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FRACTIONAL OPERATORS ASSOCIATED WITH MODIFIED
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ABSTRACT. In this article, several interesting properties of modified incom-
plete I-function associated with the Fredholm type integral equation in its
kernel have been investigated. Also by using Weyl fractional integral (WFI)
and Mellin transform (MT) several integral problem involving modified in-
complete I-function have been obtained. Fractional integration and fractional
differentiation are also derived of modified incomplete I-function with the help
of Marichev-Saigo-Maeda (MSM) fractional operators. The desired outcomes
seem to be very helpful in resolving many real-world problems whose solutions
represnt different physical phenomena. Additionally, the results facilitate the
solution of problems involving fractional differential, interodifferential, and ex-
tended integral equations.
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1. Intoduction and Preliminaries

Fractional calculus and special functions have been attracted the attention of
mathematicians and scientists over the past four decades due to the wide variety of
applications as well as significance in fields like biology, computer science, communi-
cation theory, fluid dynamics, viscoelasticity, diffusive transport, electrical finance
networks, signal processing, probability theory, ecology, environmental science, and
so on [1, 18, 24].

The scope of special functions is extensive, yet it constantly expands due to the
development of new issues in engineering and applied science field. In addition, the
development of H-function and I-function is facilitated by dissemination. Jangid et
al [8] proposed the incomplete /-function and developed various integral transfor-
mations for it. A few applications are also presented [9, 16]. The integral equation
has been observed in various response-related problems, including diffusion, quen-
ing theory, reaction-diffusion, quantam mechanics and a variety of others area of
physics, biology, and probability theory [6, 19, 23].

Integer-order calculus is augmented by fractional calculus, which yields more pre-
cise results than classical calculus. Therefore, it is widely used in the mathematical
modelling of almost all science and engineering, medicine, and education areas
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[11, 2]. Several fractional operators are available to deal with real world problems,
such as the Riemann-Liouville integral, Caputo derivative, Caputo-Fabrizo deriva-
tives, Weyl integral, Weyl derivatives, Atangana-Balneau fractional integral, Hilfer
fractional derivative, Marichev-Saigo-Maeda (MSM), and many others [20, 17].

Science and engineering frequently benefit from techniques for finding solutions
to integral equations. The Fredholm integral equation which incorporates special
functions like Hypergeometric functions, Legendre functions, and Fox H-functions
are presented and explored by many authors [22, 12, 10]. Recently, Bhatter et al
[3] have provided the solution of Fredholm-type integral problem involving the in-
complete I-function and incomplete I function in the kernel.

Motivated by the recent research work done by the researchers [3] on incomplete
I-function, we have defined the modified incomplete I-function. Several interest-
ing results have been derived by using Fredholm-type integral equations associated
with modified incomplete I-function in the kernel. The manuscript is organised in
the following manner: In sect.1, some basic definitions of the functions are given.
In sect.2, modified incomplete I- function is defined. In sect.3, results are derived
for Fredholm-type integral equation involving the modified incomplete I-function.
In sect.4, fractional integration of the modified incomplete I-function are derived.
In sect.5, fractional differentiation of the modified incomplete I-function are estab-
lished. In sect.6, the conclussion is given.

The classical gamma function I'(v) is expressed as follows [4]:

rw) = {fo‘” e, (R(w) > 0),

Huts), (k € No;v € C\ Zg).

here, (v), denotes the Pochhammer symbol and it is defined as

() = OB _ {v(v+k)---(v+k—1), (k€ N,u€C), 12)

I(v) 1, (k=0,ve€C\{0}).
The usual incomplete gamma functions (v, s) and I'(v, s) are represented by [7]:
S
~v(v,8) = / e “u’"tdu, (R(v) > 0;s > 0), (1.3)
0
and
(v, s) :/ e “u’"tdu, (R(v) > 0;s5 > 0), (1.4)
S
satisfy the subsequent rule of decompostion
v(v,8) +T'(v,s) =T(v), (R(v) > 0), (1.5)

where P (v) stands for real part of the parameter v.
Moreover, if we take s = 0, then we have I'(v,s) = T'(v).

H-Function: The well-known Fox H-function is defined by [14]:

u,v _ u,v (al, 011), (0‘27 012), R (CLT, a’r‘)
Hpid (0) = Hyg [t ‘ (b 1), (b2. Bo). ., (b, B2)
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= / b(w)t®dw, (1.6)

[Liey Db — Biw) [Ty T(1 — @i + ow)

H;:v+1 F((LZ — aiw) Hf:u+l F(]. — bl — ﬂzw)
Incomplete H-Function: The incomplete H-function "H"?(t) and "H!(t),
which is a generalization of H-function is given by [14]:

(a1,01 :Y), (a2, a2),...,(ar, o) ]
(bbﬂl) (b2762)7"'7(b57ﬂs)

where

(1.7)

THUP(t) = THYY [ t

=5 /1/) (w, Y)t*dw, (1.8)
e ( ). (az,0)... (ar.0)
I ryu,v _ Tryuw alaal:Ya az,2),...,\Qr, Or
Hr,s (t) = |:t ‘ (blaﬁl)a(anBQ)a"'a(bsvﬁs) :|
=5 /qﬁ (w, Y)t* dw, (1.9)
where
Y1 —a1 +aqw,Y) [T, Db — Biw) [T1—o T(1 — a; + cayw)
Y) = " 1.10
viey) [T T = 0 [Ty T(1 — b= ) (110
and
b, Y) = (1 —ay +aw,Y) L2, Db — Biw) [T, T(1 — ai + aqw) (L11)

