Advanced Studies in Contemporary Mathematics www.jangjeon.or.kr
35 (2025), No. 2, pp. 111 - 119 http://dx.doi.org/10.17777/ascm2025.35.2.111

SOME RELATIONS FOR THE DEGENERATE
ALTERNATING HARMONIC NUMBERS AND RELATED
NUMBERS
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ABSTRACT. In last ten years, many mathematicians ([4]-[14], [15]) stud-
ied and investigated for harmonic numbers, hyperharmonic numbers and
degenerate hyperharmonic numbers. In this work, we study the degen-
erate alternating harmonic numbers and the degenerate alternating hy-
perharmonic numbers defined by Kim in [6]. We give some relations
between degenerate alternating numbers and the degenerate alternating
Changhee-Genocchi numbers. Also, we give some identities between the
alternating hyperharmonic numbers and the degenerate the third kind
Korobov numbers.
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1. INTRODUCTION

In recent years, many mathematicians in ([1], [5]-[19], [23]) studied the
various degenerate versions of many special numbers and polynomials. They
have obtained some identities, recurrence relations and excellent results. T.
Kim, D. S. Kim and coworker friends ([1]-[19], [23]) introduced and inves-
tigated harmonic numbers, hyperharmonic numbers, degenerate harmonic
numbers and degenerate hyperharmonic numbers. D. S. Kim et al. ([8],
[12]) and S.-H. Rim et al. [23] gave some identities explicit relations for the
harmonic numbers and hyperharmonic numbers. T. Kim and D. S. Kim
considered the relations between harmonic numbers and the type 2 polyno-
mials.

Using umbral calculus, D. S. Kim et al. in ([11], [12]) gave combinator-
ial relations. T. Kim and D. S. Kim ([7], [18]) gave some relations. They
proved combinatorial identities between degenerate harmonic numbers and
degenerate Fubini polynomials. T. Kim and D. S. Kim ([5]-[19]) generalized
the degenerate harmonic numbers. They gave degenerate hyperharmonic
numbers and gave explicit relations and identities. H. K. Kim ([6], [10])
considered the degenerate hyperharmonic numbers from degenerate Sheffer
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sequences degenerate alternating numbers and degenerate alternating har-
monic numbers. He gave an interesting relations and results.

The outline of this paper is as follows;

In section 1, we recall the degenerate exponentials, the degenerate log-
arithm, the degenerate harmonic numbers, the degenerate hyperharmonic
numbers, the degenerate Frobenius-Euler numbers and the two variable de-
generate Fubini polynomials. Also, we recall the Changhee-Genocchi poly-
nomials and Korobov polynomials of the third kind.

In section 2, we obtain an expression between the degenerate harmonic
numbers in Theorem 2.1 and also we give a relations between the degenerate
hyperharmonic numbers and the ordered Bell numbers in Theorem 2.3.

In section 3, we give explicit relations between the degenerate Changhee-
Genocchi numbers and the degenerate alternating numbers. Also, we give a
relation the degenerate Korobov numbers of the third kind and degenerate
harmonic number.

Throughout this paper, we always make use of the following notation;
N denotes the set of natural numbers, Ny denotes the set of nonnegative
integers, R denotes the set of real numbers and C denotes the set of complex
numbers.

For nonzero A € R, the degenerate exponential functions are defined by

(1) &) = (L+A)" =3 (2),, il

n=0

([1], [5]-[16]), where (@) =1land (z), =z (x—=A)(—2A)--(z— (n— 1) A),
n>1.
Let logy t be an the compositional inverse function of e (¢) such that

logy (ex (1)) = ex (logy (1)) = t.

The degenerate logarithm is given by

00 k—1 1 " A 1
(2) logy (t+1) = Z A S!)k@/)\tk _ (( + j ) |

k=1

([1]; [5]-[16])-

The generating function of Harmonic numbers given by

1 - n
(3) —17tlog(1—t)_n§::1Hnt,
([1], [5]-[16]).
The generating function of hyperharmonic numbers given by
log = (r) n
0 ELD S ap

(11, [5]-[16])-
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From (3) and (4), the generating function of the degenerate harmonic
numbers and the generating function of the degenerate hyperharmonic num-
bers are given by

1 9]
() gy (1= ) = S Hop t"
(1 - t) n=1
and
1 1 — -

([1]-[12], [17]-[19]) respectively.
The degenerate Frobenius-Euler polynomials of order r are defined by

