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TOPOLOGICAL INDICES OF BIPARTITE KNESER B TYPE-K
GRAPHS

JAYAKUMAR. C., SREEKUMAR K. G., AND MANILAL. K.

ABSTRACT. Let %, = {*wz1,+x2,tx3,...,+2n_1,2n}, where n > 1 is fixed,
xi €ERT,i=1,2,3,...,n,and 71 < x2 < 3 < --- < Tn. Let #(%,) be the set
of all non-empty subsets S = {u1,u2,...,u:} of By such that |ui| < uz| < ... <
|ug—1| < ue, where uy € RT. Let %, = {x1,22,23,...,Tn—1,2Zn}. For a fixed k,
let V1 be the set of k-element subsets of %, 1 < k < n. Vo = ¢(%,) — V1. For
any A € Va, A' = {|z| : z € A}. Define a bipartite graph with parts Vi and Vs
and having adjacency as X € V; is adjacent to Y € Vs if and only if X c Y
or Y Cc X. A graph of this type is called a bipartite Kneser B type-k graph
and denoted by Hp(n, k). In this paper, we calculated some topological indices
of Hg(n, k).
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1. INTRODUCTION

Numerous studies have been conducted on the structural characteristics of Kneser
graphs, which are used in a wide range of applications. Coding theory makes use of
Kneser graph automorphism to its benefit. Error correction using low-density parity
check (LDPC) codes becomes highly efficient. It is present in nearly all contempo-
rary communication systems. Writing an LDPC code is challenging. T. Chowdhury
and A. Pramanik[4] created LDPC codes from bipartite Kneser graphs. A bipartite
Kneser graph H(n, k) is a mathematical object that arises in the field of combina-
torics and graph theory. It is a type of graph that is defined in terms of sets and
partitions of sets. It is a bipartite graph, one part consisting of all k-element subsets
of the set of n elements, and the other part consisting of all (n — k)-element subsets.
Here n and k are positive integers. An edge exists between a vertex in the first part
and a vertex in the second part if and only if the corresponding subsets are disjoint.
The class of graphs that bear Martin Kneser’s name are those studied by him for the
first time in 1956. Then, several types of bipartite Kneser graphs are constructed,

and their algebraic structures are examined.
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Bipartite Kneser graphs have important applications in coding theory, computa-
tional geometry, network theory and quantum mechanics. They are also interesting
objects to study in their own right, and many of their properties have been investi-
gated. These graphs are important because they allow a large number of set-related

combinatorial problems to be translated into graph theory.

SM balancing graph[12]was established using the combinatorial structure of the
balanced ternary number system, which is used in the ‘Setun computer’ built in Rus-
sia (Moscow State University-1958). Consider the set T,, = {3™ : m is an integer, 0 <
m < n — 1} for a fixed positive integer n > 2. Let I = {—1,0,1} and = < %(3” -1)

be any positive integer which is not a power of 3. Then x can be expressed as

n
(1.1) z= ajy
j=1

where o; € I, y; € Ty, and y;s are all distinct. Each y; such that a; # 0 is called a
balancing component of x.

Consider the simple digraph G = (V, E) where V' = {v1,v9,v3, .. ‘,v%(gn_l)} and
adjacency of vertices is defined as follows: for any two distinct vertices v, and vy,
(ve,vy;) € Eif (1.1) holds and aj = —1, and (vy;,v,) € E if (1.1) holds and a; = 1.
This digraph G is called the n'*SM D balancing graph, denoted by SMD(B,,). Tts
underlying undirected graph is called the n*”* SM balancing graph or SM balancing
graph, denoted by SM(B,,).

In [11], the authors constructed a bipartite Kneser B type-k graph G = Hp(n, k),
which are more general bipartite graphs analogous to SM balancing graphs, for in-
tegers n > 1 and k > 1.

Topological indices are mathematical descriptors that capture the structural and ge-
ometrical features of a molecule or material. They are commonly used in the field of
chemoinformatics, where they help to predict properties of chemicals based on their
structure. Recently, the research on this topic has evolved on general graphs, and
there are more than 3000 topological indices based on degree, distance, eccentricity,

and spectrum of graphs.

