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Abstract

In this paper, we delve into a comprehensive analysis of fourth-

order geometric properties within the framework of P—generalized
recurrent Finsler manifolds. By employing advanced geometric tech-
niques, we investigate the intricate relationships between curvature
tensors, torsion tensors, and other relevant geometric quantities. Our
findings reveal novel insights into the structure and behavior of these
manifolds, particularly concerning the implications of recurrence con-
ditions on higher-order geometric invariants. Moreover, we establish
several new theorems and propositions that enrich the existing body
of knowledge in Finsler geometry. The results obtained in this study
have potential applications in various areas of physics and engineer-
ing, including cosmology and robotics.
In this paper, we investigate the properties of fourth-order tensors in
the context of tensor-generalized recurrent Finsler manifolds. We be-
gin by introducing the concept of a tensor P}kh— generalized recurrent
Finsler manifold and establishing some fundamental results. We then
proceed to derive the equations for the fourth-order curvature tensor
and its covariant derivative. Finally, we apply our results to study
the geometry of tensor-generalized recurrent Finsler manifolds with
non-vanishing fourth-order curvature tensor.
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1 Introduction and Preliminaries

Finsler geometry, as a generalization of Riemannian geometry, provides
a powerful framework for studying the geometry of spaces with anisotropic
metrics. In recent years, there has been a growing interest in investigating
higher-order geometric properties of Finsler manifolds, motivated by their po-
tential applications in physics and engineering. Recurrent Finsler manifolds,
characterized by the parallel transport of curvature tensors along certain di-
rections, form an important class of Finsler manifolds with rich geometric
structures.
In this paper, we focus on P-generalized recurrent Finsler manifolds, which
constitute a broader class of recurrent Finsler manifolds. Our objective is to
conduct a thorough analysis of fourth-order geometric properties within this
setting. By exploring the interplay between curvature and torsion tensors,
we aim to uncover new geometric invariants and establish novel relationships
between different geometric quantities.
Finsler manifolds are a generalization of Riemannian manifolds in which the
distance between two points is not given by a Euclidean metric but by a
more general function called a Finsler function. Tensor Pj,,-generalized re-
current Finsler manifolds are a special type of Finsler manifold in which a
certain tensor field satisfies a particular equation. The study of tensor P},-
generalized recurrent Finsler manifolds has been an active area of research
in recent years, and there is a rich body of literature on this topic.
Fourth-order curvature tensors are a generalization of the second-order cur-
vature tensor that is used to study the geometry of higher-dimensional man-
ifolds. The study of fourth-order curvature tensors in Finsler manifolds is a
relatively new area of research, and there are still many open problems in
this area.
Previous research on recurrent Finsler spaces,particularly their three- dimen-
sional Riemannian counterparts, has been conducted by numerous scholars.
Notable contributors include Rund [16], Mishra, Pande [23], Pandey, Saxena,
Goswani [22], and Dikshit [24]. Several researchers, such as AL-Qashbari
(see [1, 3, 4, 5, 6, 7, 8, 9]), have explored generalized curvature tensors
within the framework of recurrent Finsler spaces, utilizing both Berwald
and Cartan curvature tensors. Additionally, AL-Qashbari [2] investigated
the properties of Weyl’s curvature tensor in this context. Higher-order re-
current Finsler spaces, including birecurrent, trirecurrent, and n-dimensional
recurrent spaces, have also been subjects of study (see [11, 13, 14, 15, 16,
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17, 18, 19, 20]). Owing to the existence of multiple connections in Finsler
spaces, the recurrence of various tensors has been a focus of research. Mishra
and Pande [23], and Pandey [21] have contributed to this area, with Dikshit
[10] specifically demonstrating the birecurrence of Cartan’s third curvature
tensor. Qasem [6] expanded on this by examining both generalized and spe-
cial generalized birecurrence of the same tensor. Furthermore, Qasem and
Saleem [12] studied the h-curvature tensor Uj,,.