Hz:erl F(a’l - aiw) H::u+1 F(l - bz - 5zw)
I-Function: In 1997, Raithe [21] discovered the I-function, which is defined as:

(alaal;Al)a (a27a2;A2)7 R} (a’har;A’f)

TeV () = Jw° | ¢
re (D)= I { (b1, B1; B1), (b2, B2; Ba2), - . -, (bs, Bs; Bs)

%Z/w V2t dw, (1.12)
where
Ty {7 (b = fi) P Ty (P01 — ai + asw)
H;:1;+1{F(ai_az )}A Hz u+1{r(1_b = Biw )}Bi

Incomplete I-Function: The incomplete I-function "I} (t) and "I (t), which
is a generalization of I-function is given by [23]:

(a1, 01541 1Y), (a2, 05 Az), ..., (ar, oy Ay) }

P(w) =

(1.13)

() = I |
r () e [ (b1, B1; B1), (b2, B2; Ba), - - -, (bs, Bs; Bs)

/¢ w, Y)t*dw, (1.14)

27rz
and
rpee) = T | (a1,a1;41 :Y), (az, a9; A2), ..., (ar, ar; Ay)
" " (b17ﬂ1;Bl)7(b27ﬁ2;BZ)7'"7(bs7ﬂs;Bs)
/d) w, Y)t¥ dw, (1.15)

27rz
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where
b, y) = L= @+ anw YIF T {0 — i)} > TLoA(1 — 0 + aqu)}
’ H::q;+1{r(ai - aiw)}Ai Hi:qul{F(l —b; — &'w)}Bi
(1.16)
and

H(w,Y) = {T(1 = a1 + arw, )} [T {T (0 — Biw) } P TTo{T(1 = ai + ayw) }
7 [Tz i {T(ai — aqw)}A TTi o {T (1 = b = Biw) } P

(1.17)

The incomplete I-function V1Y (t) and "'I?(t) identified in (1.14) and (1.15) ap-
pear for Y > 0, according to the family of restrictions provided by Raithe [?], such as

1
0 >0, |arg(t)] < 5577,

where
=1 i=u+1 i=1 i=v+1

Weyl Fractional Integral: The standard definition of Weyl fractional integral
(WFI) is given by Miller and Ross [15]:

W) = s / (6w g6 de (1.19)

Mellin Transform: The standard definition of Mellin transform (MT) is given
as follows [15]:

M{g(w): P| = d(P) = / TP g(w)dw (1.20)
and ) . i )
M Pyl = d(w) = 5 [ wPaPp (1.21)
WV — 100

where SR(P) > 0 and v/ is constant.
Next, we provide a significant results incorporated to our main findings.

The MT of incomplete I-function is defined as follows [8]:

—»
M{ Frue [c 8

(a1,01; A1 1Y), (a9, 25 A3), ., (ar, s Ar) | _ Py
(blaﬁl;B1)7(b2a/82;B2)7"'7(bsa/8$;Bs) ’ $ $ ’

(1.22)
where ¢<’TfD, Y) is given by equation (1.11).
and

M{ ey { ct?

-P

(a1, 013 41 1Y), (az, a2 Aa), ..., (ar, @ Ay) } .P} _ CT¢<;P Y)
(b17ﬂl;Bl)7(b2752;B2)7'"7(bs7ﬂs;Bs) ’ $ $ ’
(1.23)

where ) (‘TfD? Y) is given by equation (1.10).
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MSM fractional operator: For u,p' ,v,v';7 € C and « > 0 with R(r) >
0, the left and right hand sided Marichev-Saigo-Maeda (MSM) fractional integral
operators are defined as [13]:

() = 2= [ = R (u,ucu vimti—L- f)f(y)dy
L(7) Jo R
(1.24)
and
z

(Zg2 T f) (@) = o) /, (y—a) 'y "Ey (w Wovirl— g 1- %)f(y)dy

(1.25)
In the same manner, the left and right hand sided Marichev-Saigo-Maeda (MSM)
fractional differential operators are defined as [13]:

oo d\*" W —p,—v o, —v,—T+a
(D(/;J,r; 24 f)(ac) _ (%) (I(I)Jr' M=V o, —v, =T+ f)(l’) (1.26)
and

T (R N e T BT E

where @ = R[7] + 1 and fR(7) symbolizes the integer part in regard to R(r).
If max{|z|, |y|} < 1, then the third Appell function Fj is defined as

NTRAZEEED Y %%ﬂj (1.28)

4,5=0
Here, (p)y, is the well-known Pochhammer symbol.
2. Modified Incomplete I-Fuction

The modified incomplete I-function YI™Mimiimznz(4) and U'[mimnimenz (i) are

P1,91;P2,92 P1,91;P2,92
defined by
((11, a1; Al : Y)7 (ai7 Qv Ai)zypl; (cl> 1, Clv X)7
O = T | (c1: 70 Colay
(bs, Bis Bi)1,q13 (dis 635 Di)1,q
1
= %/$1/)(w,Y,X)t“’dw, (2.1)
and
r ) r ) (alaal;Al :Y);(aiaai;Ai)Z,p1;(017’717017)():
Litveas () = " Iplgma = | ¢ ‘ (€is7i, Ci)2p
(bi, Bis Bi)1,q15 (dis 035 Dj) 1,
1
- %/Ssgb(w,Y,X)t“’dw, (2.2)
where
sy x) - D=0 e Y T T = B} T2 = 0 + 0w

