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ABSTRACT. Here, we consider the Kerr metric in Boyer-Lindquist coordinates (¢,
r, 0, ¢), and realize the complexification of ¢ and ¢ to obtain a generator of the
Lanczos potential for the corresponding Weyl tensor.
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1. INTRODUCTION

Complexification of real coordinates to construct new solutions of partial differ-
ential equations is an old idea, it already appeared in the work of Appell [1, 2]
on potential theory. For example, Schiffer et al [3] applied complexification to the
Schwarzschild geometry to deduce the Kerr spacetime [4, 5, 6, 7, 8, 9]; besides, Bar-
rera et al [10] used complexification of Minkowskian coordinates to obtain real scalar
wave functions without singularities anywhere in special relativity.

Here, we consider the Kerr metric in Boyer-Lindquist coordinates (¢, r, 6, ¢)
[7,8, 11, 12, 13, 14, 15]:
ds® =
(1 2
2M by AM 2M
(1 r)dt20dr22 d92+%sin29dtdgpf <r2+a2+;rsin29> sin20dg?,

by

A=r—iacost, ¥ =AA=1r?+a’cos*0, C =r>—2Mr+d?,

where a and M are the rotation and the mass parameters, respectively. In Sec. 2, we
shall make the changes ¢t — it and ¢ — iy to construct a generator of the Lanczos
potential for the conformal tensor corresponding to the metric in eqn. (1).

2. LANCZOS POTENTIAL VIA COMPLEXIFICATION

If in the Kerr metric given by (1), we realize the complexification ¢t — it and
@ — iy, we obtain the following transformation:

(2) d52=gwdm“d:ﬂ” — AP, dx"dz”,
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such that:
—goo 0 0 —gos
_ _ 1 0 g1 0 0
® (Pw) = () =5 0 % g o |

—go3 0 0 —g33

and the amazing thing is that this second-order symmetric tensor generates a Lanc-
zos potential K, [16, 17, 18, 19, 20, 21, 22, 23] for the Weyl tensor C,,,.05 [7,12,13]:
(4)

1, r—M ctgh
Km/a = Paz/;p,*Pap,;u +gaVAufgauAVv (Au) = (§P p,;z/) = (07 6C 7Tao>a

K,ul/a = _Ku;wu K;wa + Kua,u + Ka,ul/ = 07

verifying the Lanczos gauges [16]:
(5) K", =0, K™, =0,

hence our potential defined in eq.(4) satisfies the Lanczos-Illge wave equation [24,
25, 26, 27, 28, 29| in this vacuum spacetime:

(6) 0K o = 0.

In the above equation the box denotes two successive covariant derivatives with the
contracted indices.

The corresponding conformal tensor is generated by the expression

(7)

Cuvap = Kuasp — Kpwsa + Kopuw — Kapvip + Kvagus — Kupdua + Kupguva — Kpagus,

K = Ky = K05

pov

which has type D in the Petrov classification [7, 12, 13, 20, 30].

Hence, we can use (3), (4) and the Christoffel symbols for the Kerr metric [14]
to obtain the non-zero components of the Lanczos potential:

1
(8) Kape = 5 (goc Foab + 93¢ Fgab) — GJacAp, a,c=0,3, b=1,2,
D S(M — r)
Kiog = — ctgl, Ki9p = ———~
121 6ch > 122 6C >
that is:
(9) 1 1 1
Kypoo = 1 J00 +900As, Koz = Kpzo = e 903,6+903As, Kpzz = T933,b+933Aba
b=1,2, Koi1 = gn1da, Kz = g4y,

and we observe that Koz, = 0, V.

The possible physical meaning of the Lanczos potential in general relativity re-
mains an open problem. We believe that K, behaves in the asymptotic region as
the density for the angular momentum of a rotating black hole.
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