In this paper, we analysed the graph G = Hp(n, k) and determined its topological
indices, like the Sombor index, eccentricity indices, Zagreb indices, Padmakar-Ivan
index, and terminal Wiener index. Also, the M-polynomial and Wiener polarity

index of this graph were obtained. In Section 4, definitions of various topological
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indices and M-polynomials are given. Calculation of these indices and M polynomial

for G = Hp(n, k) are included in section 5.

2. PRELIMINARIES

The greatest distance between any two vertices in a graph is known as its diam-
eter. The eccentricity of a vertex, e(v), is the largest possible distance between it

and any other vertex.

Definition 2.1. Let %, = {£x1, tao, ta3,...,t2y_1,2,}, where n > 1 is fixed,
xp € R i =1,23,....,nand 71 < 79 < 3 < - < T,. Let #(%,) be the set
of all non-empty subsets S = {uy,ug,...,us} of B, such that |u1| < |ug| < ... <
|ug—1| < ur where uy € RT. Let B} = {x1,%2,%3,...,Zp-1,75}. For a fixed k, let
V1 be the set of k-element subsets of &, 1 < k < n. Vo = ¢(%,) — V1. For any
A€ Vo, let AT = {|z| : « € A}. Define a bipartite graph with parts V; and V5 and
having adjacency as X € V; is adjacent to Y € Vs if and only if X ¢ YT or Yt c X.
A graph of this type is called the bipartite Kneser B type-k graph [11, 13] and is
denoted by Hp(n, k).

Definition 2.2. An r-vertex in Hp(n,k) is an element in ¢(%,) containing r

elements, where 1 < r < n. Members of ¢p(%,,) are called r-vertices.

Hp(n,k) forn =2,k =1 and n = 3,k = 2 are illustrated in Fig. 1 and Fig. 2.

1(2,1)
Ay = {+ay, a2}
a(A,) =V UV,

{ai} {ay, as}

{as} g {—ay,a0}

Ficure 1. Hp(2,1)
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FIGURE 2. Hp(3,2)

Example 2.3. The bipartition of Hg(4,2) is given below:

By = {1, £2, +3, 4}

Vi={{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}}

Vo= {{1}, {2}, {3}, {4}, {-1,2},{-1,3}, {-1.4}
{-2,3},{—2,4},{-3,4},{1,2,3},{-1,2,3},{1,-2,3},{—1,-2, 3},
{1,2,4},{-1,2,4},{1,-2,4},{-1,-2,4},{2,3,4},{-2, 3,4},
{2,-3,4},{-2,-3,4},{1,3,4},{-1,3,4},{1,-3,4},{-1,-3,4}
{1,2,3,4},{-1,2,3,4},{1,-2,3,4},{1,2,-3,4},{-1,-2,3,4}
{1,-2,-3,4},{-1,2,-3,4},{-1,-2,-3,4}}

Here, we summarise certain results proved by Jayakumar et al. [3] on Hg(n, k).

3" -1
2

and

Theorem 2.4. [3]The order and size of Hg(n, k) are given by |V| =
o (3 =3
2= ) (

Proposition 2.5. [3]Ifn > 2 and 1 < k < n, for the graph Hg(n, k), the eccentricity

of a vertex is given by

+ 2k=1(3n=k — 1)>.

3 ifvel,
e(v) =42 ifveVyis an n-vertex,

4 ifveVyis an r-verter, 1 <r <mn.
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Proposition 2.6. [3]Consider the bipartite Kneser B type-k graph Hg(n,k)), n >
2, 1 <k <n. Let dy(vi,v;) be the number of unordered pairs of vertices for which
d(vi,v;) = h. Then

|E]| ifh =1,
dp(vi,v;) = ((g)) if h = 2 and v; and v; are in Vi,

WAVI= G -1l ifh =3,
AZSO, dg(vi,vj) + d4(v,-7vj) = (|‘2/|) — (dl(vi,vj) + dg(vi,’l)j)).

