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INVESTIGATING BOUNDS ON VERTEX SR CORONA OF SIMPLE
CONNECTED GRAPHS

V. LOKESHA!, NIRUPADIK2, A.S MARAGADAM3, MANJUNATH.M*

ABSTRACT. Topological indices serve as quantitative measures that reflect the structural
characteristics of finite graphs, making them invaluable tools in quantitative structure-
activity relationship (QSAR) and quantitative structure-property relationship (QSPR) stud-
ies. This paper introduces a novel operator graph, denoted as the &-graph and explores
its associated structural properties. Specifically, the paper establishes the boundaries for
several key topological indices of the &-graph, including the inverse sum indeg index, first
Zagreb index, first reformulated Zagreb index, Sombar index and Nirmala index.
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1. INTRODUCTION

The topology of a molecule is inherently rooted in non-numerical mathematical con-
cepts, yet many measurable characteristics of molecules are expressed as numerical values
[3]. Bridging the gap between molecular topology and real chemical attributes requires
converting the intrinsic details of chemical structures into numeric representations. This
conversion process is pivotal as it underpins the development of topological indices, which
serve as numerical descriptors of molecular structure [11, 14]. These indices play a vital role
in elucidating the intricate relationship between molecular topology and various chemical
properties, thereby aiding in the interpretation and analysis of complex molecular structures
in practical applications such as drug design and environmental studies [7, 8].

In 1947, H. Wiener introduced the concept of the topological index, originally known as
the path number, during his investigation into the boiling point of paraffin [18]. This index,
now widely recognized as the Wiener index, serves as a cornerstone in the field of chemical
graph theory. Over time, numerous other topological indices have been formulated and ex-
tensively researched. These indices, derived from the topological structure of compounds,
are numerical invariants that contribute significantly to characterizing various properties of
chemical compounds, encompassing toxicological, physicochemical, and pharmacological
attributes [5]. Consequently, comprehending and analyzing topological indices offer valu-
able insights into the diverse properties and behaviors exhibited by chemical compounds,
fostering advancements across disciplines from drug design to environmental chemistry [2].
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Let’s recall some well-established topological indices.

e The first Zagreb index [3] was introduced by Gutman and Trinajstic N in 1972, is
defined as,
MiGl= Y (dtd).
uveE(G)
The first reformulated Zagreb index [15] was introduced by A. Milicevic et al. in
2004, is defined as,

EM\[Gl= Y [du+d -2
uveE(G)

The Sombor index [4] was defined by Gutman in 2021, is defined as,

SO[G] = Y. \/dc(u)*+dg(v)?.

uveE(G)
e The Nirmala index [6] was defined by Kulli in 2021, is defined as,

N[Gl= Y Vdsu)+ds(v).

uveE(G)
The Bond-Additive topological index [16] namely, Inverse sum indeg index was
introduced by Vukicevic and Gasperov in 2010, is defined as,

ISIG) = Y, <dudf21v>'

uveE(G)

2. PRELIMINARIES
Here, we define useful definitions which are essential to develop a results.

Definition 2.1. [1] The subdivision graph S(G) of a graph G is formed by replacing every
edge in G with a path of length two, effectively inserting a new vertex into each edge of G.
Alternatively, it can be described as a graph obtained from G by adding an extra vertex into
the middle of every edge.

Definition 2.2. [1] The graph R(H) is constructed from H by introducing a new vertex for
each edge in H and then connecting each new vertex to the endpoints of the corresponding
edge in H.

Motivated from [12, 13] we set up the following definition.

Definition 2.3. Let G and H denote two simple connected graphs with ny, ny and my, my
are vertices and edges respectively. The vertex SR-corona of G and H is a graph formed by
incorporating one instance of the graph S(G) and n, instances of the graph R(H). In this
construction, each vertex of G (for 1 < i < ny) is connected to every vertex of the i'"* copy
of R(H). This resulting composite graph G Osg H, denoted as &-graph, encapsulates the
vertex SR-corona of G and H.
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FIGURE 1. &-graph

General Edge Partition of £-graph:

‘ (du,dy) (dG+”2+m2a2)

(2dy +1,3)

(2dy +1,2di +1)

(dg+ny+mp,2dy +1)

| freq 2m

2mong

nymp

niny

(dg+ny+my,3) |
nymy |

TABLE 1. Edge Partition of £-graph

Here, d; and dy represent the degrees of vertices in graphs G and H respectively.

