j=1

n o n
_ E § 2
= 5

i=1 j=1
n

2 2

= E aj; +2 E agj

=1 i<j

= > (d)str(v)®+2 > (str(u) + str(v))?

veV(Q) weE(G)

= > Ny2 =S +2555(G) + 452(G), where S = ZveV(G)(d(v)str(v))Q.
O

Proposition 4.4. The characteristic polynomial of the complete graph K,
on n vertices is Ny and hence energy is zero.

Theorem 4.5. For a friendship graph F,, n > 2 on 2n + 1 vertices, we
have Pngs (Fy,) = N;” (8n4 —12n3 4+ 4n? — NA)

Proof. In F,, graph, the stress of central vertex is 2n (n — 1) and remaining
2n vertices have stress 0. By the definition of neighbors stress sum, we have

4n?(n—1)—=Ny 2n(n—1) 2n(n—1) - 2n(n—1)
2n (n —1) —Ny 0 0
Pyss (Fn) = : : . :
2n(n—1) 0 0 —N,,
= N)%” (8n4 —12n3 + 4n? — NA) O

Theorem 4.6. Let G be any graph with n-vertices. Then
Enss(G) < /(S 4 25SS(G) + 455(G))n.
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Proof. Setting ¢; = 1,d; = Ny, for ¢ =2,3,...,n in theorem 3.5, we have

n 2 n
(zw) <nY N2
=1

—s (Buss(G)) < n((S +25SS(G) + 45:(C))
— Enss(G) < /n(S + 2555(G) + 45(Q)).

O

Theorem 4.7. If G is a graph with n vertices and Engss(G) be the neighbors
stress sum energy of G, then

VS +2555(G) + 452(G) < Enss(G).
Proof. By the definition of Engs(G) , we have

n 2 n
[Enss(G)]? = <Z |NM|) > Ny [P =S+ 25S8(G) + 452(G)
=1

i=1

which gives

/S +2S8SS(G) 4 45:(G) < Enss(G).

Theorem 4.8. For any graph G, SS(G) < Engs(G)

Proof. Let Ny,;;i=1,2,...,n be eigenvalues of G. By triangle inequality of
real numbers, we have
[Nay + Nog + -+ N | < INx [+ [Nog |+ + [Ny |
= |-55(G)| < Enss(G)
= 55(G) < Enss(G).

Equality is attained if and only if either all A\;;7 = 1,2,...,n are of same
sign or except one all eigen values are zero. ([

Theorem 4.9. Let G be any graph with n-vertices and A\ be the absolute
value of the determinant of the neighbors stress sum matriz NSS(G). Then

V(S +2585(G) +45:(G)) + nln — 1A < Exgs(G)

Proof. By the definition of Neighbors stress sum energy, we find that

(Exss(G (Z N, |>

i=1
n
= Z |N/\71 |2
i=1 i<j

= (8 +2SSS(G) + 45:(G))

7]

257
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Since for nonnegative number the Arithmetic mean is greater than Geomet-
ric mean,

Y

i#]

n 2D
<H |N/\i |2(n1)>

=1

= H |N/\i ‘2/n
=1

= p¥n,

n(n—1)
1
——— > NN = [T IV
n(n—1) oy

Therefore,
3TN Ny, | 2 (- 1)AR
i#£]
— [Byss(G)]® > S +2SSS(G) + 485(G) + n(n — 1)An

= Enss(G) > \/S +2858(G) + 485(G) + n(n — 1) A

Equality in AM-GM inequality is attained if and only ifall Ny;;i =1,2,...,n
are equal. O
Lemma 4.10. Let ¢1,ca,...,cy, be non-negative numbers. Then

<n(n—1) l%ici— (ﬁq)”"} .

i=1 i=1
Theorem 4.11. Let G be a connected graph with n vertices. Then

V(S +2555(G) +485(G)) + nln — 1)¢2/n
< Enss(G)

< /(S +255S(G) +495(G))(n — 1) + ng/™.
Proof. Let ¢; = |N)\i|2 ,i=1,2,...,n and
-1 n n 1/n
Vi=n E;‘N)\iﬁf (1_[1|N)\12> ]

_ | (5+2555(G) +45x(G)) _ (ﬁ NA,|> z/n]
=1

n

- (S +2555(G) + 455(G)) g /n]

n

= (S_—i- 2855(G) + 452(GQ)) — n¢2/n'
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From lemma 4.10, we obtain

n n 2
V<nY NP - (ZNAA) <(n-1)V
i=1 =1
that is
(S +2555(G) + 455(G)) — g™ < n(S + 2555(G) + 455(G)) — (Enss(G))>
<(n—-1) ((5 +2588(G) + 485(G)) — n¢2/") .

Upon Simplification of above equation, we find that

V(S +2555(G) +455(G)) + n(n — 1)¢2/
< Enss(G)

< \J(S +2555(G) + 455(G)) (n — 1) + ng?/n.
0

Theorem 4.12. If G is any graph with n vertices with NSS(G) = [as],,..,,
being its neighbors stress sum matriz and Ny, > Ny, > --- > Ny are ils
eigenvalues, then

n n

Ny, < $ (”; o) (s +2SS5(G) +485(G) — (SS(G))2> ~ SS(@)

Proof. Taking ¢; = Ny, and d; = 1 for ¢ = 2,3,...,n in Theorem 3.5, we

T ()

From Theorem 4.3, we have
Z Ny, =—=SS(G)= Ny, and Y N} =S+2555(G)+45(G)— Ny,
=2
Then
(=SS(G) — Ny, )* < (n— 1) (S +2SSS(G) +485(G) — N))

Il

I

(ﬁle + S“S:/%G)f < (n—1) (S +2858(C) + 15(G)) — "= )SS(G)