2 A0 = by + Biw) } B TTRL, L {T (@i — aw) JA
L —a+nw, X)) T2 AT (ds — 05w) Y2 T2 AT (1 = ¢ + yiw) }&

. . 2.3
E o T dy )P T2, (e — 7))o 23)
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and

{1 — a1 + arw, Y) A [T AT (b — Biw) B T2 AT (1 — a; + ayw) }
Z’;mlH{F(l — b; + Biw) } B f;mﬂ{r(ai — agw) A

LA —a+mnw, X) 3 T2 AT (di — 6iw)}P T2 {T (1 = ¢ + yiw) }<°
e {0 = di = 6;w) P [T72,,,  {T (6 — viw) }&

3. Solution of Fredholm type integral equation associated with
modified incomplete I-function

p(w,Y, X) =

(2.4)

In this section, we obtain different properties of modified incomplete I-fuction
by using MT method and the well-recognized Weyl Fractional Integral.

Lemma 3.1. Let,
(A) mi,n1,me,n2,p1,q1,71, 51 € Zo+ such that 0 <ny <p;, 1 <my <gq,
OSnQ Sp27 OSTLZS%;

(B) R(A — k) > 0; R(k) +$R(5) >0, (i=1,2,..,u),
(C)Y,X >0, $>0,and NeC
(D) larg(C)| < $76, provided § is characterized in the relation (1.18).

Then,
W‘A{(l —kt)™"
x \¢ (a1,01; A1 1Y), (@i, a3 Ag)2py s (€1, 71, Cr1, X),
e () B
(bi7 Bis Bi)l,ql; (di» 03 Di)l,q2
=t"RF1 = kt)™

(ar,a1; A1 :Y), (1 =k, 8, 1) (as, o5 Ai)2,py s
(e1,71,C1, X)), (5,7, Ci)2,ps

p1+1,q1+1;p2,q2 —
L=kt (bs, Bis Bi)1,q1, (1 = A, $,1); (ds, 635 Di)1,q.

$
x F1m17n1+1§m27n2 C< X )

(3.1)
Proof. Consider the left hand side of the above equation, i.e
W’H{u —kt)™"

X

' rmi,n1;me,n $
x I pmi,nima,na C<1ikt)

P1,91;P2,92

(Ci» Vi Ci)2,p2
(bi7 Bi; Bi)l,q1§ (du 03 Di)l,q2

= W’M{(l — kt)*A% /$cw (1 i(kt)%qﬁ(w,Y,X)dw}
B ﬁ /too(U_t)A_k_l <(1_kU)_A%i /$Cw(1 _XkU>$w¢(w, Y,X)dw) U

_ 1 1 w v Sw > A—k— —A—$w
_ﬁm/f X q&(w,Y,X)(/t (U - )" 11 - kU) dU)dw

(alyal;Al :Y)7(aiaai;Ai)Q,pl;(617’717017‘)()7 }
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1 1 oo U AN—k—1
_ w v $w A=k=1( % _ _ —A—%w
- 2m’I‘(/\—k)/$c X qﬁ(w,Y,X)(/t ¢ (t 1) (1—kU) dU)dw

U 1
on taking the subsitution, T = and after calculating the terms we get
Y

1 1 / $ /1 Ak —A—$ k=1, k4+$w—1
=——— [ "X¢p(w,Y, X t" T (1—kt) W(1—y) Pyt =lgy | dw
T =8 Js )( g (

211

ok ,Ai/w X\ D(k + $w)
S = (1—kt> oY X F R sy

=t"F1 - kt)™

x \% (a1, 01541 :Y), (1 =k, 8,1)(ai, as; Ai)apy;
« ]’m17n1+1§m27n2 C( )

(01»71: Clv X)7 (Civﬂyiv Ci)?,pz
(bi, Bi; Bi)1,qr» (1 = A8, 1) (di, 653 Di) 1,5

p1+1,q1+1;p2,92 1—kt

Lemma 3.2. Let,
(A) my,n1,ma,n2,p1,q1,71, 51 € Zo+ such that 0 <ny <py, 1<my <,

0<ny<pz 0<n2<q,

(B) R(A—k) > 0; R(k) +$R(F) >0, (i=1,2,...,u),
(C)Y,X>0,$3>0,and NeC

(D) larg(C)| < 376, provided § is characterized in the relation (1.18)

WK‘A{(l —kt)™"

X $
X ’YITnlJLl;mm"z c
P1,91;P2,92 1— kt

(Ci: Vi, Ci)2,p2

(a1,01; A1 :Y), (@i, i3 Ai) 2 py ;s (c1, 71, Cr1, X), }
(bis Bis Bi)1,q1; (dsy 653 Di)1,gs

=" RF1— k)™

X $ (alaal;Al :Y)7(17k7$71)(ai7ai;Ai)2,p1;
% 71m17n1+1;m27n2 C( )

(617717 Cl: X)7 (Civ’Yh Ci)?,pQ
(bis Bi3 Bi)1,gy» (1 = A8, 1)5 (diy 043 Di)1,g,
(3.2)

p1+1,q1+1;p2,q2 1—kt

Proof. The proof is similar of lemma (3.1). |

Theorem 3.3. Let,
(A) my,n1,m2,n2,p1,q1,71,51 € Zo+ such that 0 <nyp <p;, 1 <my < qi,

0<mny <p20<ny<q,

(B) ap,; Bays Cpss Og, are positive real numbers,

(C)R(E)+$(“) < 0; R()+8(L) >0, (i =1,2, ,m), (i =1,2,-- ,ma),
(D)Y,X >0, $>0,and A € C.