3. METHODOLOGY

The approach involves examining the structural attributes of the &-graph, generated
through the application of the vertex SR-corona operation to simple connected graphs G
and H [13]. It establishes both lower and upper bounds for commonly utilized topological
indices of the &-graph, facilitating a comprehensive grasp of its configuration [9, 10, 12].
The paper consolidates the findings on the &-graph and its indices, exploring their perti-
nence in QSAR, QSPR, and various domains.

4. RESULTS AND DISCUSSION

In this section establish the bounds for five significant topological indices of the &-graph:
the first Zagreb index, first reformulated Zagreb index, Sombor index, Nirmala index, and
Inverse sum indeg index. Throughout the article, Ag and 8¢ represents maximum and min-
imum degree of graph G. Every result is bear by an illustrative example.

Theorem 4.1. The bounds for the first Zagreb index of the &-graph are determined by,
Mi[€] < 2myi[AG + 2+ ny +ma] + 2nyma[4Ay + 5]+ ninz[Ag + 2Ag +na +mp + 1]
+nimaAg +ny +my + 3.

and

M [E] > 2my[0G + 2+ no +mp] + 2nymy [46y + 5] + nina[8 + 20y +na + my + 1]
+n1m2[50+n2+m2+3].

Proof. Consider,

M, [g] = 2m1[dg+2+n2+M2] +4n1m2[d1.1+2]+2n1m2[2dy+ ]]

111
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+nny[dG + 2dyg + 1 +no +mp] + nymald + 3 + np +my).
=2m[dG + 2+ ny +ma) 4+ 2nymy[2dy + 4+ 2dy + 1] + nina[dg + 2dy
+ 14+ ny+ma]+nimafde + 3 +np +my).

M [E] < 2my[AG + 2+ ny +ma) + 2nymy [4Ay + 5]+ nina[Ag + 2Ay +np +mp + 1]
+nima[Ag +ny +mo + 3.

Similarly,

M, [E] > 2my [0 + 2+ no + ma] + 2n1mp[40y + 5] + nina [0 + 28u +no +mp + 1]

+nimy[8G +ny +my +3).

Iustrative example 4.1.: Consider two simple connected graphs G and H, then

G H:
*——=e

FIGURE 2

M€= Y [du+d]=12(6)+9(7)+3(8)+3(6)+3(9) =204.
uveE(G)

M [E] <2my|AG +2+ny +mo] 4+ 2nima[4Ag + 5]+ mina[Ag + 2An +n2 +mp + 1]
+nimp[Ag +no +myp + 3] =232.
M[E] > 2my[8G + 2+ ny + mp] + 2n1my[48y + 5] + ninp [8g + 20y +no +my + 1]

+nimy [0 +na+my+3] = 192.
Hence Theorem 4.1 verified.

Theorem 4.2. The bounds for the first reformulated Zagreb index of the &-graph are deter-
mined by,

EM,[E] < 2m1[Ag +ny +mp)? + 8nymy[Ay + 1% + 16n1mpAZ,
+n1n2[AG +2Ag +ny +my — 1}2 +n1m2[AG—|—n2 “+my + 1]2.

and
EM;[E] > 2m1[86 + ny + mo)? + 8nyma [Sy 4+ 1) + 16n,m, 87
+ niny[8 + 28y + no +my — 1> + nymy [8G + ny + my + 112
Proof. Consider,
EM,[E] = 2my[dG +np +mp +2 —2]* + 2n1my[2dy +3 — 2)?
+mmy[2dy + 1+ 2dy + 1 = 2> + mina[d +no +my + 2dp + 1 — 2]
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+nimaldG +ny +my +3 —2]%
= 2my [dg + na +ma)* + 8nyma[dy + 1% + 160 mady
+ming[d +ny +my +2dy — 11> + nyma[dg 4 ny +mo 4+ 1)°.
EM;[E] < 2my[AG 4 ny 4+ ma)* + 8nyma Ay + 1) + 16n,maA,
+ oA + 24y 4+ na +my — 1>+ mma[Ag +ny +my +1)2
Similarly,
EM,[E] > 2m1[8G + na 4 ma)? + 8nymy 8y 4 1)* 4 16n,m, 87
+nina[0 + 26y +ny +my — 1]2 +nimy[8 +ny+my+ 1]2.