The degrees of vertices in G = Hp(n,k) and the number of vertices having a
specific degree are determined in [3]. The degree sequence is simply obtained by

arranging the sequence.
{d(l)N(1)7 d(2)N(2) d(k — 1)N(k71)’
vy (B) D), dy, (k)M @, d(k + HNVEED, )N}

of degrees with corresponding multiplicities as a monotonic non-increasing sequence.
Here d(r), where r =1,2,3,....k— 1,k +1,...n, denotes the degrees of r-vertices
in V5 and N(r) denotes the number of r-vertices. The values of d(r) and N(r) are

given below:

d(1) = (371 N(1) =2°(})
d2) = (772 N(2)=2'(3)
dk—1) = (2_52:3) N(k—1)=2"2(,"))
dvy (k) = <u + 2k=1(3nk 1)) Nvi (k) = (})
dv, (k) = Ny, (k) = (2" = 1)(3)
d(k+1) = (1) N(k+1)=2"(,1))
d(n) = (7) N(n)=2"""().

3. TOPOLOGICAL INDICES OF Hp(n, k)

Topological indices form an essential part of chemical graph theory, which cor-
relates the physiochemical properties such as boiling point, melting point, infrared
spectrum, electronic parameters, viscosity and density of the underlying chemical
graphs. Topological indices are of different types, such as degree-based topological
indices, distance-based topological indices, and spectrum-based topological indices.
In this paper, we determined some eccentricity, distance, and degree-based topo-

logical indices of G = Hp(n,k). They are the total eccentricity index, average
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eccentricity index, eccentric connectivity index, connective eccentricity index, first
Zagreb eccentricity index, second Zagreb eccentricity index, terminal Wiener in-
dex, Wiener polarity index, Szeged index, vertex Padmakar-Ivan index and Sombor

index. The M-polynomial of Hg(n, k) is also determined.

Definition 3.1. For a simple graph G with vertex set V(G), the total eccentricity

index [14] is defined byT¢(G) = > e(v).
veV(QG)

Definition 3.2. The average eccentricity index [2] of a graph G is the mean value

of eccentricities of all vertices of a graph, that is,
1
avec(G) = - Z e(v).
veV(G)

Definition 3.3. Let G be a simple graph with vertex set V(G). The eccentric
connectivity index [2] is defined by

€C(G) = ) dv)e(v).
veV(G)
Here e(v) and d(v) respectively denote the eccentricity and degree of any vertex v

in G.

Definition 3.4. The connective eccentricity index [2] for a graph G is
d(v
EENY dlv)
e(v)
veV(G)
Definition 3.5. First and second Zagreb eccentricity indices [8] are defined by
E, =E(G) = Z [e(w)]*> and By = Ey(G) = Z e(u)e(v).
veV(G) weE(Q)
Definition 3.6. The Szeged index [10] is defined by
Sz(G) = > nule)mle).
e=uwveE(G)
Here n,(e) is the number of vertices in G nearer to u than to v, and n,(e) is the
number of vertices in G closer to v than to u.
Definition 3.7. The vertex Padmakar-Ivan index [9]of G denoted by PL,(G) is
defined by

PLG) = 3 (nu(e) + nule)).

e=uwveE(Q)
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Definition 3.8. The Wiener polarity index [1] is defined by
where d(G, 3) denotes the number of vertex pairs in G that has distance 3.
Definition 3.9. The terminal Wiener index [7] is defined by
WG =} dwy)
{zy}CVe(G)
where V,(G) is the set of pendent vertices in G.

Definition 3.10. The Sombor index [5] of a simple graph G with edge set E(G) is
defined by

SOG) = > \/(deg(u;.

vv;€E(G)
Definition 3.11. The M-polynomial of a graph G [6] is defined by
M(Giz,y) =Y ma(G)z™y',
s<t

where mg, (s,t > 1), is the number of edges uv in G such that dg(u) = s and
dg(v) =t.

4. MAIN RESULTS

The Total Eccentricity Index (TEI) measures the degree of irregularity of a graph.
Molecules with lower TEI values have more stable structures and are less reactive.
In social and biological network analysis, TEI is used to quantify the degree of

heterogeneity in the network.