™) ZHEI, wlo &= () g0,

[22], when x = 0, we get degenerate Frobenius-Euler numbers of order r are
defined by

(3) S HOL ] >Z|‘(A1<5u)

n=0

On the other hand, two variable higher order degenerate Fubini polyno-
mials are defined by

[eS) ") ﬁ . ; Tem
;me,mn! = <1_y(eA(t)—1)) 0

11—\
9) = (M) ex (1)

From (8) and (9), we get
(10 FR 0 =1 (K5 0).
Forz=0and y =1,
F(0,1) = 1) (2] 0).
The generating function of the Changhee-Genocchi polynomials given by
t"  2log(1+1t)

(11) > CGy(2) =y (T 4]
n=0 ’

2+t

When z = 0, we get the Changhee-Genocchi number CG,, (0) := CG,,.
Korobov polynomials of the third kind defined as

t" log (1 t "
(12) ZKM W) o = EU I (o, (), 2,

where p # 0, 1; p € N.
When z = 0, we get the third kind of Korobov numbers K, 3(0 | p) =
K, 3(0).
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The generating functions of the degenerate Stirling numbers of the first
kind and the generating functions of the degenerate Stirling numbers of the
second kind are defined as, respectively,

(13) oy (L O _ §™ 5, ) 2, (11-129)
n=k

and

(14) ) Z 17 (t)_l ZSZA n, k) ([1]—[19]>~

When A — 0, S1(n, k) and S (n, k) are the Stirling numbers of the first
kind and the Stirling numbers of the second kind, respectively.

2. SOME RELATIONS FOR THE DEGENERATE HARMONIC NUMBERS

In this section, we give some relations between the degenerate Harmonic
numbers, the degenerate Fubini numbers, the ordered Bell numbers and the
degenerate Frobenius-Euler numbers.

Theorem 2.1. There are the following relation between the degenerate har-
monic numbers and the degenerate two variable Fubini numbers,

Zn'HnA —1)" So (kim) = =5 (F,El/\ N (1) = Fx (1)) k>

Proof. Replacing ¢t by —1 + e, (¢) in (5) and using (2),
> 1 1 = 1

H, -1 "= Z - - - -
T; n,)\( +e)\(t)) )\{(2—6,\(t)> 2—6,\(t)}

1 1 1=A 1
"‘X{<1—wuw—n> _1—wmw—n}'

Using (9), for z = 0 and y = 1 and from the definition of the degenerate
Stirling numbers of the second kind, we have

oo k—1

k
3Dl (<1 Soa (k) by

k=1n=0

_ AZ(F“A (0,1) — F“(01)):',k21.

Comparing the coeflicients of both sides, we have (15). O

Corollary 2.2. There is the following relation between the degenerate har-
monic numbers and the Frobenius-Fuler number as

(16) Zn' —1)" Sy (k,n) = A(H;{;” (2,0)—7‘[1@,)\(2,0)).
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From (10) and (14), we get (16).
The generating function of the ordered Bell polynomials are defined by

(o) tn
> ba(@) oy =
n=0

We define degenerate ordered Bell numbers of order r as

() Sinb= ()

n=0 e

Lt (2, 3)).

Theorem 2.3. There is the following relation between the degenerate hy-
perharmonic numbers and the ordered Bell numbers

r—X T
(18) kzon'H ) Saa(nik) = —5 (b,(M —)).

Proof. Replacing t by —1 + ey (¢) in (6) and from (17), we write as

) ™ . ”__l 1 _ 1
DHL (Clte) = )\{(Qe,\(t))’”A (QeA(t))’}'

n=1

Using (17) and (14), we get

co n—1 k
t
S 1y sy =50 (7 - 2)
k=1 k=0
For k > 1, comparing the coefficients of both sides, we get (18). d

3. EXPLICIT RELATIONS FOR THE DEGENERATE ALTERNATING
HARMONIC NUMBERS

In this section, we introduce and investigate to alternating degenerate
harmonic numbers. We give some identities, recurrance relations, explicit
expressions.

