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Abstract:

Some topological graph indices of pentagonal chains, pentagonal double chains, and
pentagonal triple chains have been studied previously. In this study, we examine
the topological graph indices of pentagonal quadruple chains, following a similar
approach. We utilize the vertex and edge partitions of these graphs and calculate
their indices using these partitions and combinatorial methods. Most of the indices
computed here are based on the degrees of adjacent vertices.
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1 Introduction

In graph theory, lattices are used when a part of the graph repeats itself either
finitely or infinitely many times. They have applications in complex analysis, topol-
ogy, and geometry in mathematics, as well as in chemical graph theory. Since a
lattice can be considered a graph, it is also possible to use them in the study of large
networks.

Pentagonal chains are important tools in network theory and have various chemical
applications. A topological graph index is a mathematical formula that remains in-

variant for all isomorphic graphs. Topological graph indices have been defined and
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studied over the last eight decades. The most significant applications of topological
graph indices are in Chemical Graph Theory. Any molecule can be modeled as a
graph where each vertex represents an atom, and each edge represents a chemical
bond between the corresponding atoms. By studying the resulting graph mathemat-
ically through a topological graph index, we can save time and money by obtaining
information about certain physico-chemical properties of the graph without the need
for laboratory experiments. Many papers have been published on the topological
graph indices of various molecular structures. In [6], the Zagreb indices which form
the largest class of topological graph indices have been defined and studied. In [1],
some Zagreb indices are calculated. In [9], one of the most well-known indices called
Randi’c index was studied.In a recent paper, some topological indices of pentagonal
chains are calculated [8]. Similarly, several topological indices of pentagonal double
chains are studied in [7]. An important and useful variant of pentagonal chains
is pentagonal triple chains. A pentagonal quadruple chain consisting of k units of

pentagons is denoted by Cg" . and illustrated in Figure 1:

Figure 1: Pentagonal quadruple chain Cg’ &
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It is easy to see that the degree sequence of C54’ & consisting of the vertex degrees is
D (Cgk) = {2020) 82 16(k—1)}

Similarly, the edge partition table of C'g i 15 given in Table 1.

(di, dj) | Number of vertices(v;, vj)
(2,2) 4k
(2,8) 16

(2,16) 16k-16

Table 1. The edge partition table of 054,k

The omega invariant of the connected graph C’g L 1S
0 (Cl,) =62+ 14(k — 1) = 14k -2

Hence the number of faces of C3 ; would be Q (C§1k> /2+1="Tk, see [2, 3].

We shall make our proofs by means of degree sequence and edge partition table.

2 Additive topological indices of Cj,

Most of the topological graph indices are defined in terms of vertex degrees. Each
such degree based index consists of some mathematical formula. This formula fre-
quently contains a sum or product over the vertices or edges of the graph. In this
section, we calculate some additive topological indices of the pentagonal quadruple
chain C’gl’k. These indices are listed below:

The First and Second Zagreb indices are among the oldest and most famous
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topological indices. These are defined as follows:

MP(G) = X uev (e du”

and

MQa(G) = ZquE(G) (dUdv)a

The inverse sum index is defined by

ISI(G) =
weE(G)
The Sigma index is an important irregularity measure defined by

o(G)= > (du—dv)”.
weE(G)
The Bell index is defined as irregularity measure defined by

2m\ 2
B = - —
@)= > <du p )
ueV(Q)
The total irregularity index is defined as irregularity index by taking all the vertex

degrees into account:

2
Irry(G) = Z du — 7m

ueV(Q)
Where the order and size of G are denoted by n and m, respectively.

The Harmonic index is defined by

weE(Q)
Generalized Harmonic index is similarly defined by taking arbitrary power as fol-

lows:
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2 «
HX(G) = -—
a(@) Z <du + dv)
weE(Q)
One of the famous degree based topological graph indices is the Atom bond connec-

tivity index (ABC') is defined by:

du+dv —2
ABC(G) = Z 1/—du o

weE(Q)
The Geometric-arithmetic index is defined as:

2v/ dud
GA(G) = uey
du + dv
uweE(G)
The Augmented Zagreb index is defined by:

B du + dv — 2
weE(Q)
Another irregularity index is the Albertson index defined by the sum of absolute

values of all the differences between degrees of pairs of vertices forming an edge:

Ab(G) = Y du—dvl
weE(G)
One of the most well-known topological graph indices is known as the Randié¢ index

is defined as:

R@) = 3 \/c;%

weE(Q)
The Reciprocal Randié¢ index is defined similarly to Randi¢ index and has some

advantages in chemical calculations:

RR(G)= > Vdudv

weE(Q)
And finally, we recall the Sum connectivity index as:

239
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Z \/du + dv

weE(G)
We now present our results:

Theorem 2.1. Some additive topological indices of pentagonal quadruple chain for
C’ék are as follows

My(C3 ) = 2912k + 20D 4 927 (f — 1))

My(Cy ) = 4@ D[k 4 4T84k — 4)]

ISI(C3,) = (29 + 160K]

U(Cg‘,k) = 64[49k — 40]

B(C’g’k)) = (13k+1)2 [735k3 — 397k? — 42k — 2]

Irrt(Cgl’k)) =0

H(CH,)) = 10ks

Hi(Cgp)) =427 +457* +4.97%(k - 1)]

ABC(CLy)) = L5(208)

GA(CE,)) = 1545k + 36v/10 + 80V2(k — 1)]

AZ(Cgl’k) = 360k

Alb(Cg‘,k) = 32[7k — 4]

R(C3,) =2[k+ 2+ V2(k —1)]

Ro(C2)) = 407k 41617 +16.327(k — 1)

RR(C2,) = 8[k + 8+ 8v2(k — 1)]

X(Cip) =2k + 5 + =k — 1)

Proof: Let Cg,k be a Pentagonal quadruple chain of order n = 13k + 1 and the size
m = 20k. Now we calculate the additive topological indices of Cg’:k by using existing

additive topological indices are mentioned above and using the table 1.



Some topological indices of pentagonal quadruple chains

3 Multiplicative topological indices of Cgk

In this section, we calculate some multiplicative topological indices of pentagonal
quadruple chain Cgl’k. These multiplicative versions of the indices are obtained usu-

ally by replacing the sum sign with a product sign. We consider the following ones:

Hl(G) = HuveE(G) (du + d?))
And

HQ(G) = H’U.’UEE(G) (dUdU)
are called the multiplicative first and second Zagreb indices. Similarly the multi-
plicative forgotten index, sometimes named as the multiplicative third Zagreb index

is defined by:

HS(G) = Hu’ueE(G) (du2 + de)
Recall that the sum of all vertex degrees is equal to twice the size of the graph. The
most easiest and fundamental multiplicative index is the Narumi-Katayama index

defined similarly as the product of all vertexr degrees:

Geometric-arithmetic multiplicative indez is defined as:

GAH(G) = HquE(G) 2duiuddvv

The first and second multiplicative hyper Zagreb indices are recently defined another

variant of Zagreb indices as:

HHl(G) = HuveE(G)(du + dv)Q

241
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and

HHZ(G) = HquE(G) (dUdU)Q

General sum connectivity indez is given by

H Ha (G) = HM)EE(G) (du + dv)a

Multiplicative Randié index is defined by

RTI(G) = uweri) 7oa

The multiplicative sum connectivity index is defined by

XII(G) = Tuwere) 7o

and finally, the multiplicative atom bond connectivity index is defined by

ABCH(G) = HuveE(G) du;ud;v_Q

We then have the following result:

Theorem 3.1. Some multiplicative topological indices of pentagonal quadruple chain
for Cél,k are as follows

Hl(cg’k _ 9(24k+16) 516 3(32k—32)

[1,(C4,) = 2(88k-16)

[15(Ca ) = 244%.1716,65(16k=16)

NEK(C4,) = 2016k+2)

GATI(CE) = 200622 5 gaa-aa

HTL,(C4,) = 245k 522 364564

H [, (C8,) = 22k plba ga(32k=52)



Some topological indices of pentagonal quadruple chains 243

RH(C;]C) — 9—(84k+64)

XH(C;/C) _ 9—12k 5—8 3(16—16k)

ABC H(Cé,k) =210k

Proof: Let C’é,k be a Pentagonal quadruple chain of order n = 13k + 1 and the size
m = 20k. Now we calculate the multiplicative topological indices of Cé,k by using

existing multiplicative topological indices are mentioned above and using the table 1.

CONCLUSION
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