Then, the following integral relation holds:
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(alval;Al : Y)7 (1 - k7$7 1)((1,{,0{“14,1)27;,1,
(Clv’yvale)v (Cia’yiv Ci)27P2
(biyﬁiQBi)l,qu (1 - A8, 1); (divéi;Di)LQZ

oo $
/ I‘Inl1,n1+1;m2,n2 C( X )
p1+1,q1+1;p2,q
0 1 1 2,42 1 _ k‘t

x (1 —kt)~*f(t)dt
00 X $ | (a1, 01541 :Y), (aivai;Ai)Q,pl;
:/ Lpmi,nisma,ng |,
0 P1,91:P2,92 1 _ kt

(e1,7,C1, X), (¢iy7i, Ci)2,ps
x (1 — kt)"*DE="¢(t))dt.

(bis Bis Bi)1,q,; (diy 855 Di)1,q0

(3.3)
Proof. Let, the left hand side is denoted by G. i.e,

00 X $
G = L pmyntlmane | 2
- p1+1,91+1;p2,q2 1 — kt
0

x (1 —kt)~*f(t)dt
by using lemma (3.1) and the definition (1.19) we get

be $ | (a1, 01541 2 Y), (@i, i3 Ai)2py s
< | o(25) | e Cx e Gyl | au)a

(bi, Bi; Bi)1,qys (di, 053 Di)1.q,

(a17 aq; Al . Y)7 (1 - kv $7 1)(041‘7 Qi Ai)?,lh;
(Cl,’Yl,Cle)v (CiaﬂYivCi)sz
(bi7 ﬁi; Bi)l,qla (l — A, $7 1)§ (dh 51'; Di)l,qz

by changing the order of integeration under the allowable circumstances, we have

(& m (617717017)()7(Ci77i7ci)2,p2

(bi, Bis Bi)1,qy5 (diy 055 Di)1,g,
U A—k—1
(U -1
« </0 ol ¢(t)dt> dU

Now by using the Riemann-Liouville fractional derivatives, we get

x \* (a1,005 A1 1Y), (@i, a3 Ai)apy s
— FImlan1§m2;n2 c
P1,91;P2,92 1 _ kU

(clvfyla 017X)7 (c’ivfyiv Ci)2,p2
x (1 — kU)~"D*"o(U)}dU.

P1,91;P2,92

/OO( jon T ( X )$ ‘ (a1, 01541 1Y), (a;, i3 Ai)2 prs
= 1-kU)™ JMsn1ma,na
0

(bis Bi; Bi)1,q1; (di, 035 Di)1,gs

which is the right hand side of the proof. O

Theorem 3.4. Let,
(A) my,m1,ma2,n2,p1,q1,71, 51 € Zo+ such that 0 <ny <p1,1 <m; < q,
0<ng <p2,0<ny <gqo,

(B) apy, Bars Cpys Oqy are positive real numbers,

(C) R(k)+8(“2—) < 0; Rk +8(L) >0, (i=1,2, ,ma), (i=1,2,- ,my),
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(D)Y,X >0, $>0,and A € C.

then, the following integral relation holds:
(a17 Qaq; Al : Y)7 (1 - ka $7 1)(&1‘, Qi Ai)Q,pl;
(Clv V1, Clv X)? (Ci7 Vis Cz’)Q,pg

oo s X $
ma,n1 ma2,n2
/ ’YIP1+1 q1+15p2,q2 C(l _ kt)
0 (bi, Bi; Bi)1,qr» (1 = A, 8,1); (di, 655 Di)1,q,

x (1 — kt)~*o(t)dt
o0 X $ (aho‘lvAl : )»(azvau )2p1§
:/ 711771111@?1112”1&122”2 C(m) (015717017)() (Cu’Yu )2 P2
0 ( zaﬂ'w )1,q17(dz757,7D)1,q2
x (1 —kt)"*DE="o(t)}dt (3.4)
Proof. The proof is similar of theorem (3.3). d

Theorem 3.5. Let,

(A) my,m1,m2,M2,01,q1,71,51 € Zg+ such that 0 <n3 <p1,1 <m; <q,
0<ns <ps,0<n2 <qo,

(B) ap,, Bqys Cpys g, are positive real numbers,
(C) R(k)+8(“2 =) < 0; R(k)+8(5) >0, (i=1,2,+ ,ma), (i=1,2, ,ma),
(D)Y, X >0, $>0,and A € C.