A P’-recurrent space is defined by the following equation:
Pl = NPy + (5]iggjh - 529;’1@), P, # 0, (1)

where P, is a tensor, |l denotes the covariant derivative, and ); is a non-zero
covariant vector field referred to as the recurrence vector field.
Subsequently, we introduced the concept of P"-birecurrent spaces, charac-
terized by:

P;khmm = almP;kh + bim (51iggjh - 6Iilgjk)7 P;kh # 0. (2)

Here, a;,, and by, are non-zero covariant tensor fields of second order, known
as the birecurrence tensor fields.
The tensor g, and the associate tensor ¢g*" are covariant constant, i.e.

{@) g, =0 B gt =0. (3)

1 if k=nh,

0 if k# h. (4)

Gerg™ =0 = {
The covariant derivative of the vectors 3* and v;, vanish identically, i.e.

a) ?/\Zk =0
{b) Yije = 0. R

{@) yiyi =F* b) gy = Oy = Oy (6)
The vectors y; and 4, are satisfy the following

{@dr =y b om=u (7)

81



82

Adel Mohammed and Ali Al-Qashbari
{a) Sigh =g b) 5ok = 4. ®)

{a) Orgii = Gik  D)giny’ = Yn- (9)

Using Euler’s on homogeneous properties, this tensor satisfies the identities
) ijky' ik j y ki Y (10)

The hv-curvature tensor ijh, its associate curvature tensor Py, the v(hv)-
torsion tensor P}, the P-Ricci tensor Py, tensor P} and the scalar curvature
P satisfy [11]

a) Py’ = Piy ) girPin = Pjien - ¢) Py = DPpjng™

d) Pi, =Py ¢ P,=P J) Piyy" = P (11)

J

A brief introduction to the hv-curvature tensor Pfkm also known as Cartan’s
second curvature tensor, is essential for understanding the intricate geometry
of various mathematical and physical spaces. This tensor plays a crucial role
in characterizing the curvature of a manifold equipped with a non-metric
connection. By providing a measure of the failure of parallel transport along
different curves, the hv-curvature tensor offers deep insights into the intrinsic
properties of the underlying space.

2 Necessary and Sufficient Generalized Con-
ditions for Identifying P"-Recurrent

This paper investigates the necessary and sufficient conditions for iden-
tifying P-recurrent patterns in a generalized setting. By establishing these
conditions, we aim to provide a rigorous framework for detecting and analyz-
ing P-recurrent phenomena in various domains. Generalized four recurrent
affinely connected spaces are a special type of manifold that has been studied
by mathematicians for many years. These spaces have a number of interest-
ing properties, and they are used in a variety of applications.
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In this paper, we will discuss the necessary and sufficient conditions for a
space to be a generalized four recurrent affinely connected space. We will
also discuss some of the applications of these spaces.

Second Cartan’s curvature tensor ijh satisfied the generalized recurrence
condition

Pfk;hu = AlP;k:h + (5119jh - 5293'16)’ P;kh # 0, (12)

where |l denotes is h-covariant derivative of order one with respect to !,
and A;,u; are non-zero covariant vectors field and the space is called it a
generalized P"-recurrent space.

Also, curvature tensor ijh satisfied the generalized birecurrence condition

P;kh|l\m = almpfkh + bim, (&igjh - 529%): Pjikh # 0. (13)

where |I|m is h-covariant derivative of order two with respect to ! and x™,
successively, a;, and by, are non-zero covariant vectors field and the space is
called a generalized P"-birecurrent space.

Differentiating (13) covariantly with respect to ™ and applying [(5)a] yields

P;kh|l|m|n = ClmnPjikh + din <5Ii:gjh - 5;ngk)- (14)

where |I|m|n is h-covariant derivative of order three with respect to !, 2™ and
x" successfully, cimn = @ijmn + GmAn and dypn = Qi fin + byjm)n are non-zero
covariant tensors fields of order three.

Upon covariant differentiation of (14) with respect to x® and using [(5)a], we
obtain

P;kh\l\m\n\s = Clmnspfkh + dlmns (6licgjh - 5}29]’1@)- (15)
where |l|m|n|s denotes the fourth-order h-covariant derivative with respect

to z!, 2™ 2™ and z° respectively, Cinns = jmns T QmsAn + QmAps and djpps =
Qs fom + Qi fnsm + bijm|n|s are non-zero covariant tensors fields of rank four.

The space and the tensor satisfying (15) is called P"-generalized four
recurrent spaces. We shall denote them briefly by P* — G — FRF,.
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Result 2.1 Every generalized P"-Fourecurrent space is generalized P"-
Trirecurrent space.