Theorem 4.1. The Total Eccentricity Index of G = Hp(n, k) is given by

TE(G) = 3(7;) +4 <V| - (Z) - 2"—1> +on,

Proof. We know that e(u) = 3,2 and 4 according to u is a k-vertex in Vi, an n-

vertex in V2, and an r-vertex, 1 < r < n in Vo. Then > e(u) =
u is an n-vertex in Vo
4V = () —2"h, X e(u) =3(}) and > e(u) =2 x 2" 1
ueVy u is an r-vertex in V2
Therefore, TE(G) = Y. e(v) =3(7) +4 (V|- (}) —2"71) + 2™ O
veV(G)

Corollary 4.2. The average eccentricity index of G = Hp(n, k) is

avee(G) = %%%(:G)e(v) _ % <3 (Z) +4 <|V| - <Z> _ 2n—1> + 2n> .

171
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Proof. The proof follows from the above theorem and the definition of the average

eccentricity index. O

The eccentric connectivity index has been employed successfully for the develop-
ment of numerous mathematical models for the prediction of biological activities of

diverse nature:

Theorem 4.3. The eccentric connectivity index of G = Hg(n, k) is
C 3" -3 k—1/qn—k n
& (G) = — +28 (3" —1) i +

(S ()G e () e £ ()() ()

Proof. V(G) = V4 U Va where Vi = {z € G|z is a k-vertex}, Vo = (W UWaU--- U
Wi UWia U+ Wy_1) UW,,. Here, W,.,1 < r < n are the sets of r-vertices in V5.

G =) e(w)d(x)

zeV
= Z e(z)d(z) + Z e(x)d(z) + Z e(z)d(x)
zeV zeW,,1<r<n—1 zeWn,

=3 <3k—2_3 4 ok—l(gnk _ 1)) (Z)+
(Z ()00 E(0)0) ()

O

Corollary 4.4. The connective eccentricity index of G = Hp(n, k) is
Cf(G) — 1 3k -3 + 2k—l(3n—k _ 1) n +
3\ 2 k

1 %2%1 n\(n—i (2o n +T§2i71 n\ (i i

4\ ¢ i) \k—1 k _ i) \k
=1 1=k+1

=2 (")
(x)
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Proof.

d(v)
C4(G) = —=
o e

)

veV
_ Z d_v +
veW, 6(1)) VEW,,1<r<n-—1 ) veWy, 6(’[})
< 3

(
33 L g1t 1)) <Z +
Cz;lz Z) + (21 1) <Z> + inz; 21 (?) <;>>+
% 2 1<k>

| =

The first and second Zagreb eccentricity indices have been used in the development
of Quantitative Structure Activity Relationship (QSAR) models for drug design and

other applications in the pharmaceutical industry:

Theorem 4.5. The first Zagreb eccentricity index of G = Hp(n, k) is given by

Ei(G) = 9(Z> +16 <|V| - (Z) - 2”1> +omHL,

Proof.

Ei(G) = Z [e

Il
M
)
§
o
+

> [e(w)]” + > [e(w)?

ueVy u is an r-vertex in Vo uis an n-vertex in Vo
1<r<n-—1

=32 (M) 2x (v = () -2 t) 422wt
k k
n n n—1 n+1
- 1 (") -2 gn 1,

d
Theorem 4.6. The second Zagreb eccentricity index of G = Hp(n, k) is given by

Ey(G)=6(3F—1)—12+6x2¢@"F—2nF 1)+ 3 x 2"

173
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Proof.
By (G)= > e(u)e(v)
weE(Q)
= > ewe)+ Y e(ue(v)
weE(G) weE(G)
ueVy ueVy

vEVais an r-vertex vEVhis an n-vertex

1<r<n—1

=(3><4)<20<1f)+21<§)+~~-+2k—1—1+2k<nzk>+---+

2”—2<n ﬁ;ﬁ 1)) + (3 x 2)2n!

k n—k n—=k
-1 —on—k _1
=12<32 >—12+12x2k<%>+3x2"

=6(3F—1)— 1246 x28@F —2nF 1) 4 3x2m,

Theorem 4.7. The terminal Wiener index of G = Hp(n, k) is

()59 (7))