Then, the consequent IE:
) $
/ FImlyn.l;m21n2 c X
0 P1,915P2,92 1 _ kt

has a solution given by

H(X) = M /$(1 —kXx)F [aﬁ(%,y)] 71E(P)dP,

(alyalaAl : )7(04170517 )2191;
(017’717017 )7(617’Ylv )2172
(buﬁu )1,q17(d27627D )qu

x (1 - kt) ™ {o(0)}dt = $(X)  (35)

211

E(P) = /OOO XP=ly(X)dx

and (;5(_TP,Y,X) is shown in equation (1.17).

where

Proof. To find the solution of integral equation f is replaced by D" ~* f in equation
(3.3), we have

(a17011§ Al : Y)7 (1 - ka $7 1)(@1'7042'; Ai)Q,Pl;
(01771a Cle)7 (Ci7%27ci)2,p2
(bhﬁz’; Bi)l,q17 (1 - /\7$7 1); (d1751a Di)l,q2

x DE=Mg(t) bt = (X)

) $
/ (l—kt) k FIml ;n1t+1lma,ng ¢ X
0 P1+1,1+1;p2,92 1—kt
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On multiplying both sides by XP~1, integrating from 0 to co with respect to
X, and thereupon altering the order of integration together with the allowable
circumstances, we have

B(P) = [T X tu00de = [T kDb o)

0

9] Iy X 8
)(P—l T ymi,ng ma,ng
X< / IP1+1 q1+1;p2,q2 C<17kt>
0

Now by using equation (1.22), we obtain

B(P) = %%qﬁ(%,)/) /000(1 — kt)PEDN R {e)dt

Moreover, by using Mellin inversion theorem, we obtain

(Cl7 Y1, 017 X)7 (Ci7 Yiy C’i)Q,pz

Do) = o[-kt 2= DeE o SE )| Bar

Now, by operating on each side with D*~", we obtain

which eventually gives

o) = S Ja-w0rlo(Z5r)| Bwar

211

Theorem 3.6. Let,
(A) my,n1,m2,n2,p1,q1,71,51 € Zo+ such that 0 <ny < p1, 1 <my < g,
0<ny <p2,0<ny <qo,

(B) ap,, Bqys Cpys g, are positive real numbers,

(C) R(k )+$(‘“’f1) <0; R(k)+$(F) >0, (i =1,2,-+ ,ma), (i =1,2,-+ ,my),
(D)Y, X >0,$>0,and A € C.

Then, the consequent IE:

oo $
/ Y [Ma,n1me,ne C( X )
0 P1,91;P2,92 1— kt

has a solution given by

$C§(1—kX)A_1

o0 = > [a-kx)r [«ﬁ(%i/)] B(P)dP,

211

(alyalvAl 'Y 7([11705“ 21)17
(Clvfylacly )7(617717 )2}72
(bu /827 )1,q17 (dza 527 D; )17112

x (1= kt)"Me(t)}dt = (X))  (3.6)

where

E(P) = /OOC XP=ly(X)dx

(ar,a1;A41 :Y), (1 =k, 8,1)(ai, o33 Ai)2,py 5

(bis Bis Bi)1,q,, (1 = A, 8,1); (di, 055 D)1,
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and ¢(%,Y7X) is shown in equation (1.10).

Proof. The proof is similar of theorem (3.3). O

4. Fractional Integration of Modified Incomplete I-function

In this section, we shall investigate the left and right hand sided MSM fractional
order integrals of modified incomplete I-function.

The followings are well-known results (see [5]) and will be needed in proving the
subsequent theorems.

Lemma 4.1. Let u,p',v,v/', 7,2 € C and 7 > 0.

(1) If ®(A) > max{0,R(' — "), R(v+v' +pu—71)}, then

207

—p—p'+TH+A—1 F()‘)F(_M/ + v + )‘)F(_H - :ul —V+T+ )‘)

(T (1=kt) 1) (@) = (1=kt)
(4.1)

(2) If R(A) > max{R(v),R(—p— p' +7),R(—p — v + 1)}, then

DN(—v+ Nl (p+p =7+ (p+v —74+A)

ITNTRTR S _ — ) = _ —p—p 7=
k) ) = (L) s e TGt 7 + oY
4.2

Theorem 4.2. Let p, p/', v,V , 7, A, ¢ € C be so that R(r),u >0 and
R(A) > max{0,R(u — '), R(v+v' +u—71)}. Then for x > 0 the following relation
holds:

(s w0

(a1, 01541 :Y), (as, 033 Ai)2pys (c1, 71, C, X)), (€457, Ci) 2.,
(bu Bi; Bi)l,ql; (di, i Di)l,qz

' rmy,nisma,ng _ I
Xy s (1 — kt)

— (1 _ kt)fufuur'ﬁt)\fl

(alaal;Al : Y)7(1 —/\,,u;1)7(1—|-// -V —A,,U,;l)7

w T pmanit+dima,ng C(l _ k‘t)‘u

p1+3,91+3;p2,92 (Cia%‘aci)z,pz

(bi, Bis Bi)1,qr, L=V = A1), A+ p+ 4/ — 7= A5 1),
(I+p+p' +v—1=Xu;1);(di, 055 Di)1g,

(A+p+p +v—1—\p1)(a, o Ai)2p; (c1,71,Cr, X)),

P 4+ AN(—p—p +74+ N0 —v+7+A)

)

(4.3)
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Proof. Let the left hand side of equation (4.3) is denoted by H. i.e,

