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IDENTITIES INVOLVING THE COMPONENTS OF AN
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ABSTRACT. We exhibit identities satisfied by the components of a Lorentz matrix,
which allows to deduce the Macfarlanes formula for the matrix S that governs the
transformation of the Dirac 4—spinor under a Lorentz mapping; furthermore, we
write S in terms of the gamma matrices.
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1. INTRODUCTION

The arbitrary complex quantities «, 3, =y, ¢ verifying the condition ad —8y = 1,
generate a Lorentz transformation L = (L",) via the expressions [1-10]:

L9 = %(a&+53+W’7+55), L= %(aw&s) tee, L3= —%(0@—36) +ee,
L% = %(734”?5) +ee, L= %(6&5+6ﬁ) tee, LA= —%(a5+ﬁ’?) + ce,
L0 :—%(dﬁ+'75)+cc, Lt :_%<a5+/ﬁ)+cc, Lé:%(aa—sy)wc,
(Llo) = %(ad—ﬁﬁﬂﬁ—&?), Ly = %(c‘w—ﬁ_a) tee, I4= _% (a'7+35> tee,
LY = %(adJrﬁB—W—ég), L% = %(@ﬁ—ié)ﬂtcc, L3 = —%(a —W5)+cc,
L3 = %(aa—ﬂﬂ’—ww(ﬁ),

where cc means the complex conjugate of all the previous terms.

On the other hand, the Dirac 4—spinor obeys the transformation law [11, 12]:

(2) D(@) = S(Lyy(a").
for a non-singular matrix S such that:
(3) L'y = 87IMs,

in terms of the gamma matrices v* verifying the anticommutators:

(4) {7H77V} = 2guyl4><4a (gul/) = Dzag(l, _17 _15 _1)
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In the Dirac-Pauli (or standard) representation [10-12]:

I 0 ; 0 o;
0 _ J— J -
(5) Y _<0 _I>7 Y _<_U] 0 >7 j_172a37
with the Pauli matrices:

o es(23) es(2T) (3 %)

In Sec. 2 we exhibit that the components L} satisfy certain identities in terms of
the quantities:

1, - 1, b 1, -
bo=1(Ds+Ds), bi=1(Te=T), by=1(T-+T), by=7(D-—~D-),
@ , ) ,
do=—7(Dy=Dy), dy = =< (Lo +14), dy= (- =T-), dy=—=(D_+D_),

Dy =a=+4, Ty =B+, ad — By =1,

which allow obtain a solution of (3), that is, to write S as a linear combination of
the gamma matrices and also deduce the Macfarlane’s formula [13] for it.

2. IDENTITIES INVOLVING COMPONENTS OF A LORENTZ MATRIX

In fact, the relations (1) generate the identities:
LirL7g— LorL7; + (2+ Dy Dy ) (Loj — Ljo) = 4i(Dy + Dy)dj, j=1,2,3,
(8) Li; L7}, — Lis L + (2+ Dy Dy ) (L — L) = 4i(Dy + D4.)bj,
(jkl) = (123), (231), (312),
tr L =Lk =D,Dy, ure L' L™ = 2i(DY — D3) = —32bydo,
then S can be written in the following form using the quantities (7):

S = bol + ido’y5 + b1023 + b2031 + b30’12 + E?zldjdoj,

(795) ( ? é ) o z< O(_)j ‘g ) ok = < ‘(’)l (?l > (jkl) = (123), (231), (312),

hence S acquires the structure:

(A E 1 a+é B~ _1/a-
(1O)S_<E A>’A_2<7—ﬁ a—|—5)’E_2<’y+
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for a given Lorentz matrix; furthermore, the Hermitian matrices A" and ET give the
inverse of S:

1 At —Et

Finally, if the expressions (8) are applied in (9) we deduce the formula obtained by
Macfarlane [13]:

. .
(12)  s=_= [GI + %ewa,;LWLaW’ iD(L2) —i(2 4+ tr L)F(L)],

such that:

3 3
1 14 (e}
G:2(1+trL)+§{(trL)27trL2}, trL=3 "It trI’= Y L',I%,
=0

v,a=0

(13)
3 3
(L) = Z Lo, I(L?) = Z LyaL® ot
p,v=0 a, =0
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