Proof. The set of pendant vertices in G is T(G) = {u | u is a k-vertex in Vo}. Any
k-vertex in V3 is of degree 1 and |T(G)| = (2¥~! —1)(}). The number of unordered
pairs of vertices which are at distance 2 in T(G) is da(u,v) = (2’%2171) (}). The
number of unordered pairs of vertices which are at distance 4 in T(G) is dg(u,v) =
((2167151)(2)) — (Qk_Ql*l) (Z) Therefore,
TW(G) = Y. du,v)
{uv}eT(G)
= 2ds(u, v) + 4d4(u,v)

SO )0)

In organic compounds like paraffin, the Wiener polarity index is the number of

O

pairs of carbon atoms which are separated by three carbon-carbon bonds. Based
on the Wiener index W(G) and the Wiener polarity index W,(G), the formula
tp = aW(G)+bW,(G)+c was used to calculate the boiling points t; of the paraffins

where a,b and ¢ are constants for a given isometry group.
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Theorem 4.8. The Wiener polarity index of G = Hg(n, k) is

Wp(G) = d(G, 3) = (Z)(?’"; L <Z>) _ (Z) <3k2_ 3 | gk—1(gn—k _ 1)) .

Here d(G,3) denotes the number of vertex pairs in G that are at distance 3.

Proof. The distance between a vertex in V; and a vertex in V3 is either 1 or 3. The
number of unordered pairs of vertices at distance 3 is ds(u, v) = (1) (IV] = (})) —|E|.
Then the Wiener polarity index of G is W,(G) = d(G,3) = d3(u,v) = (})(252E —

k_
-0 (2 +reon). 5

Theorem 4.9. The Szeged index of G = Hp(n, k) is

s (o (2 () (123) 2 () (22 -

() () et e

3F-3
Here the degree of a k-vertex u in Vq is dy, (k) = <T + 2k=1(3n=k 1)>

Proof. Let u € V7. Any vertex in V; has maximum degree

dy, (k) = <3k2_3 + 2k=1(gn—k 1)) Consider the edge e = uv.

Let uvy, uvg, ... s UGy, (k)1 be the other edges having u as one end vertex. Then,
the vertices in G nearer to u than to v are u, vy, va, ..., Vay, (k)1 Therefore, n,(e) =
dy, (k). Let n, be the number of r-vertices, 1 < r < n, adjacent to w in Va. Then,
the values of n, are 2° (llc), 2! (g), L2kl ok ("Ik) ,2k+1 (";k), co, 207 Let d(r)
denote the degree of any r-vertex, 1 < r < n, adjacent to u. The values of d(r) are

(Zj), (Z:g), e (Z:g:jg), 1, (kzl), ..., (}). The number of vertices in G closer to
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v than to u is ny(e). For edges uvy, uvs, . .. , WDy, (k)15

Z ny(e)ny, (€) = dy; (k) ( (d1)+d(1)+...+d1))+(d2)+d(2) + ... +d(2))

e=uv; €E(G) m n2

+o(dk) + d(k) + .+ d(k) + .+

Nk

(d(n) +d(n)+...+d(n)) )

= dV1 (k) (nld(l) + ngd(Z) + ...+ nkfld(k' — 1)-|—
et nnd(n))

o)) (D)
)G e

) ()0)

The above summation is with respect to any vertex uw in Vj. As there are (Z)

vertices in V;, we get the Szeged index as Sz(G) = (}) > nyle)ny(e). O
e=uv; €E(G)

Corollary 4.10. An upper bound for the Wiener indezx of G = Hg(n, k) is W(G) <
(PO + 2 G+ 22D @ -0
T e 2 D)

Proof. The proof follows from the inequality W(G) < Sz(G) in [10] for a connected
graph G. O

Theorem 4.11. The vertex Padmakar-Ivan index of G = Hp(n, k) is
PL(G) = Y (nu(e) +nu(e))

e=weE(Q)

()6 ()
o) e e

() ()
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Proof. For the edges uvy, uva, ... s UGy, (k)—1

37 (nule) + nu,(€)) = dyy (B) (01 + na + -+ + ey + g - 1)+
uv, €E(G)

n1d(1) + nad(2) + ... + np_1d(k — 1)+
nrd(k) + ...+ npd(n)

=i a2 () (70 2 () (F20) -

R

A0

Because of the existence of (Z) vertices in V7, the vertex Padmakar-Ivan index of G

is

PIL,(G)