Transvecting (15) by g;, using [(3)al, [(9)a] and [(11)b], we get
IDjrkh\l\m\n\s = Clmnsljjrkh + dimns <gkrgjh - ghrgjk) . (16>

Conversely, transvecting (16) by ¢, using [(3)a], (4) and [(11)c], yields con-
dition (15).
Therefore, we can state the following theorem

Theorem 2.2 In P" — G — FRF, the h-covariant derivative of fourth
order for the associate curvature tensor Py of the curvature tensor P;kh 18
given by (16).

Transvecting (15) by ¢, using [(5)a], [(11)a] and [(9)b], we get
Pinfimints = CimnsPan, + dimns (@iyh - 52%) (17)
Transvecting (17) by v*, using [(5)a], [(11)f], [(7)a]and [(6)a], we get
Pritiminls = Ctmns P + dimns <yiyh — 52F2). (18)

Consequently, the following theorem holds

Theorem 2.3 In P" — G — FREF,, the h-covariant derivative of fourth
order for the h(v)-torsion tensor Pi, and the deviation tensor P} given by
(17) and (18), respectively.

Differentiating (17), with respect to ¢/, using [(6)b] and [(11)g], we get
aj(P]j;h|l|m|n|5) = (ajclmns>P]2h + ClmnsP;kh + (3jdlmn8) (5lzcyh - 5;zyk> (19)
+dlmns (5]Zggjh - 6;19]]6) .

The hv-curvature tensor Pjy, (Cartan’s second curvature tensor) is posi-
tively homogeneous of degree zero in the directional argument and is defined
by

Piyn = Ol + Chp Pry — Clppgee
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Using the above formula for (P} khm ) 0 (19), we get

aj(PIihmmm)\S + P£h|z\m\n(3jrii) - Pfh|z|m|n(3jrzg) (20)
_Plih|l|m|r(ajrzg) 8 (th\l|m|n)P = (3 Clmns)th

Ve

+Clmnspj7‘;]gh + (8'jdlmns) <5kyh - 5hyk) + dlmns <5]l<;g]h - &ngk:)
Also, applying the previous formula for (P,ihmm) in (20), we get

8J(Pgh\l|m|n)‘n|5 + [Pl:h\”m(ajF:iL) - fh|z\m(3jFZZ) (21)
- lirmm(ajr;%) - Plih|r\m(8'r*r) - 6r(Plih|1|m)an]\s
+P1ih\Z|m|n(3jF:i) rhmm\n(a [hs) — Plir|l|m|n(3jrzg)
_Plzh|7’|m|n(a.jr;j) - th|l|r\n(ajr;k7:s) - Plih|l\m\r(6jrzg)
~0r(Pltpmin)s + Pinpimin O Tae) = Pangtgn(Or i)

- qu|l\m\n(8TF2g> - Plih|q\m\n(3 ) - Iih\l|q|n(3 I7es)
_Plih|l|m|q(a.7"rqu) ) (thmm)Pq ]P = (3 Clmns)th

+ClmnsPin + (0jimns) <5kyh - 5h3/k) + dimns <5Z£Ijh - 529%)-

Again, applying the previous formula for (Plih\l) in (21), we get

(@P/ih\z)lmlnls + [Pkrhu(ajriin) - ﬁhll((‘?-F*T )
—Piir|l(6jrz1;n) - Plih\r<6jrﬁ;z) 6 (thu)ij]lnls
P (O5T58) = Piatin (05T 5m) = Py (0T,
—Piih|r|m(8‘r*r) - 8 (P/ihmm)an]ls - Pgh|l|m|n(8jrii)
— Pl (O5T55) — Pkr|l|m|n<a'rzg) - Plih\r|m|n(3'r*r>
th|z|r\n(a L) = Pijtpin (05 T) — [0 - (Pingimin),,
+th|l|m|n(a Th) — qhmmm(a Il — kqmm\n(a I8
— Pinialmin O T18) = Phan(0-Trl) = Bl (0,T32)

8 (Pk:h|l\m>Prn]Pr - (ajclmns)th + Clmnstkh
+(8jdlmns) <5kyh - 5hyk> + dlmns (5;{;th - (%ngk) .
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Further, applying the previous formula for (FP,) in above equation, we get