—  VaNy, + 55(G % S+2SSS(G)+4S2(G)_SSELG)2>

SS(G)2> _ 55(G)

n n

— Ny, < wn D <S+2SSS(G) +4S,(G) —

259

SS(G)? + N}, + 2N, SS(G) < (n— 1) (S + 2555(G) + 455(G)) — nN3, + N3,
SS(G)? + 2N, SS(G) + nNE, < (n—1) (S + 29595(G) + 452(G)) — (SS(G))?
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Theorem 4.13. Let G be a graph of order n. Then

n2
Enss(G) > \/ (S +2585(G) +452(G))n — - (Ny, — Namin)?,
where N)\l = N)\max = maxj<i<n ‘N,\l| and N/\min = minlgign |N,\Z|

Proof. Suppose Ny, Ny,,..., Ny, are the eigenvalues of NSS(G). Setting
¢ =1 and d; = |N,,| in theorem 3.2 , we have

n n n 2 n2
>0y - () < - M

— (S+2S85(G) + 455(G))n — (Enss(G))? < "ZZ (Nay, — Namin)?

2
= Enss(G) > \/(S +2585(G) + 452(G))n — % (Ny, — NAmin)Q.
O
Theorem 4.14. Suppose zero is not an eigenvalue of NSS(QG), then

2v/Nx, Namin /(S + 28S5(G) + 45:(G))n
N)\l + N)\mln .

where N)\l = N)\max = rnaxlgign ‘N)\l| and N)\min = minlgign |N)w|

Enss(G) >

Proof. Suppose Ny, Ny,,..., Ny, are the eigenvalues of NSS(G). Setting
¢ = |Ny,| and d; =1 in theorem 3.1 , we have

YD DR F) @'“')2

1 <(N)\1 + J\/v)\min)2

< —
= (5 +25598(G) +452(G))n < Ny Nxmin

1 ) (Enss(G))?

2\/N/\1N)\min\/(5 + QSSS(G) + 452(G))77,

= Enss(G) >
N ( ) N)\l +N)\min

O

Theorem 4.15. Let G be a graph of order n. Let Ny, > Ny, > ... > Ny,
be the non zero eigenvalues of NSS(G). Then

(S +2SSS(G) + 452(G)) + nNx, Namin
N/\l + N)\mm

where N)\l = N)\max = maxj<i<n ‘N)\7| and N/\min = minlgign |N,\L|

Proof. Assigning d; = |Ny,|,¢; = 1,R = |[Ny,| and 7 = |Nxpin|. Then by
theorem 3.4, we get

Enss(G) >

Z|Nx\ | +N)\1N)\m1n212 N)\l +N/\mm Z‘N)\ |
i=1
— (S+ 2SSS(G) + 455(Q)) + nN)\lN)\min < (Na, + Namin) Enss(G)
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After simplifying the expression and using the definition of Engs(G), we
obtain
(S + QSSS(G) + 452(G)) + TLN)\lN)\min

Enss(G) = Ny o+ Noo
1 min

0

Theorem 4.16. Let G be a graph of order n. Let Ny, > Ny, > ... > Ny,
be the eigenvalues of NSS(G). Then

Enss(G) = /(S +2555(G) +452(C))n — a(n) Vs, — Namin)®.
where Ny, = Nymax = maxi<i<n |Ny,| and Nymin = minj<;<p [Ny,| and
a(n) =nl5] (1-3[5])-
Proof. Setting ¢; = |Ny,| = d;, A < |Ny,| < B and a < |N,,| < b, then by
theorem 3.3 we get

TLZlN)\iP_ <Z|N>\ ) S )(N/\l N)\min)z
i=1

= ‘(S +288S(G) + 4S2(G))n — (ENss(G))Q‘ < a(n) (Nx, = Nxmin)?

— Enss(G) = /(S +288S(G) +452(G))n — a(n) (Na, — Nxmin)™
[l
Lemma 4.17. (Abel’s inequality) Let ¢1,¢a, ..., cn and dy,ds, ..., d, be real
numbers such that d,, > dn41 > 0 for all n, then
lerdy + cada + - - - + cpdy | < Ady,
where
A=max{|ci|,|c1 +c2|,....Jc1 +ea+- -+ cnl}.
Theorem 4.18. Let G be any graph with n > 2 vertices. Then

S +2888(G) + 495(G)
Enssq) > ] ,

where |Nx,| > |[Na,| > ... > |Ny,| be the sequence of modulus value of
eigenvalues of NSS(G). Equality holds if and only if [Ny, | = |[Nx,| =+ =
|Nx,| or [Ny | =[Ny 1,2 <1 <nand |Ny,| =0 where k #1,2 <k <n.

Proof. Consider ¢; = |Ny,| and d; = |N,,| for all 1 < ¢ < n. Clearly,
di >do>--+->d, >0. Then by lemma 4.17, we have

INM 2+ [N 2 4 -+ [N, [P |< Enss(G)| [Ny, .

Since,

A =max {|[Na | [[Na [+ [Nl ([N, [ 4 [Nap [ 4 [N [} = Evss(G)

Further,
Tr(NSS (G)?) < Enss(G) [Ny, |
Tr (NSSS(G)?)

<F G).
W < Enss(G)

261
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From theorem 4.3, the above inequality becomes

S +2SSS(G) + 455(G)

Friss(a) = ]
Further,
Tr (NSS(G)?
Enss(G) :%
1

n
NN N+ 4 [N ) =D [N
i=1

n
= [Na | ([Ng] 44 [N D) = Y [N
=2

This is possible if and only if

[Nai| = [N | = -+ = [Ny, | or [Ny [ =[Ny[,2<1<n
and [Ny, | =0 where k#1,2 <k <n.
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