Iustrative example 4.2.: Consider two simple connected graphs G and H, then

n‘ />\ |
*r—e

FIGURE 3

EMi[E]= Y [d+d,—2]%
uveE(G)

=15(3+3-2)2+9(34+4-2)>+3(3+5-2)>+3(3+6—2)> =926.

EM,[E] < 2mi[Ag +na 4+ mo)? + 8nymy[Ay 4+ 1) 4 16n1myAY, + nyna[Ag + 2Ay +ny +mo — 1)?
+nima[Ag +ny +my + 17 = 1263.

EM,;[&E] > 2m[6G + n2 +m2]2 +8nymy [0y + 1]2 + l6n1m23§1 +ninz[8G + 20y +ny +my — 1]2
+nimy[0g +n2 +mo+ 1]2 =743.

Hence Theorem 4.2 verified.

Theorem 4.3. The bounds for the Sombor index of &-graph are determined by,

SO[E] < 2m1\/(AG+n2 +mp)2 +4+2n1my\ /407, + 4Ay + 10+ V2n1my(2Ag +1)
+n1n2\/(AG+n2 +m2)2 +(2Ay + 1)2+n1m2\/(AG+n2 +m2)2 +9.

and

SOIE) > 2m1\/ (8 + -+ m)? 44+ 2mima J48% + 48y + 10+ 2nymy (284 + 1)

+I’l1n2\/(5(; +ny —0—m2)2 + (2511 + 1)2 +n1m2\/(5g +ny +m2)2 +9.
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Proof. Consider,

SO&) = 2m1y/ (d +na+m2)? + 22+ 2mma/ Qg + 17 +3 + mimay /224y +1)2

+n1n2\/(dg+n2+m2)2+ (2dy + 1)2+n1m2\/(dg+n2+m2)2+32.

= 2 (dg -+ ny+mo)? 4+ 2mma 4 + Ady + 10+ 2nmy 2y + 1)

+n1n2\/(dg +no+mp)?+ (2dy +1)2 +n1m2\/(dc; +np+mp)%+9.

SO[&} <2my \/(Ac+n2 +m2)2 +4+2n1m2w4A121 +4Ay +10+ \/inlmz(ZAH + 1)

+n1n2\/(AG+n2+m2)2—|— (2An + 1)2+n1m2\/(AG+n2+m2)2+9.

Similarly,

SO[&] > 2my \/(5(; +ny —0—m2)2 +4+2n1myy/ 4513 +46y +10+ \/§n1m2(25H +1)

+n1n2\/(5c+n2+m2)2+ 26y + 1)2+n1m2\/(5c+n2+m2)2+9.

Iustrative example 4.3.: Consider two simple connected graphs G and H, then

G: H

o ——o—0 r—0
FIGURE 4
SO[E]= Y \/d(u)*+dg(v)? = 105.39.
uveE(G)

SO[&] <2my \/(AG+n2 +m2)2+4—|—2n1m2\/4A12q +4Ay + 10+ \/Enlmz(ZAH + 1)

+n1n2\/(AG+n2 +m2)2 + (2AH + 1)2 +n1m2\/(AG+n2 +m2)2 +9=112.20.
SOIE) > 2m1y/ (8 -+ +ma)? 4+ 4+ 2mimy 485 4484 + 10+ v 2mma(28 + 1)

+n1n2\/(5g +ny +M2)2 + (25H + 1)2 +n1m2\/(5(; +ny —0—m2)2 +9.
=101.07.

Hence Theorem 4.3 verified.

Theorem 4.4. The bounds for the Nirmal index of &-graph are determined by,
N[E] <2my\/Ag+24ny +my+nimy |:2\/2AH+4+ VAAE +24+\/Ag +na+my+3

+n1n2\/AG+2AH +ny+my+1.
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and

N[E] > 2m\/ 86 +2+ny +my+nima |20/285 + 4+ /485 +2+ /86 +ny +ma +3

+n1n2\/5c+25H+n2+m2+1.

Proof. Consider,

N[ = 2m1\/m+2n1mzm+nlmzm
+niny/dG +ny +my +2dy + 1 +n1m2\/ﬂm.
= 2m1\/cm+2n1mz\/m+mm2\/m
Fning\/dg +ny+my + 2dg + 1+ nyman/dg + ny + my + 3.