(3jplih)\l|mlnls + [P,:h((?F*z) - P&(@W?) (22)
—P;ir(é’jFZ’i) - ar(Plih)Pr]\mWS [Pkl;hu(a'r*i ) - P:hu(éjrz:n)
—P;iru(ajFZ’;n) - Plih\r<ajrlm> - 8T(Péh\z)PT Jints + [Plihmm(a‘r*i)
—Pfhmm(arZZ) - Pﬁr|z|m(5'r*r) = PieimO5T00) = 0w (Ppguim) Pjlis
+th|l|m|n(a 1 ) — Pkr|l|m|n((9 I'he) — Plih|r|m|n(ajrls)
—th|z|r\n(a'r Plih|l\m\n( ;T — [0 - (Pintimin),, + Pzgh\z|m|n(3rFZi)
qu|l|m|n<a Ie) — th|q\m|n(arrzs) - P£h|l\q|n(8TF:gs)

‘th|l\m\n(a st
_th|l|m|q<a Iet) — 0 (th|l|m)P7?n]P)js = (0;Clmns) Py, + Cumns Pl

+(0;pmns) <5th - 52%) + dimns (5;igjh - 5Zgjk>-

7 *7
rh\l|m|n( st

Using [(11)g] in (22), we get

P;kh\l|m|n\s + [P (0,T5) — PL (L) (23)
_Plir(ajrltj) - a.T(PIih)PT]\mWS + [Plihll(a.‘r*i ) - ﬁhu(f}’jFZ%)
_Plir\l(ajrz:n) - Plih\r(ajrlm) 8 (thu)Pr ]\nls [Plihmm(ajr:;)
=Pt O5T5m) = P (05T i) = Pingetin (0Tim) = 0w (Bingayn) Pl
+P1:h|5|m|n(5 ) — rhu|m|n(a Is) — Pkr|l|m|n<a Ths) — Pﬁh|r|m|n(3a’r7§)
th|l|r\n(8 I ) thmm\n( F*r) [ <th|l|m|n) Plgh\llmln(arrzi)
_thmm\n(a [s) — kq|z|m|n<‘9 T8 = Pinjgmin CAVOE kh|uq|n(5 I
_Plih|l|m|q(a ) — (th|1|m)Pf | P = (0;Ctmns) Py + Cimns Plin

+(0;dtns) (52% - 5hyk> + djmns (%gjh - 5h9jk)-
This shows that

P;kh|l|m|n|s = Cimns Pjgn + dimns (&igjh - 529jk>- (24)
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If and only if
[P (05T50) = Ph(0,T%) — PL(0;T30) = 0r(Piy) Pl imims (25)
HPenp(05175) — Prnu(03175,) — P (05155,) — Py (031717
—&(Péhu)%’“mhms + [Piihu\m(ajm%) - Pﬁhmm(ajF}ZZ) - Pgr|l|m<a'PZZ)
—Bipirim (O T750) — O (Penm) Phalis + Prnjtgmin (905175) — rh|l|m|n(8 Ts)
_Plzr|l|m|n(ajr;z;> o Plzh\r|m|n<ajr*r) o Plzh|l|r|n<ajrxs) - th|l|m|n(ajr;’£)
_[8T(Plzh|l\m|n)ls + Plgh\l|m|n(a7’]'—‘;;l) P(;Jh\l|m|n(a7"]'—‘;:i) - Pklzq|l\m\n(a7”rzg)
_Plzh|q\m\n(67“r;<sq) - th\l|q|n<87’rjr?s) - th|l\m\q(a7”rjzg)
Oy Pingyn) P Pl = Bictmns) Pt = Dylimns) (3 — i ) = 0.
Hence, we have the following theorem
Theorem 2.4 In P"— G — FRF,,at the differentiation of the tensor Py,
is a generalized four-recurrent if and only if the condition (25) holds good.
Transvecting (23) by ¢, , using [(3)al],[(11)b],[(11)h] and [(9)a], we get
Piykniiiminis + [9ipPin(0T57) = Prpn(;T57) (26)