H= (1;;;# VT (1 )AL

T rmi,n1;me,ne _ 12
x Iplxlll yP2,492 C(l kt)

(civ Vi, Ci)QaPQ
(bi, Bis Bi)1,g15 (diy 045 Di)1,q,

_ (16‘4”/’”*”/’7(1 — k)1 (2% /$ d(w,Y,X) (1 — kt)”wdw>)(x)

where ¢(w, Y, X) is given in equation (2.4). On interchanging the order of integration, we have

(a1,015 A1 1Y), (a5, 055 Ag)2,p, 5 (1,71, C1, X), >
(z)

- / B, ¥, X) (I 7 (1 k)M ()

/¢ w,Y, X) ((1 — k) THop TR
" 2mi

PO+ pw)D(—p + vV + A+ pw)l(—p — p' —v + 74+ A + pw) ) w
L + X4+ pw)l(—p—p/ + 74+ A+ pw)l'(p — v+ 74+ A+ pw)

(1 _ kt)flu.f//+‘r+>\71

5l /$¢>(w, Y, X) (c(l - kt)“)

< P+ p)l(—p/ + v + A+ pw)l(—p — p/ — v+ 74+ A+ pw) >dw
P + A+ pw)l(—p— ' + 7+ A+ pw)I'(p — v+ 74+ X+ pw)

after calculating we get the right hand side of the equation (4.3). ]

Theorem 4.3. Let p, p/,v,v', 7, A, ¢ € C be so that R(7), 1 > 0 and
R(A) > maz{0, R — '), R(v+v'+pu—7)}. Then for x > 0 the following relation
holds:

(W (1 g

Y ymi,niymsa,n2 _ I
x IPl q1;P2,92 C(l kt)

(Ci7 Yis Ci)?,pg

(a1,01; A1 1Y), (a5, 055 Ag)2,p, s (1,71, C1, X),
(z)
(bis Bi; Bi)1,q1; (di, 035 Di)1,qs

=(1- kt)*H*H/+T+>\*1

(a1, 01341 :Y), (1= A\ ps 1), (L4 4/ — v = A\ 1),
(A4 p+p +v—1—=Xwp1)(a, i Ai)2p; (c1,71,Cr, X)),
(Civfyhci)Q,pz
(bzvﬁzv B’i)l,q17 (1 - V/ - )\7Iu" 1)7 (1 + H + M/ - T = )‘7M7 1)’
(I+p+p +v—71—=Xpu1);(di, 055 Di)1 g,

w VML ni1+3;ma,n2 _ I
IP1+3VQ1+3’P2 q2 (1 kt)

(4.4)
Proof. The proof is similar of theorem (4.1). O

Theorem 4.4. Let p, p' v, v, 7, A\, c € C be so that R(7),pu > 0 and
R(A) > max{RW),R(—p—p' +7),R(—p—v' +7)}. Then for x > 0 the following
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relation holds:
(I{f’“ PV (] — Ret) A

FIm1 niymsa,ng C(]. _ kt)fu

P1,15P2,02 (ci,Yis Ci)2,p,

(a1, 005 A1 : Y), (@i, 055 Ai)2py s (€1,m, C1, X)),
()
(bis Bis Bi)1,q1; (dsy 053 Di)1,g,

= (1 — kt)nop TN

(a1, 01341 :Y), (A +v =N p1),(1—p—p' +7 =X p; 1),
A—p—v+7—=Xp:1)(0i, 055 43)2,; (c1,71,C1, X),
(€iyYi> Ci)2,ps
(bis Bis Bi)1,gs (1= A ps 1), (1 — p+v — A 3 1),
(I—p—p" ="+ 7= X p;1);(diy 6i5 Di)1,g,

F my,n1+3;ma,na —i
IP1+3 q1+3;p2,q2 (1 - kt)

Proof. Let the left hand side of the above equation is denoted by G. i.e,

G = (15;“””*"’77(1 —kt)™

I ymi,ni;me,ne _ —K
x Ipl#h 3P2,92 C(l kt)

(Civ Yis C’i)Q,pz
(bu Bi; Bi)l,ql; (di7 i Di)l,qz

= (e ma=w > (5h [t vix) e -k ) @)

On interchanging the order of integration, we have

(a17al;A1 :Y)a(aivai;Ai)2,p1;(017717017)()’ )
(z)

- / B, ¥, X) ¢ (I (1— k) ) (a)

/¢> w,Y, X) ((1 — k) H AT A
27m

I'(— V+A+uw)1“(u+u’—T+A+uw)l“(u+z/—T+A+uw)>dw
P+ pw)l(p—v+ A+ pw)l(p+ p/ + v — 74+ A+ pw)

B A e Ul S w
_a kt)m /$¢(w,Y,X)(c(1 — kt))

D(—v+A+pw)l(p+p —7+ A+ pw)l(p+ v — 74+ X+ pw)
dw
P+ pw)l(p — v+ A+ pw)l(p + @/ + v — 7+ A+ pw)

after calculating we get the right hand side of the equation (4.5). |

Theorem 4.5. Let p, p/,v, v, 7,\,c € C be so that R(7),u >0 and
R(A) > max{R(v), R(—p—p +7),R(—p—v' +7)}. Then for z > 0 the following
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relation holds:

(I{]"“ PET(1 — k)