=2my\/dg +2+ny +my +nimy [2\/2dH+4+ VAdy +2+/dg +n +m2+3}
+n1n2\/dc+n2+m2+2dH+ 1.
NIE] < 2my\/Ag+2+ny+mo+nimy {2\/2AH +44+\/AAy+2+ \/AG+n2+m2+3}

—I—nlnz\/Ag-i-nz—f—mz +2Ay + 1.
Similarly,

NI[E] > 2m\/8G +2+ny +my +nymy [2\/25H+4+ VA48 +2+ /86 +n +m2+3:|

+ iy +ny +my+285 + 1.

Ilustrative example 4.4.: Consider two simple connected graphs G and H, then

G: f H
*———eo—e

FIGURE 5
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NiEI= Y Vdg(u)+dg(v).

uveE(G)
=6V34+3+12V543+12V7T+34+3VT+5+6VT+2=114.97.

NIE] < 2miN/AG+24ny +my+mymy | /Ay +2+ 220y +4+/5+ny +my

+miny\/2Ag + 3+ ny +my = 121.06.
NIE] > 2m\/8G +2+na +my +mimy{ /48y +2 42728y +4+ /5 +ny +ma}
+mina\/ 26y +3+ny +my = 109.52.

Hence Theorem 4.4 verified.

Theorem 4.5. The bounds for the Inverse sum indeg index of &-graph are determined by,

_2(Ac+n2+m2) 3(2AH+1) 2Ag +1 3(AG+n2+m2)
ISIE] <2 _ =
SHE] < 2m LA +2+ny+my mm 24+ Ay * 2 + Ag+ny+my+3
[(Ag+n2+m)(2Ag +1)
+niny .
_AG+n2+m2+2AH+1
and
[2(8G +ny+my) 3(26m+1) 20m +1 3(6G +n2+my)
ISIE] > 2 _—
SHE] = 2m, 16 +2+ny+m mm 2+ 6y + 2 + 6 +ny+mp+3
_(5G+n2+m2)(2511+1)}
+niny .
| 8 +na+my+20y +1

Proof. Consider,

[2(dG+n2+mp) | [3(2dy +1) (2dy +1)?
ISIC] =2 _— = 2 —_— _
)= G 2] T 3, 1) T | 2d 1+ 2dy 1
[ (2dy +1)(dG +n2+m3) | [3(dg+na+m) ]

Cm (2dy +1)(dg +ny +my) - (dG+ny +my) .
| dg+ny+mp+2dy+1 | |13+dc+ny+my |
[2(dg+n2+my) | [3(2dy +1)] (2dy +1)?

—op, | TR L g S MEHT )

"dotmrmt2] T gy aa | T a2
[ (2dy +1)(dg +ny+m3) ] [3(dg+na+my) ]

- (2dy +1)(dg +ny +my) . (dG+ny +my) .
| dg+ny+mp+2dy+1 | |13+dc+ny+ms |
[ 2(d ) [3(2d, 1] 2d 1 3(d,

—omy (dg+ny+my) iy, (2dy +1) +{ '+ } [ (G+n2+m2)”
_dG+2+n2+m2_ L 2+4+dy 2 dg+n+m+3
[(dG+n2+m)(2dg+1) ]

+niny .
| dg+ny+mp+2dy+1 |
[2(Ag +np +my) 320 +1)] [28p+17  [3(Ag+na+m))

ISIE] <2 _ =
=2 R | T | T2t A 2 AG+12+m+3
(A 2A 1
+niny (Ag £y +m)(28n + )]
| Ag+ny+my+2Ag+1
Similarly,
[2(8 3(24, 1 26, 1 3(6
ISI[E] > 2my (G+n2+m2)} anH (20 + )}_'_[ H+ } { (G+n2+m2)”
| 0c +2+ny+my 2+ 6y 2 Og+ny+mp+3
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(86 +ny+my)(20y +1)
0g+n+m+26g+1|°

+niny

Illustrative example 4.5.: Consider two simple connected graphs G and H, then

G:

FIGURE 6. &-graph

dudy \ (9 15 21 14 35\
ISIE] —M%G) <du +dv> =8 (6) +16 (g) +16 (E) +8 (3) +4 (E) —99.71.

o 5] 1220 [ 1zmem]
Fnina :(AASI:j:Z;:EéAAIZ{—:—ll)} — 114.20.

o A [P [s1] s
s AT

Hence Theorem 4.5. verified.

5. CONCLUSION

In this study, we focused on the &-graph and analyzed five significant topological in-
dices to establish their bounds. Our exploration paves the way for future investigations into
diverse classes of topological indices and their bounds for the &-graph.
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