_Pkpr(éjrz ) — gzp@ (th)Pr]\m\n\ [gipplih\l(g'rjfn) - Prpmz(@jFZ’;J
_Pka|l<aijm) - Pkphlr(ajrz ) — sza (thu)Pr ]|n\s [gipplzh\um(a'r*z)
- Tphlllm(ajrzm - Pkpr\llm(a'rhn) - Plfjohlv"lrn(a'F 2) — gwa (Pk:h|l\m)Pgn]|s

+g2pPl:h|l|m|n<aJF:;) - P”‘phm\n(a st) P]€177"|l|”n|71<a Fhs) Pkph|7’|m|n<a'rls)

_Pkph\l\rln(ajrxs) - Pkphlllmln(8 ) — [gw (R’ch\l\m\n)ls + glpth|z|m|n(8rFZi)

—P
— Pipnfiimia(0rT32) = 9ip04 (P ) P Pre = (0;Ctmns) Peph + Ctimns Pipin

+gip(6jdlmns) (52% - 52%) + dlmns (gkpgjh - ghpgjk> .
This shows that

Pjpkh|l|m|n|s = Clmnstpkh + dimns (gkpgjh - ghp.ij) . (27)

qphlllmln(érFZZ) - Pkpq\llmln(aths) - Pkphlqlmln(arrzs) - P/cphu|q|n(3rfnfs)



88 Adel Mohammed and Ali Al-Qashbari

If and only if
9ip P (8]1“*’) - rph(é ) o . (28)
_Pkpr(ajr;l ) glpa (th)Pr]lmlnls + [Qz‘pPéhu(a'F::n) - Prphll(ngZ;)
_Pkprll(ajrhm) - Pkph\r(ajrlm) - gipaT(PIih\l)Pr ]Inls + [gipplih|l|m(ajF:;)
— Pt (3T 50) = Papritim (0T5) = Prphirtm (DT 50) = GipOr (Pinjaim) Pirls
i Pinpimin (0T = Prphunin(O5T52) = Paprftimin (9T 5e) = Prophirimin (9;T77)
_Pkphlllrln@jrxs) - Pkphll\m\n(ajFZZ) - [gipar(Plih\l|m|n)ls + gipplgh|l|m|n<8TFZi)
~Popnittmin (O T3d) = Pt (0:T32) = Prghiglmin (0. T3 ) = Pepniigtn (0Tt
_Pkphlllmlq(arrzg) - glpa (thmm)Prn]Pr (3jClmns)Pkph
~ip(Djimns) <5th - 5hyk) = 0.

Accordingly, the following theorem is established

Theorem 2.5 In P" — G — FRF,,at the differentiation of the associative
tensor pjprn of tensor P;kh 18 a generalized four-recurrent if and only if the
condition (28) holds good.

Contracting the indices ¢ and h in (23), using [(11)d],[(11)e], [(7)b] and (4),
we get

Pitjiiminls + [Pr(0T57) = P(O;Th7) (29)

— P (OT5) = 00(P) Pilimpnts + [Pl (0;T50) — Pag(9T5,)

_Pliru(ajlj?;) - Pk|r<ajrlm) - ar(Pk|l>PT ]In\s [P&mm@ﬂ’fﬁ)

— P (05T 5m) = Pl OiT50) = Prjrim (3T50) = Or(Prjim) Pl]s

+Pl:i\l|m|n(8'F*i) - Pru|m|n(5jFZZ) - Plir|l|m|n<a"r>‘kr) - Pk\rlm\n(ajrfsr)
—Plein(0Tims) = Pt (O T55) = [0x (Pigtmin) 1y + Prlipjonin (0 Tit)

=Pyt (O T52) = Pt (O T58) = Prtginin(0,T38) = Papign (9,135,

_Pklllmlq(arrzg) 0 (Pk|l|m)Pq ]Pr = (8jclmns)Pk + Clmns Pjk
+(a.jdlmns) (yk - yh) + (1 - n)dlmnsgjk'
This shows that

-ij|l\m\n|s = Clmnstk + (1 - n>dlmnsgjk~ (3O>
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If and only if

[P ;Zi@j_Fif ) — Pr.(a'jrl)::;) o ‘

— P (05T5) = 0:(Pe) Pjliminis + [Pri(9;17,) — B (0;T%,)
—PLp(iT5) = Pap(0;T5m) = 0n(Pet) Prralints + [Pl (0iT5)