Y Jma,nyimsa,na _ —H
x IPh‘]l 3P2,92 C(l kt)

(Ci: Yis Ci)2,p2

(a1, 015 A1 1Y), (g, a3 Ag)2p, s (c1, 71, C1, X)),
()
(bivﬁi;Bi)l,qﬁ (di75i;Di)1,q2

— (1 — k)T

(alaal;Al :Y)7(1+V_)‘7,U/;1)7(1_N_/Ll'i'T_/\a/L;l)a
A=—p—=v'4+7= X p1)(a;, 055 A2, (c1,71,C1, X),
(Ciy’YhCi)Z,pz
(bs, Bis Bi)1,gr, (1= A p51), (1 — pp+v — A, 5 1),
(L—p—p" =" +7 =X p;1);(di, 05 Di)1q.

v ymi,n1+3;ma,ne _ —p
X Ip1+3,q1+3;pz,qz C(l kt)

Proof. The proof is similar of theorem (4.3). O

5. Fractional Differentiation of Modified Incomplete I-function

In this section, we shall investigate the left and right hand sided MSM fractional
order derivative of modified incomplete I-function.

The followings are well-known results (see [5]) and it will be needed in proving
the subsequent theorems.

Lemma 5.1. Let u,p',v, v/, 7, A € C.
(1) IFR/(A) > max{0,R(—p +v),R(—p — ' —v' + 1)}, then
TN (p—v+ N (u+ '+ —7+N)

N(—v+MNl(p+p —7+NT(p+v =7+ A)
(5.1)

(ngr“,’y7y/‘7-(1*kt)>\71) (1,) — (lfkt)”ﬂ‘/*"'+’\*l

(2) If R(A) > max{R(—'), R +v —7),R(p+ ¢/ — 7) + [R(7)] + 1}, then

VAN (—p—p +7+NT(—p =V +7+A)
(= + vV + N0 (—p—p —v+74+A)
(5.2)

‘v T — I F
(DT (1—kt) ™) (z) = (1—kt)H T =72 (

Theorem 5.2. Let p, p/, v,V , 7, A\, ¢ € C be so that R(r),u >0 and
R(A) > max{0,R(—p + v),R(—p — p/ — V' 4+ 1)}, then for x > 0 the following



Certain Fredholm type integral equations and fractional operators 211

relation holds:

(Dgf PYIT(1 — k)t

I ymi,nime,ng _ 123
x IPl»Ql?Pzﬂz C(l kt)

(Ci7 Vi, Ci)Q,pz

(a1,01; A1 :Y), (a5, 055 Ag) 2 p, 5 (¢1, 71, C1, X),
()
(bi7 Bi; Bz‘)l,ql; (di7 i3 Di)l,q2

= (1 — kt)Ptn —THA-1

(alyal;Al : Y)7 (1 - )‘7/1/; ]-)a (1 _/L+V - )‘7/“ 1)7
(I —=p—p =V +7 =X 1) (as, ai; Ai)ap,; (c1,71, C1, X),
(€isYi> Ci)2,ps
(bis Bis Bi)1,gs (L +v = A1), (L= p—p' +7 =\ ps 1),
(I—=p—=v' +7 =X 1);(di, 65 Di)1,g,

T rmi,n1+3;mz,na 7 m
X Ip1+3,q1+3;p27qz C(l kt)

(5.3)

Proof. Let the left hand side of the above equation is denoted by R. i.e,
R= (Dgf/’””’l*T(l — k)Mt

T ymi,n1;me,ne _ 122
x Iplalh yP2,92 C(l kt)

(Ci7 Vi Ci)2,p2
(bis Bi; Bi)1,q1; (di, 035 Di)1,qs

_ <D6‘;"/’”*”/’T(1 — k)1 <% /$ b(w,Y, X)c® (1 — kt)“wdw))(:c)

(a1,01; A1 1Y), (a5, 055 Ag)2p, s (1,71, C1, X), >
(z)

On interchanging the order of integeration, we have

1

w NTURVRVIN Apw—1
- /$ B, Y, X) ¢ (D7 (1= ki) =) (a)da

1
T 2mi

/¢(w,Y,X) c® ((1 — kt)wu’—mxﬂm,l
$

P+ pw)l(p — v+ A+ pw)l(p+ p" + v — 74+ A+ pw) > w
D(—v+ A+ pw)l(p+p —7+ A+ pw)l(p+ v — 74+ X+ pw)

(1 — ktyrtn'=mA-1

= , /$¢(w,Y,X)(c(1 — kt)")"”
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P+ pw)l(p — v+ A+ pw)D(p+ p + v — 7+ A+ pw) >dw
D(—v+A+pw)l(p+p —7+ A+ pw)l(p+ v — 74+ X+ pw)

after calculating we get the right hand side of the equation (5.3). |

Theorem 5.3. Let p, p/, v,V , 7, A\, ¢ € C be so that R(r),u >0 and
R(A) > max{0,R(—p + v),R(—p — ¢/ — V' + 1)}, then for x > 0, the following
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relation holds:

(Dgf”"v"’m — ki)

x Y [M1,m15me,n2 C(l _ kt)“

P1,91;P2,q2 (Ci, Yis Cz‘)2,p2

(a1, 01541 :Y), (a5, o3 Ai)apy; (c1, 71, C1, X)),
(z)
(bi, Bis Bi)1,q13 (dsy 653 Di)1 g,

