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ABSTRACT. Introducing the concept of |R,p|x, (kK > 1)summability of im-
proper integrals, Orhan established a result on the inclusion of two summability
methods for improper integrals by extending his own result which was on infinite
series. however in this paper we establish an relation between two index summa-
bility methods |R, p; d|x and |R, ¢; 0|k, (k> 1) for improper integrals.

1. Introduction

Throughout this paper we assume that f is a real valued function which

is continuous on [0, oo] and s(z) = [;° f(t) dt. Let o(x) be the Ceséro
mean of s(z). Let v(z) =+ = 50t f t) dt. As deﬁned by Flett[2], the integral
I~ f(t) dt is said to be 1ntegrable |C, 1|, k>1,if
* k-1 K < (@)
/ 2" o' (2)|* dz = / dx (1.1)
0 0 x
is convergent. In the present case, we call v(z) = + fo tf(t) dt as a gen-
erator of the integral fo ) dt . Let p be a real Valued non-decreasing

function defined on [0, c0) such that

Pa) = | "p(t) dt, plx) £0, p(0) =0.

The Riesz mean of s(z) is defined by

1 x
@) = B /0 P()s(t) dt
We say that the integral fo ) dt is integrable |R, p|g, k> 1, if
/ xk_1|a;(x)|k dz (1.2)
0

is convergent. As a special case if we take P(z) = 1 for all values of z,
then |R, p|i, k > 1 integrability reduces to |C, 1| integrability of improper
integrals. For any functions f and g , it is customary to write g(x) =

O(f(x)) , if there exists n and N, such that for every x > N, %

The difference between s(z) and its nth weighted mean o,(x) , which is
called the weighted Kronecker identity, is given by the identity

s(x) — op(x) = vp(x) (1.3)
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where

In particularly, by taking p(z ) 1, for all values of z, the identity (1.3)

reduces to (See[l]) s(z)—op(x) = v(x) . Since o,(z) = P(( )) vp(z), condition
(1.3) can be written as
_ <o),
5(1:) - 0 P(u) p (14)

In view of the identity (1.4), the function vy, (z) is called the generator
function of s(z) . Condition (1.1) can also be written as

/OOO x’ﬂ—l(ﬁ((i)))ﬂyp (2)[Fdz (L5)

and is convergent. The improper integral fooo f(t) dt is integrable
‘R, ;0 ‘ e o if

/OOO L Okh—1 (%)km (@) |Fda < oo . (16)

2. Known Result

It is noted that for infinite series, an analogous definition was introduced
by Orhan|[3] . Using this definition , Orhan [3] proved the following theorem
dealing with |R, p,|, and |R, g,|;, summability methods.

Theorem 1

The |R, pnl;, (k > 1) summability implies the |R, g,|;, (k > 1) summability
provided that

ngn = O (@n) , (2.1)
and
Qn =0 (ngn) - (2.3)

Dealing with integrability of improper integrals Orhan established the fol-
lowing theorem.
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Theorem 2

Let p and ¢ be real valued, non-decreasing functions on [0, 00) such that as

T — 00
zq(z) =0(Q (z)) , 2.4
P(z) = O(ap)(x)) (25)
and
Q) =0 (zq(z)) . (2.6)

If [;° f (t)dt is integrable |R,p|x, then it is also integrable |R, q|,, (k > 1).
3. Main Result

Extending the result of Ohran, in the present paper we establish the
following theorem.

Theorem 3

Let p(z) and ¢(x) be two real valued, non-decreasing functions on [0, c0)
satisfying (2.4),(2.5),(2.6) together with

mat@) (7

. @ T O(Q(t)> (31)
and . N

/ -1, )| at = o). (3.2)

0

If [7°f(t)dt is summable |R,p;d|;, then it is also summable |R,g;0,,
(k>1).

Proof

Let o, (x) and o4 (z) be the functions of (R,p) and (R, q) means of the
integral [;° f (t)dt . If [;° f (¢)dt is summable |R,p: §|,, then

/OOO LRo+k—1 <%)k|vp (2)[Fda
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is convergent. Differentiating the equation (1.4) , we have

by @) [T _al@) [* o p(t)
@ =S [Cewrwa= 2 [ v, 0+ L, 0] a.

Integrating by parts of the first statement, we have

a;<x>:5(f))[cz<x>vp<x>—/x (1) (t)] 20 [ a0 28, )
q(z)

W), 2O o o i
Q2 (1‘) Q2 / Q(t (t) Q2 (x)/o q(t)vp (t)dt
=0q1 (2) +0q2 (x) + 0q3 (2) , say .

To complete the proof of the theorem, it is sufficient to show that

m
/ 2Ok o (2)[Fde = O (1) as m — oo, for r=1,2,3
0

k
dzx

Using conditions (3.1) and (3.2), we have
q(x)
vp (2)

/()mx5k+k1|o_q71 (x)|kdx_/0 Okth—1 S,
:/0 Ok k= 1( ((@)) v (2 >‘ de
_ Okt 1< x > ) |Fdz

:O(l)/ AR 1‘0 (z ‘ dx
0

=0 (1)as m — o0
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by virtue of the hypotheses of theorem 3. Applying Hélder’s inequality
with k > 1, we get

[ o @ltar = 0.1 /Omxw—l( (>> ( [ vp<>|dt)kdw
:0(1)/0m Q,qufgx)< ; Q;(t) |up (¢ )Idt)kd

oo [ ([ () w0 (30 1)l [ 08)
oo &

S

_ k P_t) v k q(x)
~om [* tq<t>(P(t) e [
m k
—ow [" 80 (20 o, a
k
:O(l)/O tkl(% vy (t)[Fdt

=0(1)as m —

by virtue of the hypotheses of theorem 3. Finally, again by Hoélder’s in-
equality with £ > 1, we have

/Om 2 g () B = 0(1)/m e (52((@))16(/01@ - dt> kdq;
2O ([awmprta) (g [Cawa)
o) / q<t>|vp e [ i

(t)[Fdt

Q

m — o0

by virtue of the hypotheses of theorem 3. This completes the proof of
theorem 3.

4. Conclusion

In the field of summability, there are many inclusion theorems of two
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summability methods for infinite series. In the present paper, we establish
a result on inclusion of two summability methods for improper integrals.
This result generalizes many results.Further study may be proceeded for
other summability methods for improper integrals.
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