— Py (0,T50) — Piir\l\m(ajrfﬁ) — P (93T70) = 0u (Pam) Pl s
+P£¢|z\m\n(8jrﬁi) - Pr|um\n(9jFZ’;> - Piir|1|m|n(3jrg) - Pklr\m\n(gjrfsr)
— P11 (03T ms) = Pittimin (03T 5) = [0r(Pimin) , + Pfi|z|m|n(3rFZi)

— Pt (0. T5D) = Pioiimim (O T58) = Prigrmin(0:T78) = Prjiigln (0,135,

(31)

— Puptmiq (0,158 = Oy(Papym) PP, = (0;tmns) Pe — (0dlimns) (yk - yh) =0.

Condition (30) demonstrates that the P-Ricci tensor Py, cannot be zero, as
its vanishing would imply dj;,s = 0 , condition (31) if and only if it holds, a

contradiction.
Therefore, we can state the following theorem

Theorem 2.6 In P" — G — FRF,,at the differentiation of the P-Ricci

tensor Py, can’t vanish if and only if the condition (31) holds good.

3 On Generalized P"- Four-Recurrent Affinely

Connected Space

The study of recurrent spaces has been a cornerstone in differential geom-
etry. In this paper, we introduce a novel generalization, focusing on four-
recurrent-affinely connected spaces. Our research aims to contribute to the
ongoing exploration of higher-order recurrent structures and their potential

applications in physics and engineering.

In this section, we shall introduce new definition for P* — G — FRF,, , whose

also be in possession the properties of an affinely connected space.

Definition 3.1 Finsler space F,,, whose coefficient of parameter, G;k 18
independent of y* is called affinely connected space and equivalent the equa-

tions

(32)
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The coefficients parameters L'yt and G}, are independent of directional argu-
ment [16], i.e.

{0) 0,6l =0 ) o) =0 (33)

Definition 3.2 The generalized P"-four-recurrent space which possess the
properties of an affinely connected space satisfies any one of the equations
[(32)a], [(32)b],[(33)a] and [(33)b], we called a generalized P"-four-recurrent
affinely connected space and denoted by P" — G — FRE,-affinely connected
space.

Result 3.3 It will be sufficient to call Cartan’s 2" curvature tensor Pl
which possess the property of P" — G — FRE,-affinely connected space as
generalized h-four-recurrent tensor.

Let us consider P" — G — FRF,- affinely connected space.
In view of the theorem 2.1 and definition 3.2., we may conclude

Theorem 3.4 In generalized P"-recurrent a ffinely connected space, the
generalized P"- birecurrent affinely connected is P" — G — FRF,-affinely
connected space.

Using [(33)blin (23), we get

P]f'ikh|l|m|n|s - [a'r(Plih)]D]Q]lmlnls - [@(P,ih”)me]Ms - [ar(Plih|l|m)Png]\S(34)
—[Or (Penjtmin))1s — Oa(Pinum) Pl Pfs = (0Cumns) Pap, + Ctmns P
+(8jdlmn8) <5llq;yh - 5;zyk> + dlmns <5llggjh - 5;1,9]16) .

This shows that

Pjikh|l|m|n|s = Clmnstikh + dipns (6ligjh - 5;ngk>- (35)

If and only if

[aT(PIzh>P]Tl]|m|n|s + [aT(PIzhH)Pjrmhms + [8T‘(Pkl:h\l\m)Pan]|S (36>
+[(8T(Plzh\l|m\n))\8 + 8Q(Plzh\l|m)Pﬂn]P]Ts + (8jclmnS>Plzh
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Further, using [(33)b] in (26), we get
Pipknftiminis — [9ipOr (Prn) Pilimpnts = 19000 (Pingt) Pl s (37)
[gwa (th|l|m)PT ]l [(gwa (th|l|m|n))|8 gipaq(Plimum)an]Pfs
= (ajclmns)Pkph + clmns]Djpkh + gip(ajdlmns) (5llgyh - (52%) + dlmns (gkpgjh - ghp.ij) .
This shows that
Pjpinliiminls = Ctmns Pjpkh + Aimns <gkpgjh — ghpgjk)- (38)
If and only if
[9ipOr (th)Pr]lmWs + (910, (thu)P mlinls (39)
+[9ip0r (Prjtm) Pialis + [(gipOr (Pipjtpmin) s + 9in0y (Penjim) P) Py
+(0;Ctmns) Peoh + 9ip(0iimns) <6kyh - 5hyk) = 0.
Therefore, we can state the following theorem

Theorem 3.5 In P" — G — FRF,-affinely connected space, P, and its
associative Pjprp, curvature tensor are generalized trirecurrent tensor if and
only if the conditions (35) and (38), respectively hold good.