= (1 — ktyrtw A

(a1,00;A41:Y), (L =X\ w3 1), (1 —p+v— A p; 1),
(I—p—p —v +7 =X \ps1)(ai, a5 Ai)2p, (c1, 71, Cr, X),
(Civfyivc’i)Q,pg
(bi>ﬁi§ Bi)LQl? (1 +v— )‘7/-“ 1)7 (1 — K= // +7 - )‘7ﬂ; 1)7
(I —p—=v"+7 =X p;1);(di, 65 Di)1,g,

v rmi,n1+3;ma,na - I
X IP1+3,111+3;p2,q2 C(l kt)

(5.4)

Proof. The proof is similar of theorem (5.1). O
Theorem 5.4. Let p, p/,v, v/, 7, \,c € C be such that R(r), > 0 and
R(A) > max{R(—v"), R +v—71), R+ — 1)+ [R(7)] + 1}, then for x > 0 the
following relation holds:

(Dg;“ T — k)T

r ) (alyal;Al :Y)7(aivai;Ai)Q,pl;(cla’yl7clyX)7
X s | (L= RO (€i:%i, Ci)2.p, (z)

(bis Bis Bi)1,q1; (diy 653 Di)1 g,
= (1 — ktytr —r=A=1
(alyal;Al Y)7(1 - _/\7H71)7(1+M+/‘L/ _T_)‘vl‘l’;l)a
r 13 (1+:u/+V_T_Avﬂ;l)(ahai;Ai)Z,pl;(017’)/17017X)7
miy,n ima,n _
X IP11F3,1¢11+3;P227¢122 C(l - kt) : (ci7 Yis Ci)lpz
(biv Bza Bi)l,q17 (1 - )‘a 122 1)7 (1 + MI - V/ - )‘a 122 1)7
(Lt p+p +v—7=X 1) (di, 65 Di)1,g,
(5.5)

Proof. Let the left hand side of the above equation is denoted by S. i.e,

S = (ng“’v”’”'vfu — k)™

I ymi,n1;me,ne _ —K
x IPl#]l 3P2,92 C(l kt)

(€is vis Ci)2,p2
(bzv B Bi)l,ql; (di, i Di)l,qz

) 1
= <D6"f‘ YT — kt)”‘(—,/cz)(w,Y,X) (11— kt)f““’dw)> (x)
21 $
On interchanging the order of integeration, we have

1 ’ ’
— i [ @0 Y, X) e (DG (1 ke A o)
$

(a1, 015 A1 :Y), (a5, 53 Ag)2 p, s (€1, 71, C1, X)), )
(z)

" 2mi
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/d)wYX w(l—kt‘”’“_T A—pw
27m

L + A+ pw)l(—p — MJFTJF)\JFI“U)F(*M/*V+T+)\+Mw)>dw
PO+ pw)D (=g + V' + A+ po)l(—p — ' — v+ 7+ A + pw)

(1 — ktyptn'=m=A

= LB v, (et k)

27

(F(z/'—l—)\—l—uw)l“(—,u—u’—l—T—i—)\—i—uw)F(—,u’—V+T+A+uw) p
P+ pw)D(=p/ + v + A+ po)D(—p = —v + 7 + A+ pw)

after calculating we get the right hand side of the equation (5.5). O

Theorem 5.5. Let p, /', v,V , 7, A\, ¢ € C be so that R(r),pn >0 and
R(A) > max{R(—v"), R +v—7),R(u+p—7)+[R(r)] + 1}, then for x > 0 the
following relation holds:

(ng“ VT (] — Fet) A

X ’Y[mlﬂh ;m2,n2 C(l _ kt)i’u

P1,91;P2,92 (Cia’)/iaci)ng

(a17a1;A1 . Y)7 (aiva’i; Ai)z,pl; (017717017‘)()7
(z)
(b3, Bis Bi)1,q15 (di, 6i3 Di)1,q.

(1 — kytw' =721
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(a1,00; 41 :Y),(1—=v =X\ ), L+ p+p/ — 7=\ 3 1),

A+ +v—7—X 1) (a5 42,5 (e1,71,Ch,

X ’Ylml’nﬁ_s 2,m2 C(]. — kt)iu (Ci, Yis Ci)27p2

p1+3,91+3;p2,92

(L+p+p +v—7—=X 1) (di, 65 Di)1,g,

Proof. The proof is similar of theorem (5.3). d

6. Conclusions

This paper introduces the Fredholm-type integral equation involving the mod-
ified incomplete I-function in the kernel. Several integral problem of this func-
tion have been obtained by using Weyl fractional integral and Mellin transform.
Marichev-Saigo-Maeda (MSM) fractional operators are also used to find the frac-
tional integration and fractional differentiation of modified incomplete I-function.
Our conclussions are crucial in many different fields. With their aid, a wide range of
fascinating and useful fractional integral equations with applications in engineering,
communication theory, probability theory, and science can be created. In the near
future work, the solutions of the other differential and integral equations may be
obtained by considering the modified incomplete I-function in the kernel for more
generalization to transcendental problems and these solutions can be represented
in terms of modified Incomplete I -function.

X),

(bi, Bis Bi)1,qys (1= A s 1), (L4 " — v = A s 1),
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