(Z)( 5 <nu<e>+nm<e>>)

uwv; €E(G)

() (o () D) 2 ()= -
() e

wfn—Fk\[k+1 L on-1f(n—k\(n
2 < 1 ) ( e (T ().
Theorem 4.12. The Sombor index of G = Hp(n, k) satisfies the inequality

soc) < (1) {(dvl(k))Q L (Va-1) (20 G+ G+
)G )
2k(n1k) (k—;l) ++2n1<2::> (Z))]

Proof. We know that the degree of any k-vertex in Vi is dy; (k). Also, the degree

of any r-vertex where 1 < r < n in V3 is d(r). Let n, be the number of r-vertices,

1 <r < nin V, adjacent to any k-vertex u of degree dy; (k) in V4. For deg(v;) >

deg(vj), the Sombor index of G willbe SO(G) = > \/(deg(v;))? + deg(v;))? <
v;v;€EE(G)

177
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S (deg(vi) + (V2 — 1)deg(vj)). Also, > (deg(v;) + (V2 — 1)deg(vj)) =

’Ui’UjEE(G) ’Ui’l)]‘EE(G)

(Z)é1 dy, (k) + (V2 — 1)npd(r)). Here,

Zn: dy, (k) + (V2 = Dngd(r) =dy, (k) + (V2 = D)nad(1) + dy, (k) + (V2 — 1)nad(2)+
r=1

A dyy (k) + (V2 = Dng_ad(k — 1)+

dv, (k) + (V2 — D)ngd(k)

+dv, (k) + (V2 = Vg d(k +1) + - --

+dy, (k) + (V2 = 1)n,d(n).

= (dv; (1)) + (V2 = 1) (md(1) + nad(2) + -+

+ np_1d(k — 1)+

rd(k) + nppsrd(k + 1)+ + nnd(n)).

= (dv, (k)* + (V2= 1) (20 (’;) (Z: i>+

Therefore,

w4 - )2 ()63
A e R
2k<nzk> <k—}|€—1> +,..+2n—1(z::> <Z>>]

Theorem 4.13. The M-polynomial of G = Hg(n, k) is

M(Gsz,y) = X2 Mag)ay, (k)(G)xd(i)ydvl(k), where my)ay. (k) 8 the number
d(i)<dv, (k) ' '

of edges uv in G such that dg(u) = dy; (k) and dg(v) = d(i). Here d(i) is the degree

of an i-vertex in Vo for 1 < i <n.
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Proof. In the formula of M-polynomial, we replace s with d(¢) and ¢ with dy, (k).

M(G;z,y) = Y. mg(G)asyt = Y. Myydy (k)(G)xd(i)ydvl(k). The degrees of
s<t d(i)<dv, (k) '
the vertices in V5 follow the order d(1) > d(2) > ... > d(k — 1) > d(k) = 1 and

dlk) =1<dk+1) <...<dn—1) <d(n). Here d(i) represents the degree of
the i-vertex in Vo for 1 < i < n. Also, every vertex in V] has a unique maximum
degree dy, (k). Number of edges having end vertices of degrees d(i) and dy, (k) is
Mai)dy, (k) (G) = d(i)N (i) where N (i) is the number of i-vertices. O

Example 4.14. We find the M-polynomial of Hp(3,2). The values of d(i) are
d(1) =2, d(2) =1, d(3) = 3 and dy, (k) = 7. Values of my(iay, (1)(G) are mi7 =
3, may =6, msy = 12. Therefore, the M-polynomial of G = Hp(3,2) is

M(Giz,y) = > Magay, (G @ya®
d(i)<dv, (k)

= 3y + 622" + 122,

5. CONCLUSION

In this paper, we determined some eccentricity, distance, and degree-based topo-
logical indices of G = Hp(n,k). They are the total eccentricity index, average
eccentricity index, eccentric connectivity index, connective eccentricity index, first
Zagreb eccentricity index, second Zagreb eccentricity index, terminal Wiener in-
dex, Wiener polarity index, Szeged index, vertex Padmakar-Ivan index and Sombor

index. The M-polynomial of Hg(n, k) is also determined.
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