Transvecting (34) by o/ , using [(5)a], [(11)a], [(11)f] and [(9)b], we get
Plih|l|m|n|s - [9T(Piih)1Dzr]|m|n\s - [8 (thu)P ]lnls - [8 (Plihmm)P ]ls (40)
=[O (Penjtpmpm) s — O (Panjipm) Pl Py = (0;Ctmns) Piny’ + Clins Pl
+(3jdlmns) (52% - 52%) yj + dlmns (52% - 52%) .

This shows that

P/ih\l|m|n|s = Clmnspkl;h + dlmns <5th - 52%’) (41)

If and only if

[6T(Plih)Plr]|mln\s + [67"(Plih|l>P ]Inls + 8 (th|l|m)P ]Is (42)
+[(ar(Plzh\l|m|n))\s + aq(Péhmm)an]P! (ajclmn8>thy
+(8jdlmn8) (&iyh - 5Zyk> yj = 0.
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Transvecting (40) by g¢;-, using [(3)a], [(11)h] and [(9)a], we get

Prrnjijmin)s — gir[ar(Plzh)Plr]\m\nls - gir[gr(Plih\ﬂP?;]\nls - [girar(PlihMm)PT:hS (43)

~[9ir O (Pt )1s = Oa(Pinion) PEIPL = (0;umns) Prrny” + Cuomns Prrn
+gir(6jdlmns) <5iiyh - 5;zyk>yj + dimns (gkryh - ghryk>-

This shows that

Prrnjiiminis = Cimns Prrn + Qimns <gkryh - ghryk>- (44)

If and only if

giT[ar(PIih)Br]\m\”|5 + gir[ar(Péh\l)P;]lnls + [girar(Piihmm)P;]Is (45)
+[gir(ar(Plih|l\m\n)>\s - a.q(PIih\llm)Pgn]P; + (9jCumns) Prrny’
+ir (9 dinns) (5th - 52yk)yj =0.

Transvecting (40) by y* , using [(5)a], [(11)f], [(7)a] and [(6)a], we get
Plj,|l|m|n|s —y" [5’r(PI§h)Plr]|mlnls - yk[ar(PlthPr:L]WS -y [3T<Plih|l|m>P£]\S(46)
—yk[(ar(Pzimumm))ls — 3q(Pl§h|l|m>Pﬁn]P; = (9Ctmns) Py + Cmns Pl
+(D;pmns) (ykyh — 52F2>yj + dimns (ykyh - 52F2>-

This shows that

P}i|l|m|n|s = Clinns P+ dins (ykyh — 52F2). (47)
If and only if
yk [&(P;ih)ﬂrhmmm + yk[ar(Plih|l>P;]lnls + yk[ar(Plihmm)Prﬂls (48)
+yk[(5r(Pzih|z|m|n))|s — 3q(PZh|z\m)an]P§ + (0jCtmns) Piy’
+(3jdlmns) (ykyh — 52F2>yj =0.

Consequently, the following theorem can be concluded

Theorem 3.6 In P"—G—FRF,-affinely connected space, the h-covariant
derivative of fourth order for the torsion tensor P}, , its associative tensor
Py, and the deviation tensor Pi given by(41), (44) and (47)if and only if
the conditions (42),(45) and (48), respectively hold.
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Contracting the indices ¢ and h in (34), using [(11)d], [(11)e], [(7)b] and (4),
we get

ij|l\m\n|s - [ar(Pk)PgZ]lmlnls - [8T(Pk|l)P]Tm]\nls - [ar(Pkll\m)P]rn]ls (49)
_[<8T<Pk\l\m\n))‘s - aq(Pk|l|m>P1?n]‘Pst = (8jclmns>Pk + Clmnsf)jk
+(L = 1n)(0jtmns )y + (1 = 1) dimansgin-

This shows that
-ij|l|m|n|s = Clmnsf)jk: + (1 - n)dlmnsgjk- (50)

If and only if

[ar(Pk)f)gQ]\m\n\S + [aT(Pkll)Per]lms + [ar(Pk\llm)Png]ls (51)
+[(Or(Pgtmin))is — Oa(Pugiim) Pl P + (9;umns) P
+(1 - n)(éjdlmns)yk = 0.