The generating functions of the degenerate alternating harmonic numbers
are defined by H. K. Kim in [6] as

oo

= Zﬁn,)\ t", Hop=1

n=1

logy (1 +1)

(19) -

and also same author in [6] defined the generating functions of the degenerate
alternating hyperharmonic numbers by

[o 0]

logy (1 +¢)
(20) OgA + Z H
We define the degenerate Changhee-Genocchi numbers as

o0
t 2logy (1+1)
21 CGpr— = —2— 7,
(21) Z Anl 2+t
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Theorem 3.1. There are the following relation between the degenerate Changhee-
Genocchi numbers and the degenerate alternating harmonic numbers as

n—1 o 1 n—k n—2 o 1 n—k
(22) CGp )y = Zn! Hy <—§> + QZTL! Hy \ <—§> .

k=0 k=0
Proof. From (20) and (21), we write as

2logy (1+1¢) logy (1+7%)
ZCG“_: 2+t  1+1
2

logy (1+¢) 1—¢
1-t¢ 1

For n > 1, we have (22). O
Theorem 3.2. The following relation holds

J J
—(r) T\ 1
(23) CGTL,/\ = Z n! H"_j7)‘z <Z>QZ <_§> .
Proof. From (20) and (21), we write as

> " logy(1+14) (1—1t) ") l°° %
D N U Z’“Z() 2 ()

k=1 =0

oo n—1 J

tn
—ZZn'H Mzz’ (r—1) '23 n!

n=1 j=0
3] n—1 J J n
— . 1 t
S (S s ()2 (Y )
P\ 2 n!
For n > 1, comparing the coefficient of £, we get (23). O
Corollary 3.3. Forn > 1, we get
n—1 1 n—k n—2 1 n—k n—1 —» J r
_ _ B , ;
ZTLIH]C)\ <—§> +22 n! Hk»\ <—§> = Z n! Hk —iA <Z)2 (——
k=0 k=0 7=0 =0

From (22) and (23), we get this result.
Theorem 3.4. The following relation holds

n—1

1
(24)  CGua+5n CGrrp = ; 1)
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Proof. From (20) and (21), we write

k=1 n=0
L.H.S. - - -
r -7 (r r —(r
-y mG =3 () o' LA
k=1 1=0 k=1
25 (5 D1 ' r
(25) -2 ; =D (n=OH=1)" Huogn |
R.H.S.
( )ZOGM ZCGM R ZnCGn U—
(26) = CGon + i CGrr++n CG =
= 0,A s A 2 n—1,\ nl
From (25) and (26), for n > 1, we get (24). O

From (12), we define degenerate Korobov numbers of third kind as follows,

t"  logy (1 + ut)
(27) ZK nsr sy = ALY

= N 0,1, A#0and X € R.
,ulog)\(l—l-t)"ue 7/"[’# I’ I’ 7é an

Theorem 3.5. There are the following relation between the degenerate Ko-
robov numbers of the third kind and degenerate Harmonic numbers as

(28)
n—2 n—1

{Z k|Kk,u3)\ Hp1gpx— Zlek,MBA H, kA} =n! (Hox—p" Hp-1) -
k=0 k=0

Proof. From (27) and (19), we write

o
&) (1*[115) E Hy )t
n=1

ZK tn logA (1+#t)
N3N = - T
2 ntooplogy (L) gy S H,
n=1

(29)

o0
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k 3]
(Z Hpy\t" — Z Hp tn+1> ZK - 3,)\% _ Z Ho tn_MZ o nlyn,

k=0 on=1 n=1
L.H.S. of (29), we get

oo n—1 o n—2 _ tn
(30) {Z Z k'Kk,,uS)\Hn k/\ ZZ ,p,3,)\HTL1k,)\H} .

n=1 k=0 =0 k=0
Also, R.H.S. of (29), we get

(31) (Zﬂ Hn/\ Zﬂ n— 1)\>
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o0 o0 tn
= Zn!/‘an)\ — Zn! Hpoq p" -
n!
n=1 n=0

From (30) and (31), n > 1,

n—1 nl n—2 nl - -
) 7l Hykx— T Hy1opy ¢ Kipay=nlp™ (Ho—ip— Hpp) -
k=0 k=0
We have (28). O

4. CONCLUSION

In this study, we give some identities, recurrence relation for the alternat-
ing degenerate harmonic numbers and the alternating degenerate hyperhar-
monic numbers. We consider the degenerate Changhee-Genocchi numbers,
the degenerate Korobov polynomials of the third kind. We give some rela-
tions for these numbers.
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