Contracting the indices i and h in (40), using [(11)e], [(7)b] and (4), we get

Putpmints = (00 (Pi) P imints — [0 (Prjt) Pl ings — [Or (Prppm) Prljs— (52)
_[<ar(Pk:\l|m|n))‘s - 6q(Pk|l|m>P7?n]Psr = (ajclmns)Pky] + Clmnspk
+(1 - n) (ajdlmns)ykyj + (1 - n)dlmnsyk-

This shows that
Pk|l|m|n|s = Clmnst + (1 - n)dlmnsyk- (53)

If and only if

[@(f’k)ﬂrhmmw + [@(Pku)P&hn\s + [ar(f?kmm)Pﬁhs (54)
+[(Or (Paftjmin)) s — Oq(Pepiim) PP + (95 Ctmns) Peyy’
+(1 - n)(ajdlmns)ykyj =0.

Transvecting (52) by y* , using [(5)a], [(11)i] and [(6)a], we get

Pujminis = [00(P) P Yiminjs — [0:(P0) Pplinis — [0-(Puym) Plis— (55)

~[(0r(Pmin))1s — Og(Ptm) P PY = (0;Ctmns) PY’ + Clmns P
+(1 - n)(ajdlmns)F2yj + (1 - n>dlmnSF2'
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This shows that
]3|l\m\n|s = Clmns P + (1 - n)dlmnsFQ' (56>

If and only if

O-PYP s + O PO P s + B Pun) P20 (57
H(Or (Pmin))1s — Oa(Plim) PLIPS + (Ojmns) Py’
+(1 = 1)(;dpmns) F*7 = 0.

The equations (50), (53) and (56) show that Ricci tensor Py, curvature
vector Py, and scalar curvature P, can’t equal to zero, because the vanishing
of any one of them would imply dj;,,,s=0 , if and only if (51), (54) and (57),
respectively, hold, a contradiction.

Hence, the subsequent theorem is as follows

Theorem 3.7 In P" — G — FRF,-affinely connected space, the Ricci
tensorPj, curvature vector P, and scalar curvature P, are non-vanishing
if and only if the conditions (51), (54) and (57),respectively hold.

4 Conclusion

The present study has provided a detailed analysis of fourth-order geo-
metric properties in P-generalized recurrent Finsler manifolds. Our findings
have revealed several significant results, including:

The P"-generalized four-recurrent space is satisfies (15). InP"-affinely con-
nected space, if the directional derivative of covariant vector field and co-
variant tensor of fourth order are vanish, then tensor Pj,, is generalized
four recurrent in P"-affinely connected space, if the directional derivative of
covariant vector field and covariant tensor of fourth order are vanish, then
torsion tensor P}, , deviation tensor P}, curvature vector P, curvature scalar
P and tensor Py, are all generalized four rrecurrent. In P" — G — FRF,-
affinely connected space, Ricci tensor Pjj, in sense of Berwald coincide with
Ricci tensor Py, of Cartan’s second curvature. In P" — G — FRF,- affinely
connected space the associate tensor Pj,, of Berwald tensor coincide with
the associate tensor P}, Cartan’s second curvature tensor.

These results contribute to a deeper understanding of the geometric structure
of P-generalized recurrent Finsler manifolds and provide valuable insights
into the interplay between curvature and torsion.
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5

Recommendations

Based on the results obtained in this study, we recommend the following
directions for future research:
The authors we call the need for research and study in generalized p"- recur-
rent Finsler spaces and higher order and P"* — G — F RF),-affinely connected
space interlard it with the properties of special spaces for Finsler space.
By pursuing these research avenues, we can further advance our understand-
ing of Finsler geometry and its applications.
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